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EDITOR’S PREFACE 


THERE are several reasons why this book is not ‘‘just another 
trigonometry.”’ It has been many years in the making and its 
essential features have had numerous trials in the classroom. It 
will be found to be a teachable book, and one whose flexibility will 
commend itself to the independent and thoughtful teacher. 

The editor would call especial attention to the very careful 
pagination, which is so often neglected in our text-books; to the 
importance of the cumulative reviews which may be used with 
telling effect on the students whose habits of thinking have not 
been well organized; and to the provisions made for the stronger 
students who will do far more than the rank and file of the class 
if properly encouraged. 

In particular, the editor would commend to teachers the fruitful 
opportunities open to the leaders of a class in trigonometry for 
individual reading and study and subsequent reports to the under- 
graduate Mathematical Club which should be a feature of every 
college department of mathematics. Topics for such reports will 
be found in the later chapters of this text and will be suggested at 
many points in the ‘Historical Sketch.’”? Such club activities 
have undergone a rapid growth during the past few years and scores 
of colleges have found them to be stimulating and effective adjuncts 
to the regular class work. For further reference to this subject 
see an address by Professor H. E. Hawkes of Columbia University 
in the American Mathematical Monthly for October, 1918, and the 
reports and club topics by Professor R. C. Archibald of Brown 
University in every issue of the Monthly for 1918. 
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UNIVERSITY OF CHICAGO 


Digitized by the Internet Archive 
in 2022 with funding from 
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AUTHORS’ PREFACE 


IN SELECTING a text for class-room use two questions inevitably 
arise: 


(a) Is the content and arrangement of the book naturally 
adapted to the type of course that is to be given? 
(b) Is the book a good teaching instrument? 


These questions were foremost in the authors’ minds in making 
the original plan of this book—the first draft of it was written ten 
years ago—and have been kept constantly in mind as the various 
revisions of the manuscript were made. The preface is the proper 
place to point out the principal features which, in the opinion of 
the authors, make this book unusually flexible in its adaptability 
to various types of courses, and which make it a good teaching 
instrument in the hands of teachers with varied methods of teach- 
ing. The authors’ aim has been, not to endeavor to impose a 
stereotyped course and ways of teaching, but to provide a flexible 
instrument by means of which each teacher may carry out his 
own purposes in his own way. 

General Characteristics—Effort has been made to attain 
simplicity and clarity of statement and at the same time rigor 
and completeness of proof. In some cases where complete proof 
of a general theorem is necessarily of considerable length and 
complexity, the proof is made under specified limitations which 
are removed later. Thus the addition formulas are first proved 
under the limitation that all angles involved are positive and less 
than 180°. The formulas thus limited are sufficient for all purposes 
in solving triangles. In a later chapter these limitations are 
removed completely. No repetition of proof is involved. 

More than ordinary attention has been given to the matter of 
paging. Pages 64, 65 are typical. On these two pages the formulas 
for sin (A + B), cos (A + B) are proved. Thus the student has 
this naturally related material before him without obscuring part 
of it by turning the page. On pages 72, 73 the law of sines is 
proved, solving triangles by means of this law is developed, the 
form of computation given, and exercises provided. On pages 

vu 
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74, 75 the law of tangents and its uses are given, together with 
appropriate exercises. The study of the table of logarithms of 
numbers begins on page 34, where reference is made only to 
logarithms of numbers between 300 and 350 which occur in the 
page of table printed opposite (page 35). Similar remarks apply 
to the pages of tables reproduced on pages 37 and 45 and the 
study of them on the opposite pages and also to the page of natural 
functions (page 25) and the study and use of it on the page op- 
posite. Only in a very few cases in the latter part of the book is 
a page turned in the middle of a proof or a discussion. While 
this arrangement causes a very considerable amount of thought 
and labor in organizing the material in the first place, and not a 
little trouble and expense in adjusting the proof in the final paging, 
these are believed to be justified and even obligatory. Are not 
the students and teachers in our schools entitled to the same 
standard of convenience in the instruments they use that is now 
so rigorously maintained in providing industrial appliances and 
arrangements? 

Arrangement of Exercises and Problems.—Exercises and prob- 
lems are in nearly all instances provided in two or three groups 
marked A, B, C. These groups are intended to be of equal dif- 
ficulty and equally adapted for first use. By this arrangement it 
is possible to assign different sets to different sections and in suc- 
cessive years. This saves the teacher the trouble of selecting from 
very long lists that are usually given. These groups of exercises 
and problems are usually followed by more general lists which on 
the whole are more difficult and which may be used as extra work 
for the stronger students. In the case of unusually able classes 
these may be used to the exclusion of the other groups. 

Cumulative Reviews.—On pages 148-152 there is a series of 
cumulative reviews, the purpose of which is stated briefly on page 
147. These reviews are in no sense reviews of the chapters at the 
end of which it is suggested they be given. For the purpose of 
organizing them an analysis was made of the essential elements 
that are brought into the course and of the recurrence of these 
elements in the course itself. They were then arranged to supple- 
ment these recurrences so that the course itself together with the’ 
reviews should give each element properly spaced reviews or 
‘“‘relearnings,’’ which we now know are necessary for relatively 
permanent retention. This arrangement is comparatively novel 
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in text books, and in order not to obtrude it upon teachers who 
do not wish to make use of it, the reviews are placed in a group 
near the end of the book, instead of at separate points in the main 
body of the text. 

Provision for Stronger Students Made Possible.—Besides the 
more general exercises and problems that are given in separate 
groups in the main body of the book, a series of topics near the 
end may be used as special assignments for able students who are 
candidates for the highest grades. Students interested in physics 
or engineering may read §$183-185 and solve the problems given. 
Paragraphs 179-182 provide work related to surveying, and 
176-178 give some applications of logarithms to problems in 
business. The final list of miscellaneous theorems and problems 
beginning on page 164 are on the whole more difficult than the 
early part of the book and also of more general mathematical 
interest. 

Again Chapters XI, XII (“De Moivre’s Theorem,” and “Ex- 
ponential and Hyperbolic Functions’’) may be assigned for special 
reports by unusual students. In our own institution such reports 
have been made before the Mathematics Club, which is an organ- 
ization of undergraduates interested in mathematics. One of the 
weaknesses of our college teaching seems to be that the students 
get but little practice in mastering a subject from the printed 
page. Certainly the ablest students should be led to do this at 
an early stage. 

Different Courses for Which This Book is Adapted.—The first 
90 pages cover that minimum body of material which is included 
in practically all college courses in trigonometry. An exception 
is that in some cases Chapter III (‘‘Solution of Right Triangles 
by Natural Functions’”’) is omitted. This minimum core may be 
enlarged in a variety of ways by selections from Chapters IX to 
XIII. Ina technical school sections dealing with the variation of 
the functions, the slide-rule, the problems related to physics, and 
problems from the final list will naturally be selected. If the 
interest is primarily in pure mathematics a somewhat different 
selection will be made, depending largely upon the taste of the 
instructor. It is believed that the material provided is adequate 
for all demands which can reasonably be made upon an elementary 
text such as the present, while at the same time topics of special- 
ized interest have not been introduced into the early parts. 
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Historical Sketch.—Instead of isolated notes in the body of the 
text, a historical sketch is given in a separate chapter at the end 
of the book. This makes possible a continuous story showing 
something of the development of the subject as a whole, while at 
the same time making easily accessible information about any 
particular topic. The sweep of the story, and some of the causal 
relations between its parts, become more apparent than they can 
possibly be from isolated notes. 

The general editor, Dr. H. E. Slaught, has rendered very much 
more than perfunctory service. He went over the manuscript 
before its last revision and made many suggestions. Again, he 
worked over minutely the final manuscript, and the proof both 
in galley and in page. The book owes much to his coéperation. 


N. ke 
A Sa 


CONTENTS 


PRUE OTe RONCHI fe te, eras Steyn ee 3 ode Sots pie cp hemw. F Vv 
PO MIO RG Me REN ACH 4: 2 nie oe acl MOAI EO RR Aol e ene ee vil 
CHAPTER 
I. TRIGONOMETRIC FuNcTIONS oF ACUTE ANGLES...... 1 
II. Revations BeTwEEN THE FUNCTIONS OF AN ANGLE 13 
III. Sotutrion or Riaut TRIANGLES By Mans or NATURAL 
PUUINOTTON Gre Bs Aone ae orchn ae aloe enn er ree 1& 
Hey Per IE COCOA RUTTEN ac ry ba Fea, Plc heen ccs neat eld ee 29 
V. SoLution or Ricut Trianctes Usina Locarirums. 47 
VI. TRIGONOMETRIC FuNcTIOoNS oF ANY ANGLE......... 57 
VII. Functions oF Sums AND DIFFERENCES OF ANGLES... 63 
VIII. fan SOLUTION oF OBLIQUE TRIANGLES. .....5..-.. 71 
IX. VARIATION OF TRIGONOMETRIC FUNCTIONS.......... 91 
X. INvERSE FUNCTIONS AND TRIGONOMETRIC Equations 111 
Pole Dr VMony ning lL avORRM 0 wea von detec cee sce 125 
XII. EXPONENTIAL AND HYPERBOLIC FUNCTIONS......... 1S 
XIII. MiscELLANEOUS SUPPLEMENTARY MATERIAL........ 139 
DoLy S SPHERICAL,” PRIGONOMETRY =... 62 oak es hi baie betes 168 
DOV Me PISTORIC Mag ORB TCH etry eh oe Ba as Ae ee a 192 


PLANE TRIGONOMETRY 


CHAPTER I 
TRIGONOMETRIC FUNCTIONS OF ACUTE ANGLES 


As THE name implies (Greek: trigonon, triangle, and metria, 
measure), trigonometry had its origin in dealing with problems 
related to the measuring of the triangle, and this is still one of its 
chief purposes. Indeed, this is the main topic considered in this 
text. 

1. Problems related to the measuring of the triangle.—In plane 
geometry it was found that two triangles are equal if 

(1) Two sides and the included angle of one are equal, respectively, 
to two sides and the included angle of the other; or if 

(2) Two angles and the included side of one are equal, respectively, 
to two angles and the included side of the other; or if 

(3) Three sides of one are equal respectively to the three sides of 
the other. 

These theorems show that a triangle is fixed if three parts, not 
all angles, are given.! 

The main problem related to the measurement of the triangle con- 
sists in finding formulas by means of which the unknown parts of a 
triangle may be computed when the known parts are sufficient to 
determine it. 

That is, the problem is to obtain formulas by means of which 
the unknown parts of a triangle may be found if two sides and the 
included angle are given, or if two angles and the included side 
are given, or if the three sides are given. 


1 For a necessary modification of this statement see page 80. 
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Practical uses of trigonometry.—If a surveyor wishes to find 
distance from an accessible point A B 
an inaccessible point B, he may lay off 
a convenient angle at A and measure 
ZA, the line AC, and ZC. The form- 
ulas of trigonometry then enable him to 
find the distance AB indirectly by com- 
puting it. The formulas used by the sur- © A 
veyor in solving this problem are used in practically all indirect 
measurement of distances. 

It is difficult to overestimate the importance of the art of 
measuring distances indirectly. Without it the surveying and 
mapping of a mountainous region would be extremely laborious 
and difficult, and navigation would be nearly impossible. The 
distances from the earth to the moon, to the sun and the fixed 
stars would be forever unknown to us. Our ideas about the 
universe in which we live would in many respects remain as crude 
and childish as are those of the savage. 

Other important practical uses of trigonometry are found in 
' physics and engineering. Some of these are studied briefly in 
Chapter XIII. See pages 160-164. 


3. Similar triangles used in indirect measurement.—The in- 
direct measurement of distances may be made by means of similar 
triangles. ; 

Thus, suppose we wish to measure indirectly the distance 
between two points B and C, at least one of B 
which, as C, is accessible. ; 

Lay off a line CA at right angles to CB. Let 
B’ be a point on the line AB accessible from 
A. Drop B’C’ perpendicular to AC. Then 
triangles A BC and A B’ C’ are similar. 

Therefore, 

a = a0’ or CB = AC — 
Hence, to find the distance CB, we need to meas- 
ure AC, AC’, and C’B’. If this method were to be “ 
used in practice, the most difficult and tedious part of the work would be to 
mark off and measure the segments AC’ and C’B’. The angle AC’B’ would 
have to be made exactly a right angle and the points C’ and B’ would have 
to be placed exactly on the lines AC and AB. In practice this is not so 
easily done. 
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In solving this problem by the method of trigonometry i 
same ratio C’B’/AC’ is used, but instead of laying off the se: 
ments and measuring them and then computing the ratio, ZA is 
measured and the ratio found from tables. Our next step is to 
study such ratios.! 


4. The six trigonometric functions for acute angles.—Consider 
a given acute angle A. On either side of the 
angle, select any point B, and from B drop 
a perpendicular BC to the other side. In 
the right triangle thus formed, designate 
CB (the side opposite A) by a, AC (adjacent 
to A but opposite B) by 6, and AB, the 
hypotenuse (opposite C), by c. A 

There are six ratios of these sides when 
taken in pairs, namely a/c, b/c, a/b, c/a, c/b, b/a. These are 
called, respectively, the sine, cosine, tangent, cosecant, secant, 
and cotangent of the angle A. The names of these ratios, also 
called trigonometric functions, are usually abbreviated, as shown 
in the following equations: 





be ¢ Cc 














Beane opposite side -@ Vs hypotenuse _ eee 

hypotenuse ¢ opposite side a 

_ adjacent side _ b ; _ hypotenuse cc 
aes hypotenuse cc Be Ae: adjacent side 0b. 

a opposite side iG estas adjacent side nD, 

adjacent side 06 _ Opposite side a 


Notice that these six functions are arranged in pairs so that in 
each pair either function is the reciprocal of the other. Thus in 
sin A = a/c and csc A = c/a, each is the reciprocal of the other. 
Similarly cos A = b/c and sec A = c/b are reciprocals each of the 
other, as are also tan A = a/b and cot A = b/a. 

A useful form of these definitions is shown in this definition of 
the sine: 

The sine of an acute angle in a right triangle is the side opposite 
divided by the hypotenuse. 


SIGHT WORK 


State the definitions of cosine, tangent, cotangent, secant, and cosecant in 
a form similar to the one given above for the sine. 


1 For a review of the geometry involved see page 141. 
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SIGHT WORK 


1. If the triangle ABC is right angled at C, then 
sin B = side opposite divided by the hypotenuse = 
b/c. That is, sin B = b/c. (1) In the same figure 
give cos B in terms of the sides of the triangle. 
(2) Also give tan B, cot B, sec B, csc B in terms 
of the sides of the triangle. 

2. The triangle PQR is right angled at Q. Give 
the six functions of ZP in terms of p, g, and r. 

3. In the same figure give the six functions of 
ZR in terms of p, g, and r. 

4. In the figure, ZRST =17rtZ and Z SVT=1 
rt Z. Give the six functions of Z& in terms of RS, 
ST,and TR. Also give these functions in terms of 
RS, SV, and VR. 

5. In the same figure give the six functions of ZT 
in terms of 7'S, SR, and RT and also in terms of 
TS, SV, and VT. 

6. Give the six functions of Z VSR. 

7. Give the six functions of 2 TSV. 

8. Ona side AY of the angle A two points B and 
B’ are selected and perpeperauers BC and B’C’ are 
drawn to the other side. 

(1) Then are triangles ABC and AB’C’ similar? 
why? 

(2) Is the ratio CB/AB equal to C’B’/AB’? why? 

(3) Do we obtain the same value for sin A no 
matter what point on the side AY is selected as the 
point B? why? 

Ask and answer similar questions for cos A, tan A, 
cot A, sec A, and ese A. 

9. In the figure BC is perpendicular to AX and 
B’'C’is perpendicular to AY. Thensin A = CB/AB 
and also sin A = C’B’/AB’. Are the ratios equal? 

Suggestion: Are triangles ABC and AB’C’ sim- 
ilar? 

(1) Do we obtain the same value for sin A no 
matter on which side of the angle the point B is 
taken? why? 

(2) Do we obtain the same value of cos A no4 
matter on which side of the angle the point B is 
taken? why? 

(3) Ask and answer similar questions for tan A, 
cot A, sec A, csc A. 





10. Explain the statement: The values of the functions of an angle depend 
upon the angle and not upon the construction made in defining the functions. 


That is, they are functions of the angle only. 
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5. Construction of an acute angle having given one of its six 
functions.—If one of the six functions of an acute angle is given 
the angle is thereby fixed and we shall now show how to construct 
such an angle. 


Example 1. Construct an angle whose sine is 2/3. 

Solution: Construct a right triangle ABC, making 
the line CB equal to two units and the hypotenuse AB 
equal to three units. 

Then sin A = CB/AB = 2/38. 

Example 2. Construct an angle whose cosine is 2/5. 

Solution: Construct a right triangle ABC, making 
the side AC equal to 2 units and the hypotenuse AB 
equal to5 units. Thencos A = AC/AB = 2/5. 

Example 3. Construct an angle whose tangent is 4/3. 

Solution: Construct a right triangle A BC, making CB equal to 4 units and 
AC equal to 3 units. Then tan A = CB/AC = 4/3. 


Example 4. Construct an angle whose cotangent is 3/7. 
Solution: Construct a right triangle A BC, making the side AC equal to 3 
units and the side CB equal to 7 units. Then cot A = AC/CB = 3/7. 


Example 5. Construct an angle whose secant is 6/5. 

Solution: Construct a right triangle A BC, making side AC equal to 5 units 
and the hypotenuse AB equal to 6 units. Then sec A = AB/AC = 6/5. 

Example 6. Construct an angle whose cosecant is 7/4. 

Solution: Construct a right triangle ABC, making the side CB equal to 4 
units and the hypotenuse AB equal to 7 units. Thencse A = AB/CB = 7/4. 





EXERCISES 


4, Construct an angle whose sine is 3/7. Is it possible to construct an angle 
whose sine is 4/3? why? 

2. Construct an angle whose cosine is 3/4. Is it possible to construct an 
angle whose cosine is 4/3? why? 

(3) Construct an angle whose tangent is 3/5. Is this angle greater than 
or less than 45°? why? Is an angle whose tangent is 5/3 greater or less 
than 45°? why? 

4. Construct an angle whose cotangent is 4/3. Is this angle greater or less 
than 45°? why? 

Construct an angle whose secant is 7/3. Is it possible to construct an 
_ angle whose secant is less than 1? why? 

6. Construct an angle whose cosecant is 3/2. Is it possible to construct an 
angle whose cosecant is less than 1? why? 

If the sine of an angle is 3/5 what is its cosecant? 
8. If the secant of an angle is 3/2 what is its cosine? 

% If the tangent of an angle is 5/3 what is its cotangent? 

10. If tan A = 3/4 and tan B = 5/8, which is greater, A or B? 

8) If cot A = 3/4 and cot B = 5/8, which is greater, A or B? 
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6. Complementary angles.—If the sum of two angles equals 
one right angle, or 90°, the angles are said to be complementary. 
Thus, the two acute angles of a right triangle are complementary. 
7. Functions of complementary angles.—In the triangle ABC, 
sin A = a/c while cos B= a/c. Similarly, tan 
A=a/b while cot B=a/b, and sec A=c/b B 
while ese B=c/b. Angle A and angle B are 
complementary. This gives rise to the following 


¢ a 

rules: 

If ZA and ZB are complementary acute re C 
Zs, then sin A = cos) B; “tan A. = ‘cot B: b 


sec A = csc B. This may also be stated as follows: 

(1) The sine of an angle is equal to the cosine of its complement. 

(2) The tangent of an angle is equal to the cotangent of its com- 
plement. 

(3) The secant of an angle zs equal to the cosecant of its com- 
plement. 

Since A and 90° — A are complementary angles, this rule may 
be stated as follows: 


sin A = cos (90° — A), cos A = sin (90° — A) [1] 
tan A = cot (90° — A), cot A = tan (90° — A) [2] 
sec A = csc (90° — A), ‘csc A = sec (90° — A) [3] 


8. Cofunctions of an angle.—The sine and the cosine of an angle 
are called cofunctions of the angle. Similarly, the tangent and 
cotangent of an angle are cofunctions of the angle, as are also the 
secant and the cosecant. The rule of § 7 may now be expressed 
briefly by saying: 

Any function of an angle equals the cofunction of the complement 
of that angle. 

This is a convenient rule and is easily remembered by associat- 
ing the words ‘‘complement”’ and “cofunction.” 

"We may also state the converse of this proposition, namely: 

Two acute angles A and B are complementary if, 

(1) sin A = cos B, (2) tan A = cot Bj (8) sec A=cse B. - 

That is, ¢f the cofunctions of two acute angles are equal, the angles 
are complementary. 

This rule does not hold unless the angles are acute. 
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SIGHT WORK 


In the exercises on this page it is assumed that all angles are 
acute and that hence the rules obtained in §§ 7, 8 apply. 


1. If the sum of two angles is 90°, what is the relation between the sine 
of one of them and the cosine of the other? 
2. If the tangent of one of two angles is equal to the cotangent of the 
other, what is the relation between these angles? 
3. If the sum of two angles is 90°, what is the relation between the secant 
of one of them and the cosecant of the other? 
4. Find the value of z if sin (2% — 20°) = cos (34% + 10°). 
Suggestion. Since sin (2x — 20°) = cos (3x + 10°) it follows that 2% — 20° 
+ 8z + 10° = 90°. iy A 
5. Find A if sin A = cos 3A. 
6. Find A if sin ? A = cos 2A. 
7. Find A if sec 4A = esc 3A. 
8. Find 2 if tan (5% + 15°) = cot (7x — 20°). 
9. Find « if sec (2x + 40°) = ese (5a — 30°). 
10. Find A and B if sin A = cos B and if A — B = 20°. 
11. Find A and B if sin A = cos 2B and if B+ 10° = A. 
12. Find A and Bif tan 3A = cot B and A — B = 10°. 
13. Find A and B if cot (A + 10°) = tan B and A — B = 40°. 
14. Find A and B if tan (B — 20°) = cot 5A and 4A — B = 25°. 
15. Find x and y if sec (x + 18°) = ese (y + 40°) and 5x — 2y = 20°. 
16. Find zx and y if ese (« — 50°) = sec (y — 10°) and x — y = 20°. 
17. Find x and y if sec (4a — 24°) = ese (vx — y+ 18°) and «+ y = 48°. 


9. Functions of 45°.—If in the right triangle ABC, ZA = 45°, 
ceed) 
then Z B= 45° and AC=CB. If CB=a, then AB = a?+ @? 





and AB = av/2. 
Hence, 
‘ a il LS ls 
sin 45° = Se 5 
ie 


a 


1 1 
cos 45° = ——~— = —= == 
ar/2 4/2 5 V2; 


tan 45° =~ = ih cot 45° = 2 = \I, 
a a 








sec 45° Stee = 1/2, esc 45° ee = A/ 2: 


SIGHT WORK 


1. If you know that sin 45° = 34/2, how can you find the value of ese 45°? 
What rule do you use? 

2. If you know that cos 45° = 34/2, how can you find the value of sec 45°? 
What general rule do you use? 

3. If you know that tan 45° = 1, how can you find the value of cot 45°? 
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10. Functions of 30°, 60°.—A right triangle having one angle 
of 30° possesses certain special relations among its sides which 
make it possible to find directly the functions of 30° and 60°. 

In the equilateral triangle ABB’, draw AC bisecting ZA. 
Then AC is the perpendicular bisector of 
B’'B. Since an equilateral triangle is also 
equiangular, it follows that ZB equals 
60° and ZCAB equals 30°. Further, the 
side CB equals 4 of AB, since CB is 4 of A 
Bas. 

if CB = aq, then AB = 2¢-and) AC = 
V402 — a = 3a = av. 


Hence, 











é ; a ee i 
sin CAB = sin 30° = rie 
ON / eel 
cos 30 eae: 3, 
a al 


In the same manner we find, 
a See 
cot 30° = 1/3, sec 30° = 3V 3, and esc 30° = 2. 


Since angles of 30° and 60° are complementary, it follows that, 


Lies 1 a 
sin 60° = 5 4/3, cos 60° = @ tan 60° = 1/3. 


cot 60° = 5V3; sec 60° = 2, esc 60° = A v/3. 


11. Table of functions of 30°, 45°, 60°.—The following table 
will help in remembering sine, cosine, and tangent of 30°, 45°, 60°. 























Func. 30° 45° 

‘ 1 il 
Sine DY a /2 
Cosine V3 , V2 
Tangent } ava 1 








The sines may be remembered by noticing that for 30°, 45°, 60° they are in 
order 1/2 of +/1, ~/2, »/3; or 1/2, ~/2/2, »/3/2. The cosines of these angles 
are the same numbers with the order reversed. The tangent may be remem- 


i 3 
bered by noticing that 1/3 = tan 60°, while 3 4/3 = tan 30°. 
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These functions of 30° and 60° may also be read directly from 
the figure given to the right of the table. 


EXERCISES 


Using the principle of § 8, express each of the following as a function of an 
angle less than 45°: 


1ysineo 0. 5. cos 80°. 9. sin 80°. 13. cot 54°. 
2. cos 60°. 6. cot 70°. 10. tan 55°. 14. sec 63°. 
3. tan 60°. 7. sec 65°. UU cote sox. TS sesine la 
4. sin 70°. 8. csc 75°. 12. cos 48°. 16. cos 84°. 


Express as functions of angles between 45° and 90°: 


Wes frany alae 21. sec 41°. 2>Sineeoe 29. sec 7°. 
18. cos 34°. 22. cos 39°. 26. cos 13°. 30. cot 14°. 
19. tan 10°. 23. csc 16°. Zieatanes Ow. 31. esc 18°. 
20. cot 24°. 2a rtaniozs PAS, Oi, PAL 32. cos 37°. 


Express as functions of the angle A: 


33. sin (90° — A). 35. tan (90° — A). 37. sec (90° — A). 
34. cos (90° — A). 36. cot (90° — A). 38. csc (90° — A). 


Express as functions of 90° — A: 


39. sin A. 41. cot A. 43. esc A. 
40. tan A. 42. cos A. 44. sec A. 


Using §8 and the suggestion under Ex. 4, p. 7, find ZA, given the following 
relations: 


45. sin (2A + 10°) = cos 4A. 48. cot (6A — 40°) = tan2A. 
46. sin 5A = cos (8A — 15°). 49. sec 3A = esc (5A + 10°). 
47. tan 3A = cot (2A — 40°). 50. esc 4A = sec (7A + 15°). 


By the Pythagorean proposition a? + b? = c? if ABC is 
aright triangle. Hence it is possible to construct a right 
triangle whose sides are 3, 4, 5. (Notice that 3? + 4? = 52.) 

51. Find the functions of angle A in the triangle ABC 
if its sides are a = 4, b = 3, and c=5. Also find the 
functions of the angle B. Which is greater, sin A or 
tan A? Which is greater, cos A or cot A? 

52. Find the functions of angle A if a=5, b=12, and c=13. Also 
find the functions of angle B. 

Find the functions of the acute angles of a right triangle if its sides are: 


53. 8, 15, 17. 55. 12, 35, 37. 57. 4,5, /41. 
54. 10, 24, 26. 56. 3.9, 8, 8.9. 58. 3, 8, \/73. 





10 PLANE TRIGONOMETRY 
EXERCISES 


Problems in construction and measurement. (This page may be omitted if 
the teacher does not wish to include work in actual measurement by the pupil. 
If this work is included §168 should be read now.) 

1. Construct an angle whose sine is 3/4 and find by measurement with a 
protractor the number of degrees in the angle. 

2. Construct an angle whose cosine is 4/7 and find by measurement the 
number of degrees in the angle. 

3. Construct an angle whose tangent is 4/5 and find by measurement the 
number of degrees in the angle. 

4. Construct a right triangle having an angle of 35°. Measure the sides of 
the triangle and compute the functions of 35°. 
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A 0 

5. On a large sheet of ruled paper construct one-fourth of a circle, using 
100 small spaces as a radius. Construct angles of 5°, 10°, 15°, 20°, ete., up to 
85°, and read off the sines and cosines. Since the radius of the circle is 100 
small units, the vertical and horizontal distances from the axes to the points 
where the sides of the angles cut the circle will give the sines and cosines, 
respectively. Compare the values obtained by measurement with the more 
accurate values given on page 11. 
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Func. 10° 20° 30° 40° 50° 60° 70° 80° 











Sin 174 342 .500 643 766 .866 . 940 .985 











Cos .985 .940 .866 .766 643 .500 342 174 





Tan .176 364 577 POOO a le OZe eV ioce ie 2a ceo Oud 








12. Algebraic Operations with Trigonometric Expressions.— 
From the definitions of the various functions of an acute angle it 
is evident that each function of a given angle is a number. Thus 
sin A and cos A stand for numbers, just as in algebra the letters a 
and x stand for numbers. It follows that algebraic operations, 
such as addition, subtraction, multiplication, division, involution, 
and evolution, may be performed upon these functions. In gen- 
eral, these are done in the same manner as in algebra. Certain 
forms, however, should be noted. 

The product of sin A and cos A is sin A cos A, and the sum of 
sin A and sin Bis sin A + sin B. The product of sin A multiplied 
by itself is (sin A)?. It is usual, however, to write instead sin?A, 
and this expression is read ‘‘sine squared of A,” or more briefly 
‘“‘sine square A.” Similarly we have cos?A, tan?A, sin?A, etc. 

The expression sin (A + B) stands for the sine of the angle 
obtained by adding the angles A and B. It is natural to inquire 
whether sin A+ sin B is equal to sin (A+ B). We certainly 
have no reason to believe that such is the case, and will find later 
that in general the two expressions are not equal. 

The expression sin 4A stands for the sine of the angle 4A. 
Again, sin 4A is not in general equal to 4 sin A. 

A few problems will illustrate the use of trigonometric expres- 
sions in algebraic processes. 

Example 1. Find the product of (cos A +sin A) (cos A — sin A). 

Solution: Since this is the product of the sum and difference of two terms, 
the result is the difference of their squares. That is, 

(cos A + sin A) (cos A — sin A) = cos?A — sin? A. 

Example 2. Perform the indicated addition: 

sin A | sin B 
cos B ~~ cos A 








Solution: Evidently cos B cos A is the common denominator. 
Then 
sn A , sin B_ sin AcosA , sin Beos B 
cos B ' cos A cosBcos A cos Beos A 
sin A cos A + sin B cos B. 
~ cos B cos A 
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Example 3. Factor tan A sin A — sin? A. 
Solution: sin A is a factor common to both terms. 


Hence 


tan A sin A — sin? A = sin A 





(tan A — sin A). 





EXERCISES 
Group A 
Perform the following indicated operations: 
1. (sin A + cos B)? =? 3. sin‘ A cos? B =? 
tan A sin B cos? A 
= =? 
“cosB tan BcosB ~ : ir eA ‘ 


Ds (sin A+ ¥2) (sin A— 2) ah 


Factor the following expressions: 


6. cos? A — sin A cos A. 9. 
7. cost A — cos? B. 10. 
8. sin‘ A — cos! A. 11. 


Simplify the following expressions: 
sin A 
cos A 


cos A 
sin? A 








12. 





Group B 


1. (sin A + sin B) (cos A + sin B) =? 
cos A cot B 
o wee coda a 





13. 


tan? A — 2tan A cot A + cot? A. 
sin? A — sin? A cos? A. 
sin? A — sin A sec A — 6 sec? A. 


sin A cos A 
cos B sin B 
sin B cos B 











2. ~/tan? B cos? A =? 
sin? A 
a cos? A tl ae 


5. (tan A ue V3)(tan A = v3) = ?. 


Factor the following expressions: 


6. sin? A + sin A tan A. 

7. sin? A-cos A — sin A cos? A. 

8. sin? A cos? A + sin? A cos? A. 

9. sin? A +2 sin A cos A + cos? A. 


10. tan? A cos? A — tan?A cos? A + tan A cos A. 


11. cos? A + sin? A cos A — 2 sin‘ A. 
Simplify: \ sin? A 














tan A _ cot A 
13 cot A tan Ay 
/ taneAmecotes: 








cot A 1 tan A 


CHAPTER II 
RELATIONS BETWEEN THE FUNCTIONS OF AN ANGLE 


THERE are certain relations between the functions of an angle 
which hold entirely independently of the size of the angle. Such 
relations are called trigonometric identities. We shall find in 
Chapter VI that these identities hold for functions of any angle 
whatever. In this chapter they are considered for functions of 


acute angles only. B 
13. Reciprocal relations.—The six trigonometric 
functions are reciprocals in pairs. Y S 
Thus, from sin A =a/c and csc A=c/a it 
follows that A ; CG 
F : 1 1 
sin A = cel csc A = pe [4] 
Again, from cos A = b/c and sec A = c/b it follows that 
1 1 
cos A = Seer sec A = | [5] 


Since tan A = a/b and cot A = b/a, it follows that 


tan A = cot A = 


1 
cot A’ tan A 
These identities may also be stated in the following form: 
sin A csc A= 1, cos AsecA=1,tanAcotA=1. 
14. Trigonometric functions expressed in terms of sines and 
cosines. In §13 we have seen that the secant may be expressed 
in terms of cosine and cosecant in terms of sine. The tangent 


and cotangent may be expressed in terms of sine and cosine. 
Thus, 








‘ ae sinvA 
tan A = a/b = Bip atcaeA [7] 
a '0/C. -cosvA 
cot A = RES al ad [8] 


It follows that in any expression containing trigonometric 
functions these may all be expressed in terms of sines and cosines. 
13 
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15. Relations derived from the Pythagorean proposition.— 
Since in the figure, c is the hypotenuse of a 


right triangle, and 6 and a are the other two B 
sides, we have 
Lb = Cc, c @ 
Dividing these equals successively by c’, A G 
b?, and a”, we obtain the following results: b 
One ; 
ot a= wv orsin’ A+ cos’ A= 1 [9] 
2 2 2 
s = or tan? A+ 1 = sec? A [10] 
2 2 2 
7, = 5 or cot? A+1 = esc? A [i1] 


16. List of formulas.—The following list contains thé most 
important formulas on the relations among the functions of an 
angle: 


; 1 1 1 
(1) Geary | (2) cos A = (3) tan A = — 
sin i cos A 


(4) tan A = 





(6) sin? A+ cos? A = 1 





(5) cot A= Srna 


(7) tan? A+1=sec?A (8) co? A+1=cse? A. 


SIGHT WORK 
1. From sin? A + cos? A = 1 show that sin? A = 1 — cos? A and hence that 


sin A = ~/1 — cos? A. 

2. From sin? A + cos? A = 1 show that cos A = 1/1 — sin? A 

Remark. The two formulas sin A = +/1 — cos? A and cos A = 1/1 — sin? A 
are used very frequently in solving problems. 

3. From tan? A + 1 = sec? A show that tan A = +/sec? A — 1. 

4. From cot? A + 1 = csc? A show that cot A = +/esc? A — 1. 

5. From tan A = sin A/cos A and cot A = cos A/sin A show that 
tan A cot A = 1. 

6. What formula is represented by the statement ‘‘the sine of an angle is 
equal to the reciprocal of its cosecant’’? 

7. What formula is represented by the statement, ‘‘the cosine of an angle 
is equal to the reciprocal of its secant?” 

8. State in words each of the formulas (8) — (8) above. 
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17. Finding all the functions of an angle when one function is 
given.— When one function of an acute angle is given, the other 
functions may be found by constructing a right triangle one of 
whose acute angles has the given function. The other functions 
may then be read directly from the triangle. 


Example 1. Find the functions of an angle whose sine is 2/3. 
Solution: Construct a right triangle ABC such that CB is two units long 
and AB is three units. 


Then sin A = CB/AB = 2/8. 

From the theorem of Pythagoras we have, B 
32 = 2°+ AC or AC = 32-22 = 5, 

Hence, % 


AC = V5. « 
We now read at once, 
cos A = 1/5/83, tan A = 2/+/5, cot A = 5/2, A VE C 
sec A = 3/+/5, and ese A = 3/2. 
From these values verify (1) that sin A = 1/ esc A, 
(2) cos A = 1/ sec A, (8) tan A = 1/cot A, 
(4) tan A = sin A/cos A, (5) cot A = cos A/sin A, 
(6) sin? A + cos? A =1, (7) tan? A + 1 = sec? A, 
(8) cot? A +1 = csc? A. 
Example 2. Find the functions of an acute angle whose B 


secant is 5/3. 
Solution: Construct a right triangle ABC with AB five 
units and AC three units. Then CB is four units. 
Then, sec. A = 5/3, sin A = 4/5, cos A = 3/5, 4 
tan A = 4/3, cot A = 3/4, csc A = 5/4. 
From these values of the functions verify as in Example 1 
formulas (1)-(8) on page 14. A 


eo 
Q 


EXERCISES 


1. Construct an angle whose cosine is 3/7, and find all its other functions. 
From these values of the functions verify formulas (1)—(8) on page 14. 
2. Construct an angle whose tangent is 5/7 and find all its other functions. 
Verify formulas as in problem 1. 
3. Construct an angle whose cotangent is 7/8 and find its other functions. 
“Verify formulas as above. 
a4 Construct an angle whose cosecant is 8/5 and find its other functions. 
erify formulas as above. 
5. Draw an angle whose sine is a/c and find its other functions in terms of 
a@andc. Using these values of the functions, verify formulas as in the pre- 
ceding examples. 


y 
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18. Expressing trigonometric functions in terms of one func- 
tion.—All functions of an angle may be expressed in terms of any 


one function. 


For this purpose the eight formulas collected in 


§ 16 are used. The general method is shown in the following 


examples: 


Example 1. 
Solution: From sin?A + cos?A 


Express all trigonometric functions in terms of the sine. 
1 we have cos*A = 1 — sin?A or 


cos A = 4/1] — sin?A. 


Also tan A = 


cot A = 


sec A = 


sin A sin A 

= ? 
cos A 4/J — sin? A 
cosA +/1—sin? A 
sin A Sine 
patds NY gel eees 
cos A 4/1 — sin? A 








Example 2. Express all trigonometric functions in terms of the tangent. 
Solution: Since tan A cot A = 1, cot A = = 
tan A 


Since sec? A = 1 + tan? A, sec A = 7/1 + tan? A, 


and cos A = 
Now, esc? A = 1+ cot? A=1+ 


Hence, csc A = 


1 1 
seeA 4/1 + tan? A 





1 _ tan. A+1 





tan? A tan? A 
2 eerste A rae 
tan A a/1 + tan? A 
EXERCISES 


Derive the values given in the following table from the fundamental identi- 
ties of § 16. 





oe Le 


> 







































































eee an ot vi aon A 7s V1 oa A vee a = A 

cos A =| 4/1—sin? A cos A | JI a Fil es A <5 sist £8 

tan A = aaa Eset : tan A <5 Vsect A—1 Wi 
— = 

cot A= vies wee ee A oe Tees Vesc? A—1 

sec A= ae — 2 o/T tan? A Vises sec A aes 7 

csc A= “4y Fak acthiaee 4 V1-+eot? A ae esc A 
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19. Proving trigonometric identities—By means of the eight 
fundamental identities given on. page 14, a large number of 
identities may be proved. The method of making such proofs is 
best understood from examples. 


Example 1. Prove that sin? A cos? A + cos! A = 1 — sin? A is an identity. 

Proof: sin? A cos? A + cost A = cos? A (sin? A + cos? A) = cos? A, 
since sin? A + cos? A = 1. 

From this last identity we also have cos? A = 1 — sin? A. 














1 F : : ‘ 
Example 2. Prove that Riel sin A cos A is an identity. (1) 
Proof: Clearing (1) of fractions, 
1 = tan Asin A cos A+ cot A sin A cos A. (2) 
eae sin A cos A. 
Substituting tan A = Aang and cot A = Saari (2); 
sn A. cos A . 
= cos A SR Acos A+ sn A 22 A cos A, (3) 
or 1 = sin? A + cos? A, ° (4) 


which is a known identity. 


In this proof each of the equalities (2), (3), (4) is obtained from 
the one preceding it by an algebraic transformation or by sub- 
stitution from one of the fundamental identities. Hence we have 
proved that (2) follows from (1), (3) follows from (2), and (4) 
follows from (3). But (4) is known, to be an identity. We now 
notice that each of these steps may be reversed. That is, (3) may 
be proved from (4), (2) from (8), and (1) from (2). Hence (1) has 
been proved to be a true identity. The general method is to 
begin with the proposed identity and obtain from it a known 
identity. This proves the proposed identity, since each step is 
reversible. For an exception to this general rule see pages 140, 141. 


SIGHT WORK 
Prove that each of the following is an identity: 

1. sin A cot A = cos A. 2. cos A tan A = sin A. 

3. sec A cot A = csc A. 4. csc A tan A = sec A. 

5. sec A sin A = tan A. 6. cos A esc A = cot A. 

7. sin A/esec A = sin? A. 8. cos A/sec A = cos? A. 

9. sin? A/esc? A = sin! A. 10. cos? A/sec? A = cos! A. 
11. sin? A/cot? A = sin‘ A sec? A. 12. cot A/esc A = cos A. 
13. sin A sec A cot A = 1. 14. cos A csc A tan A = 1. “ 


15. sin? A/cos? A = sec? A—1. 16. cos? A/sin? A = esc? A — 1. 
17. sin? A cot A =sin A cos A. 18. (sin A+ cos A)? =1+4+2sin Acos A. 
19, sin? A — cos? A =1—2 cos? A. 20. sin‘ A — cost A = sin? A — cos? A. 


mm Yat 


) 


SN ee 
~ spe 
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WRITTEN EXERCISES (A) 


Prove that each of the following is an identity: 
1. cot A cos A +sin A = ese A. 
2. cot A + tan A = sec A csc A. 
@) tan? A — sin? A = sin? A tan? A. 
4. tan? A — cot? A = sec? A — csc? A. 
_5. esc! A — cot! A = esc? A + cot? A. 
(6:)sec? A + csc? A = tan? A + cot? A + 2. 











™“ cos A + sin A ; 
é seo A bese A ~ 08 A sin A. 
cot A cos A cos A j 
Ce A Ss Zo Se 
sin A + tan A : 
Oa ota 7 Sin A tan A. 
10 tan A —sin A _ 1—cosA_ 
i sin? A ~ sin? A cos A 
cot A+ 1 
Dirac time oo 





1 1 
2) era pea 
13 secre tan A 
Stanwell sec A — 1 
il 
Ee sec A + tan A 
(5) (tan A + cot A) sin A cos A = 1. 
16. cot A — sec A esc A (1 — 2 sin? A) = tan A. 





= sec A — tan A. 


WRITTEN EXERCISES (B) 


Prove that each of the following is an identity: 








1. 1 + cot? A = cot? A sec? A. 2. tan A sin A + cos A = sec A. 
yz 3. sin? A cos? A + costA =1—sin? A 4. cot? A — cos’ A = cot? A cos? A 
2» con a Soul = cos A cot A 6. tan‘ A + tan? A = sect A —sec? A 
pt page i-sin A eee 
29. — eA = cos A 10, BEA KOA 2 sin? A — 1 


1+tan?A_ sin? A 


sec? A + esc? A L 
1+ cot? A cos? A 


sec A csc A 


2 13. a eae q = sin A 14. sect A — 1 = 2 tan? A + tant A 





=tanA+cotA 12. 








4 15. (tan A — cot A) sin A cos A = 16. If x = r-cos A and y =r-sin A, 


sin? A — cos? A prove’ +y=r 


CHAPTER III 


SOLUTION OF RIGHT TRIANGLES BY MEANS OF NATURAL 
FUNCTIONS 


WE KNow from geometry that a right triangle is determined 
by any two elements besides the right angle, provided at least one 
of them is a side. 

Thus, the right triangle ABC with sides a, b, c is determined 
by each of the pairs of elements: a, b; a, c; 


b, c;a, ZA; b,ZA; c, ZA; ete. (Notice that B 
the triangle is not determined by ZA, ZB.) 
We shall now obtain formulas by means of c a 
which the remaining parts of a right triangle 
may be computed when enough parts are A P C 


given to determine it. 


20. Formulas derived from the definitions of the trigonometric 
functions.—In each of the equations giving the definitions of 
trigonometric functions, three quantities are involved. Hence, 
each of these equations may be solved for one of these quantities 
in terms of the other two. 

That is, sin A = a/c may be solved for a or for c, giving, a = c sin A and 
c=a/sin A. Hence, if c and sin A are given, a may be found, and if a and 
sin A are given, c may be found. 

It is by means of such formulas and a table of trigonometric 
functions (see page 25) that the unknown parts of the triangles 
are found. 

The equation a = c sin A may be stated in the form of a rule as 
follows: 

To find the side opposite an acute angle A in a right triangle, 
multiply the hypotenuse by sin A. 


SIGHT WORK 
1. State c = a/sin A in the form of a rule. 
2. From the equation cos A = b/c give a rule for finding b when cos A and ¢ 
are known, and also a rule for finding c when cos A and b are known. 


For each of the following equations give a rule for finding each of the three 
elements involved when the other two are given: 
3. tan A =< aicotAes 5. sec A=< 6. csc A = © 
b a b a 
19 
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21. Selection of formulas.—The work of computing may be 
reduced to a minimum by the proper selection of formulas. Un- 
less logarithms are used (see page 29), care should be taken to 
obtain formulas which require multiplication rather than division, 
since the latter operation is more laborious. This is illustrated in 
the paragraphs that follow. 

All formulas used in finding unknown parts of a right triangle 
are obtained from the fundamental relations: 


(1) sin A = a/c, (2) cos A = b/c, B 
(3) tan A = a/b, (4) ese A = c/a, 
(5) see A = c/b, (6) cot A = b/a. - Ai 
22. Formulas giving side opposite.—The . 
side a is contained in (1), (8), (4), and (6) A G 
above. b 


Hence we find 
(1) a= c-sin A, (2) a= b-tan A, 
(3) a= c/ese A, (4) a= b/cot A. 
Ifcand ZA are given we use formula (1) rather than (3), and if band ZA 
are given we use formula (2) rather than (4). 
23. Formulas giving side adjacent.—The side 6 is contained 
in (2), (8), (5), and (6) above. 
Hence we find 
(1) 6 = ¢-cos A, (2) b=a/tan A, 
(3) b = c/sec A, (4) b=a-cot A. 
If cand ZA are given we use (1) rather than (3), andifa@and ZA are given 
we use formula (4) rather than (2). 
24. Formulas giving the hypotenuse.—The side c is contained 
in (1), (2), (4), and (5) above. 
Hence we find 
(1) c=a/sin A, (2) c= b/cos A, 
(3) c= a-esc A, (4) c= b-sec A. 


25. Formulas in most frequent use.—The two formulas 


a =c sin A (side opposite = hypotenuse x sine) 
b =c cos A (side adjacent = hypotenuse x cosine) 


are in frequent use in the further study of trigonometry and also 
in its applications to surveying and in mechanical problems. 
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26. Formulas for finding the functions of the angles.—To find 
the functions of the acute angles of a right triangle when its sides 
are given, the formulas required are those giving the definitions 
of the trigonometric functions. Thus, to find sin A in the right 
triangle. ABC in which a, 6, and ¢ are given, use the formula 
sin A = a/c, and to find tan A use the formula tan A = a/b. In 
this manner all the functions of either acute angle of a right tri- 
angle may be found. 


SIGHT WORK 
1. State each of the following formulas in words: 


(1)a=csim A, (2)a=btan A, ()b=ccosA 
(4)b =acot A, (5)c =acse A, (6) c=bsec A 


(1) may be stated thus: the side opposite either acute 


angle of a right triangle equals the hypotenuse times the ig 
sine of that angle. 

In the figure the triangles ABC, A DC, and BDC, are 
right angled. In each of the following give the most A D B 
convenient formula for finding the part required. 

Given Required Given Required 

2. ZA, AD DC 17. ZA, DC AD 
325, BD DC 185 ZACDVAC AD 

4. ZACD, AD DC 19. ZDCB, CB CD 
See BAC) DB 20. ZA, AC AD 
624A. AB AC Pil, HZ T8 5 TEC! BD 
(eB CAC AB 22a AB eA AC 
Sea) C Be B CD PRY PEIN. ANID AC 
OFZ A, AC: CB 24. ZACD, AD AC 
105 Z2B,-BC AB Phy, LJ) IBD, BC 
eA SCD AD 26. ZDCB, CD BC 
19%, J 15% IDE BD DilepeeAMe ANS CB 
TE}, ZAM, (C783 AC 28: 2B, AC, CB 
1455 AG, BC tan A 29. DB, DE tan B 
155) AB AC cos A 305 DB. BG cos B 
16. AC, BC cot A 31. BC,CD cos ZDCB 


27. Units of measure for angles.—The principal unit of measure 
for angles is the degree which is one of the 90 equal parts of a right 
angle. One of the 60 equal parts of one degree is called a minute 
of angle, and one of the 60 equal parts of a minute is called a 
second of angle. Degrees, minutes, and seconds are written °, 
’,”’, respectively. 

Thus 47 degrees 32 minutes 57 seconds is written 47° 32’ 57”. 
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28. Use of tables in computing.—In solving triangles by means 
of the trigonometric functions, use is made of tables giving these 
functions for various angles. Such tables have been worked out 
for every minute of angle from 0° to 90° and in some cases for 
every second of angle. 

Part of such a table is given here. 





















































Angle Sin Cos Tan Cot Sec Cse 
30° . 5000 .8660 5774 1.7321 1.1547 2.0000 
ilies .5150 8572 . 6009 1.6643 1.1666 1.9416 
32° . 5299 .8480 6249 1.6003 1.1792 1.8871 
33° 5446 8387 6494 1.5399 1.1924 1.8361 
34° .§592 .8290 6745 1.4826 1.2062 it 7883 
35° .5736 .8192 . 7002 1.4281 ibe 2208 1.7484 
36° .5878 .8090 . 7265 1.3764 1.2361 if 7013 
3i° .6018 . 7986 . 7536 1.3270 1.2521 1.6616 
38° .6157 . 7880 . 7813 1.2799 1.2690 1.6243 ‘ 
39° . 6293 5 CUT 8098 1.2349 1.2868 1.5890 























The first column to the left in the table indicates the number 
of degrees in the angle. The next column gives the sines of these 
angles, the next gives the cosines, and so on. 

The use of these tables may be illustrated by means of examples. 


Example 1. Find sin 32°, cos 35°, tan 37°, cot 38°. 


Solution: To find the sin 32° we look in the column B 
headed Sin and in the line in which 32° stands and find 
the number .5299. Hence sin 32° = .5299. Similarly, xt 5 
we find cos 35° = .8192, tan 37° = .7536, and cot 38° = 
1.2799. 

Example 2. If 2A = 38° andc = 17, find a. A C 


Solution: Since sin A = a/c, we obtain 
a@=cxXsin A = 17 X sin A. 

We now find in the table that sin 38° = .6157. 

Hence a = 17 X 6157 = 10.4669. % 

Example 3. If ZA = 31° and c = 25, find b. 

Solution: Since cos A = b/c we have b = c X cos A, Hi 
and hence 6 = 25 X .8572 = 21.43. 

Example 4. If 2A = 34° and b = 12, find c. 


Solution: Since sec A = : we have c = b X sec A = 12 X 1.2062 = 14.474. 


SOLUTION OF RIGHT TRIANGLES 23 


29. Approximate character of tables and results.—With very 
few exceptions the numbers given in tables such as the one on 
page 22 are approximations. Sin 30° = .5 exactly and esc 30° =2 
exactly, but all the other numbers given in this table are approxi- 
mations. Hence most of the results obtained by using such a 
table are only approximately correct; the closeness of the approxi- 
mations depends upon the number of decimals in the table. 

The following example shows another kind of approximation 
which is of importance in trigonometry: 


Example. Find the angle A to the nearest degree if sin A = .5774. 

Solution: Since sin 35° = .5736 and sin 36° = .5878, it follows that angle A 
lies between 35° and 36°. Further, since .5774 is nearer to .5736 than 
it is to .5878, we conclude that ZA is nearer 35° than 36°. Hence ZA to 
the nearest degree is 35°. 

Later we shall learn to compute angles to the nearest minute and in some 
cases even to the nearest second. 


B 
EXERCISES 
In the following exercises find the length of lines G a 
to the nearest one-hundredth. Hach example refers 
to this figure. A ; CG 
Ih AAV = GIs, © SS ilkey, iiavel 7: Ky V4) = BY = IG, siianel 
7) EIN Ss BUS, Es Pek natal 0, 6. ZA =39>, 0 =38, finde: 
SAS Oto fin GuD: Thy AVN 88) = a” sunroom 
4. ZA = 38°, a = 42, find c. 8. ZA = 34>, a= 1.34, find c, 
In the following six examples find the required angle to the nearest degree. 
OM 3 Orsi finde A. 12. a = 39, c = 48, find ZB. 
10. a = 34, b = 27, find ZB. 13.0) = 65, 0c)= 78, findyAy 
a= S65c.— OOM ind 4A 14. b = 5.7, c = 9.4, find ZB. 


15. To find the height of a tree CB the line C/A is measured, and also the 
angle CAB. Find the height if Z ACB = 90°, CA = 124 feet, and ZA = 31°. 


\0 





A 
16. From a point 84 feet above the ground a steel cable is fastened to a 
smokestack. What angle does this rope make with the ground if it is 135 
feet long? 
17. A boy’s kite string is 340 feet long and makes an angle of 35° with the 
ground. Find the vertical height of the kite. 
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30. Finding functions of angles up to 45°.—The table on the 
page opposite gives four trigonometric functions for every degree 
of angle between 0° and 90°. The larger tables which will finally 
be used in practice give the functions for every minute of angle. 
However, the essential points to be mastered are the same in 
those tables as in the briefer one given here. 

For all the angles up to 45° the number of degrees is indicated 
in the first column to the left. The functions sine, cosine, tangent, 
cotangent occur in columns in order from left to right. For ex- 
ample, to find cot 37° we look down the left column to 37° and 
then across the page to the column headed Cot at the top. That 
isM cot 37° = 1.3270: 


31. Finding functions of angles between 45° and 90°.—For 
angles between 45° and 90° the number of degrees is given in the 
column to the right of the page. The column containing sines of 
angles less than 45° contains cosines of angles greater than 45°. 
Thus sin 40° is the cosine of 50°. The columns of tangents and 
cotangents are similarly related. This follows from the general 
principle that cofwnctions of complementary angles are equal. 


Thus, tan 65° = cot 25°, sin 72° = cos 18°, etc. 


Sight Work on the Table 
From the table on page 25 find: 


1. sin 13°. 6. cos 29°. Liencos) bis 16. cot 17°, 
2. cos 42°. EE COURS ies 12. tan 54°. L781) oS. 
Sersin 63% 8. tan 67°. 13. cot 39°. 18. sin 68°. 
4. tan 42°. 9. cos 79°. 14. cos 63°. 19. tan 18°. 
Soeslielivi. 10. sin 84°. 15 atanwo. 20. cot 10°. 


Find the angle A to the nearest degree for each of the following: 


21. sin A= .4846. 26. cot A = 1.9820. 31. cot A = 2.6420. 
22. cos A= .3942. 27. tan A = .38902. 32. tan A = 1.9364. 
230 tannAg— 1.2782. 28. cot A = .9372. 33. cot A = 2.5628. 
24. cot A = 1.6710. 20 SINweAG— EOS le 34. tan A = 2.14202. 
25. tan A = 1.4920. 30. cos A= {73si. 35. sin A= .1948. 


Using the table, compare the following and explain: 


36. sin 63°, cos 27°. 38. tan 41°, cot 49°. 40. cot 13°, tan 77°. 
37. cos 35°, sin 55°. 39. cot 33°, tan 57°. 41. tan 34°, cot 56°. 


SOLUTION OF RIGHT TRIANGLES 
TaBLE OF SINES, CosINES, AND TANGENTS 


Sin 











Cos Tan 
.9998 .0175 
.9994 .0349 
. 9986 0524 
.9976 .0699 
. 9962 .0875 
.9945 1051 
.9925 1228 
.9903 1405 
.9877 1584 
.9848 1763 
.9816 1944 
.9781 2126 
.9744 2309 
9703 . 2493 
9659 . 2679 
.9613 2867 
. 9563 3057 
9511 3249 
.9455 3443 
.9397 3640 
9336 3839 
9272 .4040 
9205 4245 
.9135 4452 
. 9063 4663 
. 8988 4877 
.8910 .5095 
. 8829 SLY 
.8746 . 5543 
. 8660 5774 
.8572 6009 
.8480 6249 
.8387 6494 
8290 .6745 
8192 . 7002 
8090 7265 
7986 . 7536 
. 7880 .7813 
7771 “8098 
. 7660 .8391 
7547 , 8693 
.7431 . 9004 
7314 .93825 
.7193 .9657 
.7071 1.0000 
Sin Cot 


Cot 
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32. Angles of elevation and of depression.—In many problems 
in practical measurements the angle between 
a horizontal line and the line from the 
observer to a certain elevated object is 
measured. Such angles are called angles 


of elevation. Horizontal line 
In a similar way, when the observer is above the object at 


which he is looking the angle between the horizontal line and a 
line sloping downward to the object is measured. This angle is 
called the angle of depression. 


Angles of elevation and angles of depression occur 
frequently in practical surveying. Thus, the height 
of a tree, of a building, or of a mountain may be 
obtained by finding its angle of elevation from a 
given point, when certain additional data are also 
known or may be found without ascending the ob- 
ject whose height is to be measured. 

Similarly, the depth of a canyon may be measured by an observer standing 
above it at a point from which the bottom of the canyon may be seen by 
simply measuring the angle of depression from the point where he is standing 
and obtaining certain other data which can be found without descending the 
canyon, For this problem see Example 7, page 165. 


Horizontal line 


33. Solving a triangle.—Solving a triangle consists in finding 
the numerical measures of the parts not given. 
EXERCISES 


In each of the following solve the right triangle ABC with sides a, 6, c if 
ZC is the right angle. Find each angle to the nearest degree. 


7 l.a=7, =i 13. DSeeey, Ala We 
Za =O, (iy = Ve 14, b = 264, ZL Be=— OO 
73. a = 60, Ci los 15: Ch 94 eZ Aloe 
4,.a=14, Co: 16. 6 ="7.645 9 2 Aaa 
75. a = 27, ZA = 46%, 17. Coie J4I8S sf 
Qh GSH, ZA aoe 18. c=58.6, ZB =38.° 
is Gane eB lA 19. ZA = 47° b 174 
8. a=7.94, ZB =74°. 20. 2B = 34°, c = 62.8, 
oy 9: Oi 97, Ci SO0l63 PANG a) = ail, CoS 
10 bi=93.0) Chins 22. b = 5.42, c = 17.4, 
o7ll.b = Suh, LAL ST GR 236 a=8.92, ZB = 48°, 


12. b = 34.8, ZA =81°, PRey fh [83 = OY, b = 54.7, 


SOLUTION OF RIGHT TRIANGLES 
PROBLEMS: GROUP A 


) 1. A ladder 30 feet long rests against a building and makes an 


27 
“angle of 65° with the ground. Find the height above the ground 
at which it touches the building. 
2. A rope 48 feet long reaches from the top of a flag pole to a 
point on the ground 18 feet from its base. Find to the nearest S 
degree the angle which it makes with the ground. How high is 
B 


the flag pole? 


3. The shadow cast on a horizontal plane by a vertical pole 16 
feet high is 25.5 feet long. Find to the nearest degree the angle of 
elevation of the sun. 


4. Two points, C and B, are on opposite sides of a 
stream. A line CA at right angles to CB is measured 
300 feet long, and the angle C’'A B is found by measure- 
ment to be 51°. What is the distance CB? 


5. A guy rope 37 feet long is attached toa telephone ¢ 
pole at a height of 26 feet from the ground. Determine 
to the nearest degree the angle which it makes with the 
pole. 


ove 


6. Two sides of a parallelogram are 14 and 18 feet, 
respectively, and their included angle is 70°. Find the 
area of the parallelogram. 

Suggestion: In the figure, find h, the altitude of the 


parallelogram; then use the usual formula giving the 
area. 

7. The shadow of a tree is observed to be 60 feet ¥ 
long, and at the same time the shadow of a seven-foot *, 
pole is found to be 724 feet long. Find to the nearest 
degree the angle of elevation of the sun, and deter- 


mine the height of the tree. 18 


8. A building seen at a distance of 350 feet has an angle of elevation of 41°. 
Find the height of the building. 


9. The angle of depression of a point as seen from the top of a building 75 
feet high is 15°. How far distant from the base of the building is this point? 


10. Two circles of radii 8 inches 
and 12 inches are tangent exter- 


nally. What angle does a common a 

external tangent make with the Ao 

line of centers? A Sy. 
Suggestion: Let C; and C; be the 


centers of the circles. Let the line 
of centers meet the common tan- 
gent at A. The distance between the centers is 20 inches. Hence 


On 558: 


AC, +20 12 
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PROBLEMS: GROUP B 


1. A ladder 24 feet long is placed against a building so as to touch a point 
18 feet above the ground. How far from the building is the 
foot of the ladder if the building stands on horizontal ground? 

2. The shadow cast on the earth by a vertical pole 8 feet 
long is 6.5 feet. Find to the nearest degree the altitude of the 
sun. 8 

3. A rope 60 feet long reaches from the top of a flag pole 
to a point on the level ground 40 feet from the pole. What 
angle does this rope make with the ground? How tall is the 
flag pole? 

4. A rectangle is 3 feet wide and 6 feet long. 
Determine to the nearest degree the angle between 
the diagonal and a short side of this rectangle. 

5. A road rises 15 feet in a horizontal distance of 2 
250 feet. Find the angle of elevation of this road 
to the nearest degree. 










6. Two points, C and B, are on 
opposite sides of a-lake. A line CA, C 
500 feet long, is measured along a 
straight road which runs at right 
angles to the line CB. Theangleat 4 
A (angle CAB) is found to be 81°. Find the distance from C to B. 

7. Two sides of a parallelogram are 12 and 16 feet, 
respectively, and the angle included between them is 
65°. Find the area of the parallelogram. & 

Suggestion: In the figure find h, the altitude of the 
parallelogram, and then find its area in the usual 
manner. 


8. The angle of depression of a point in a plane as 


seen from a mountain is 18°. What is the air-line dis- 
tance from this point to the point of observation if it 
is known that the top of the mountain is 2100 feet above 


the plane? 

6) The length of a kite string is 500 feet. Find the height of the kite if its 
angle of elevation from the point where the string is held is 47°. 

10) Two circles of radii 4 inches and 10 inches, respectively, have their 
centers 28 inches apart. What angle does 
an internal common tangent make with 
the line of centers? 

Suggestion: Notice that triangles PRC; 
and PQC, are similar and that hence C; R: 
0.Q =C,P: PC. From this relation and 
One + JAC = 28 find that (ChIP =8 and RPGs = 20. 

1). Two circles with radii r, and r; inches have their centers a inches apart. 
Derive a formula giving the sine of the angle which their line of centers makes 
with an internal common tangent. 


— 
-_— 
-_— 
= 


16 


2100 





CHAPTER IV 
LOGARITHMS 


In apptyinG the formulas of trigonometry to the solution of 
problems long computations occur frequently. The laboriousness 
of these computations is greatly reduced by the use of logarithms, 
which enable us to replace multiplication and division respectively 
by addition and subtraction. 


34. Definition of logarithms.—The index of the power to which 
a given number called the base must be raised to equal a second 
number is called the logarithm of the second number. 
That is, x is the logarithm of N to the base a if 
az = N (exponential notation) 
This is also denoted by writing 
x = log, N (logarithmic notation) 


Thus, since 24 = 16, 4 = log, 16; since 10? = 100, 2 = logy 100; 
since 10% = 1,000, 3 = logi) 1000. In general if y* = k, then z = log, k, 


35. The base.—In developing a table of logarithms the same 
base must be used for all numbers. While any positive number 
except 1 might be used as a base, in practice the number 10 is the 
only one used for tables designed as aids in computation. 


36. Systems of logarithms.—The system of logarithms having 
10 as its base is called the Common System of Logarithms. An- 
other system, called the Napiertan or Natural System, is used 
for theoretical purposes. Its base cannot be expressed exactly in 
decimal notation. To seven decimal places it is 2.7182818. This 
base is usually denoted by e.! 

In this book the common system only is used. Since the base 
of all logarithms in that system is 10, the base will be omitted in 
our notation. Thus log N is understood to mean logi N. If 
x = log N, it is understood that 107 = N. 

1The use of 10 as the base of logarithms for practical computation is natural, 
since it fits more smoothly into our decimal number system than any other 
base. The reason for using e as a base for theoretical purposes cannot be 


explained here. It becomes apparent when we come to study the calculus. 
29 
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37. Laws of exponents.—Since logarithms are exponents, they 
have the properties (that is, they obey the laws) of exponents. 
The following laws of exponents are needed in developing the 
rules for logarithmic computation: 


(1) a®-av=artty ’ (4) V/ at = qtly 
(2) at*#+av¥=ary (5) a7 = = 
(3) (a*)¥ =a% (6) a =1 

abbey, (VD) Po OF Pasi 942 (4') +/26 = 33 = 22 
(2’) 25 + 22 = 25-2 = 28 (5") 2-8 = S 
(3’) (22)3 = 2?3=28 (6) 2° =1 


38. Logarithm of a product.—The logarithm of a product is 
the sum of the logarithms of the factors. 


Take 10 as the base and assume that 
M = 107, N = 10". 


Then, log M =x, log N = y. 

By the laws of exponents MoNe = 102-104 — 1025 v. 
Hence x+y =log MN. 

That is, log MN = log M + log N. 


Similarly, if P = 107, 
MeyNi Pe 02102102 1 Oza vas 2 
and log (M-N-P) = log M + log N + log P. 
This law evidently holds for any base and for any number of factors. Hence 
we have the rule: 


To find the logarithm of a product, find the sum of the logarithms 
of the factors. 


39. Logarithm of a quotient.—The logarithm of a quotient 
equals the logarithm of the dividend minus the logarithm of the 
divisor. 


If M and WN are the same as in the preceding paragraph, we have 


M 10° se 
\ Fk ca se 
: M 
That is, log 4 = 2 — y = log M — log N. 


Hence, we have the rule: 


To find the logarithm of a quoteent, subtract the logarithm of the 
divisor from the logarithm of the dividend. 
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40. Logarithm of a power.—The logarithm of a power of a 
number equals the logarithm of the number multiplied by the 
index of the power. 


If M = 10°, then Mv = (10°)¥ = 107”. Hence, the logarithm of M¥ is zy, 
or log MY = y log M, and we have the rule: 


To find the logarithm of a power of a number multiply the loga- 
rithm of the number by the index of the power. 


41. Logarithm of a root.—The rule of the preceding paragraph 
holds also when the index of the power is a fraction. 


1 
By (4) of §37, WM=M. Hence by the rule of §40, log 
1 
WM = log Mi = : log M, and we have the rule: 


To find the logarithm of a root of a number, divide the logarithm 
of the number by the index of the root. 


42. Negative and zero logarithms.—From (5) and (6) of §87, 
two important results regarding logarithms are obtained. 

If the base a of the system of logarithms used is greater than 1, 
as in the common system, then a*, where x is positive (whether 
integral or fractional), is always greater than 1, and 1/a” is accord- 
ingly less than 1. Consequently if 


M= <- a~*, then, log M = — z. 


That is, 


The logarithm of any positive number less than 1 is negative. 
From (6) of §37, 10° = 1, and hence, log 1 = 0. 


SIGHT WORK 


1. Given, log 43 = 1.63347 and log 76 = 1.88081, find log 48 x 76, and also 
log 76 + 48. 

2. Given, log 21 = 1.32222, log 186 = 2.26951, and log 324 = 2.51055, find 
log 21 x 186 x 324. 


3. From the logarithms given in Example 2, find log ves 
Suggestion: First find log 324 x 186. 
4. From the logarithms in Example 2, find log ¥/186 x 21. 


5. Given, log 1.06 = 0.02531, find log (1.06)**. 
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43. Approximate logarithms.—The logarithms of all rational 
numbers other than 1, 10, 100 . . . and their reciprocals, can be 
given only approximately by means of decimals or common 
fractions. The closeness of the approximation depends upon the 
number of decimal places to which a table is carried. (See page 38.) 

Different tables are used for different purposes. Thus there 
are tables with four, five, six, seven, and even ten or more places. 


44, Characteristic and mantissa.—The integral part of a 
logarithm is called the characteristic and the decimal part is called 
the mantissa. 


Thus, in the logarithm 3.78104, 3 is the characteristic, and .78104 
is the mantissa. 


45. Rule for characteristics—From the following table many 
important inferences may be drawn. Note that the equations in 
the second column follow immediately from those in the first. 


104 = 10,000 log 10,000 =u! 
10? = 1000 log 1000 is 
1073 = 100 log 100 = 
10 10 log 10 =i 
Ogee 1 log 1 =(@) 
10m all log Al =-—1 
Oma 01 log O01 =-—2 
Or Se .001 log 001 =-8 
Qs 0001 log .0001 = — 4 


From this table it is evident that if a number lies between 
1000 and 10,000, its logarithm lies between 3 and 4, and may 
be written as 3+ a fraction. Such a number has 4 digits pre- 
ceding the decimal point. Similarly, a number between 100 and, 
1000 has 3 digits and its logarithm is 2+ a fraction. Again, 
the logarithm of a number of 1 digit is 0 + a fraction. Hence we 
have: 

Rue I. If a number is greater than 1, the characteristic of its 
logarithm is positive and is one less than the number of digits pre- 
ceding the decimal point.' 

Again, from the table it is evident that if a number lies between 
1 and .1, its logarithm lies between — 1 and 0; it may thus be 
written as — 1+ a fraction. For a number lying between .1 and 
.0O1, the logarithm is between — 2 and — 1, and may be written 


1 Zero is here regarded as a positive number. 
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as — 2+ a fraction. Now any number between .1 and .01, as 
.0831 or .01001, has one zero immediately following the decimal 
point, while a number between 1 and .1 has no zero immediately 
following the decimal point. Continuing in this way, it appears 
that the characteristic of the logarithm of a number having two 
zeros immediately following the decimal point is — 3; for one 
having three such zeros, it is — 4; and so on. Hence, we have: 

Rute II. Jf a positwe number is less than 1, the characteristic 
of its logarithm is negative, and is numerically one greater than the 
number of zeros immediately following the decimal point. 


46. Ways of writing negative characteristics—From any table 
of logarithms it can be found that the mantissa of the logarithm 
of 347 is .54033. From Rule I above, the characteristic is 2. 

Hence, 


log 347 = 2.54033. 


If, however, we desire to write the logarithm of .0347, we must 
recognize that that logarithm is made up of the characteristic — 2 
(by Rule II above) plus a positive fraction (in this case .54033 
again). It would plainly be misleading to write this as — 2.54033. 
It may be written as .54033 — 2, but is more often written 2.54033, 
the minus sign being written above the 2 to indicate that only 
the 2, and not the decimal, is affected. 

In computation a negative characteristic is often replaced by 
some integer minus 10. 


Thus, since 
—2=8-—10, 
log .0847 = .54033 — 2 
= .54033 + 8 — 10 
= 8.54033 — 10 


Likewise, — 1 is replaced by 9 — 10, as in 
.27803 — 1 = 1.27803 = 9.27803 — 10, 


and similarly in other cases. 


47. The significant part of a number.—TIf all zeros at the be- 
ginning and the end of a number and its decimal point are omitted, 
the remaining part is called the significant part of the number. 


Thus the significant part of 63,800 is 688, the significant part of .0102 is 102, 
the significant part of 0.014 is 14, the significant part of 40,08 is 4008, and the 
significant part of 3.41 is 341. 
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48. Numbers having the same mantissa.—From §46 we have 


log 347 = 2.54033. 


Since, 3470 = 347 x 10, 

it follows that log 3470 = log 347 + log 10 (§38) 
= 2.54033 + 1 = 3.54033. 

Also, 34.7 = 347 + 10 

and hence log 34.7 = log 347 — log 10 (§39) 


= 2.54033 — 1 = 1.540383 


In this manner the following table is easily constructed: 


log «3.47 = 0.54033 log —-.347 = 1.54033 
log 347 = 1.54033 log 0347 = 2.54033 
log 347 = 2.54033 log .00347 = 3.54033 
log 3470 = 3.54033 log .000347 = 4.54033 


Hence we conclude that the logarithms of numbers having the 
same significant parts have the same mantissa. 


SIGHT WORK 


Given, log 1784 = 3.25139, find the logarithms of 178.4, 17.84, 1.784, 0.1784, 
.01784, 17840. 


49. Logarithms which are read directly from table.—In the 
table on the page opposite, the first column to the left is the 
number column. The other columns contain logarithms. 

To avoid crowding the page, repetition of numbers is avoided 
in printing. Thus in the first column of logarithms, 48 is omitted 
from all numbers between 48001 and 49136. These figures must 
be supplied in using the table. 


Example 1. Find log 33.7. 

Solution: In the line of 337 and in the first column we find 763. Looking at 
the next full five-place number above in this column, we find that the complete 
mantissa is 52763. Hence, by §45 log 33.7 = 1.52763. 

Example 2. Find log 327.8. 

Solution: In the line of 327 and in the column which has the figure 8 at the 
top we find 561, before which 51 must be supplied. Hence 51561 is the 
required mantissa, and log 327.8 = 2.51561. 


In the first column of logarithms are the logarithms of numbers 
with three significant figures. The other columns contain loga- 
rithms of numbers with four significant figures, the particular 
column depending upon the fourth figure of the number whose 
logarithm is sought. Thus, log 3172 is in the column headed 2, 
log 3217 is in the column headed 7, and so on. 
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Logarithms 300—350 





Numbers 300-350 Logs 47712-54518 
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N | o 1 2 3 4 on ae ae 9 | PP. 
300 47 712 |47 727 |47 741 |47 756 |47 770 |47 784 |47 799 |47 813 |47 828 |47 842 15 
301 Sor} S11) 8851) .900)] 914) 929) O47) 69581 972) 986laT 4 5: 
302 48 001 |48 015 |48 029 |48 044 |48 058 |48 073 [48 087 |48 101 |48 116 |48 130} 5 3.0 
303 144} 159} 173] 187| 202 | 216; 230; 2441 259) 27313) 4s 
304 | 287} 302] 316} 330} 344] 359] 373} 387) 401! 41614] 6.0 
305 | 430} 444] 458] 473] 487] S01) 515] 530} 544) S585] 7.5 
306 | 572) 586}; 601} 615] 629] 643} 657) 671) 686| 700] 6] 9.0 
307 714} 728) 742] 756) 770) 785) 799} 813] 827] 841] 7 | 10.5 
308 | 855} 869} 883] 897] 911) 926] 940} 954] 968} 982]| 8 | 12.0 
309 996 |49 010 |49 024 |49 038 |49 052 |49 066 |49 080 |49 094 |49 108 |49 122 || 9 | 13.5 
310 |49 136 |49 150 |49 164 |49 178 |49 192 1149 206 |49 220 |49 234 |49 248 |49 262 14 
311 276| 290} 304} 318) 332] 346) 360} 374) 388) 402/47 74° 
312 | 415| 429) 443] 457| 471] 485| 499) 513] 527] S41} 4] a8 
313 | S554} 568) 582] 596| 610] 624] 638) 651} 665; 67913) 45 
314 | 693) 707] 721) 734] 7481 762] 776) 790! 803} 817 | 4| 5.6 
315 831} 845] 859} 872] 886] 900) 914} 927] 941] 95515] 7.0 
316 || 969} 982] 996 [50010 |50 024 |50 037 |50.051 |50 065 |50 079 |50 09216 | 8.4 
317 50 106 |50120 |50133}| 147| 161] 174] 188} 202] 215] 229]7]| 98 
318 243 256 270 284 297 311 325 338 352 365 || 8 | 11.2 
319 379 393 406 420 | 433 447 461 474 488 501 || 9 | 12.6 
320 50 515 |50 529 |50 542 |50 556 |50 569 |}50 583 |50 596 |50 610 |50 623 |50 637 

321 651| 664] 678] 691] 705] 718} 732] 745] 759| 772 

322 786 799 813 826 840 853 866 880 893 907 

323 | 920) 934|} 947) 961} 974} 987 |51 001 |51 014 |51028 |51 041 

324 |51 055 |51 068 |51 081 |51 095 |51 108151121} 135] 148] 162] 175 

325 PSS ZO2i 2159 228) 242) 255) e268) e282) |e 29508 

326 | 322) 335] 348) 362) 375) 388| 402} 415] 428) 441 

327} 455} 468] 481] 495] 508] 521] 534] 548| S61] 574 

328 | 587] 601; 614] 627| 640] 654) 667}; 680} 693} 706 

329 720|__733|__746| 759] __772]|_786|__799|__812|__825|__ 838 

330 51 851 |51 865 |51 878 |51 891 |51 904 51 917 |51 930 |51 943 |51 957 |51970 13 
331 983] 996 |52 009 |52 022 |52 035 |52 048 /52 061 |52 075 |52 088 |52 101 mts: 
332 52114 |52127) 140; 153) 166] 179; 192} 205; 218; 23115] 96 
333 244) 257] 270| 284) 297] 310; 323) 336) 349) 36213] 35 
334 | 375) 388} 401; 414] 427} 440) 453] 466} 479] 49214] 5.2 
335 504} 517} 530} 543] 556] 569] 582} 595] 608] 62115] 65 
336 | 634] 647| 660] 673] 686] 699} 711} 724) 737] 75016] 7.8 
337 | 763} 776| 789} 802} 815] 827] 840] 853} 866] 879] 7] 9.1 
338 | 892} 905} 917] 930] 9431 956} 969] 982] 994 |53 007 || 8 | 10.4 
339 }153 020 |53 033 |53 046 |53 058 |53 071 53 084 |53 097 53 110 |53 122 |__ 135} 9 | 11.7 
340 153 148 |53 161 |53 173 |53 186 |53 199 53 212 |53 224 |53 237 |53 250 |53 263 12 
341 275} 288; 301] 314) 326] 339) 352} 364] 377] 390147 47> 
342 | 403) 415; 428] 441) 453] 466) 479| 491/ S04/ S17} 5) 94 
343 529} 542/ 555] 567) 580} 593| 605; 618] 631] 643] 3) 3¢ 
344 | 656} 668} 681] 694) 706] 719} 732] 744) 757) 769}4)| 48 
345 782} 794) 807} 820} 832] 845] 857] 870} 882] 89515] 6.0 
346 | 908} 920] 933] 945) 958] 970} 983} 995 |54008 |54020] 6 | 7.2 
347 154.033 |54 045 |54 058 |54.070 |54.083 54.095 |54108 |54120| 133] 145] 7| 84 
348 15855 170) 1833) 195)1)— 208) 2204) 233)) 2451) - 258)" 27018) 9:6 
349 | 283] 295} 307] 320} 332]| 345) 357] 370] 382] 394] 9 | 10.8 
350 {54 407 |54.419 |54 432 [54 444 |54 456 54 469 |54 481 |54 494 |54 506 [54 518 

N 0 1 2 3 4 5 6 7 8 9 
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50. Antilogarithms.—A number is called the antilogarithm 
(written antilog) of its logarithm. 


Thus, if a = log N, then N = antilog a. 


51. Finding Antilogarithms.—If the given mantissa occurs 
exactly in the table, the corresponding number (the antilog) can 
be found at once. 


Thus, if the given mantissa is 68538 we find at once that the significant part 
of the required number is 4846. 


When the mantissa does not occur exactly in the table the 
process of finding the number is shown in the following example: 


Example. Find antilog 1.66413. 

Solution: We first find the significant part of the number. For this purpose 
the characteristic is disregarded. From the first column of logarithms we see 
that the given mantissa lies between the mantissas of 461 and 462. Hence, we 
write 461 as the first part of the required number. Passing along the line of 
461, we see that the given mantissa lies between the mantissas of 4614 and 
4615. Hence we annex the number 4 to 461, obtaining 4614. 

The tabular difference at this point (417—408) is 9 and the given mantissa is 
5 greater than the mantissa of 4614. Looking in the table of proportional 
parts under 9, we find that a tabular difference of 5 corresponds most nearly to 
the extra digit 6. Hence we annex 6 to 4614, obtaining 46,146 as the sig- 
nificant part of the required number. 

Hence, by §45, antilog 1.66413 = 46.146. 

Norre.—In the above example the given mantissa, 66413, lies 5/9 or .556 
of the way from 66408 to 66417 (the mantissa of 4614 and 4615, respec- 
tively). Hence, if conditions warranted and required that degree of accuracy, 
556 should be annexed to 4614. However, a five-place table admits of error 
even in the fifth place. Moreover, the data in any ordinary practical problem 
will contain errors which make it useless to attempt a higher degree of accuracy 
in computation. See pages 142-144. 


EXERCISES 
Find the antilogs of the following: 


1. 1.65427. 9, 2.69137. 17. 4.67204. 
2 2.66671. 10. 0.66491. 18. 2.68300. 
3. 3.67779. 11. 1.66902. 19. 2.67094. 
4. 0.68314. 12. 0.67207. 20. 1.66714. 
5. 1.69179. 13. 0.69100. 21. 2.68013. 
6. 1.65394. 14. 2.68002. 22. 1.69004. 
7. 2.67194. 15. 3.65490. 23. 2.65940. 
8. 1.68034. 16. 0.69012. 24. 3.67894. 
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Logarithms 450—500 








Numbers 450-500 Logs 65321-69975 














N 0 1 2 3 cae 6 7 8 9 PP. 
450 |65 321 |65 331 |65 341 |65 350 |65 360 [65 369 |65 379 |65 389 |65 398 |65 408 49 
451) 418] 427| 437| 447/ 456] 4660| 475| 485| 495| 504I>7q0~ 
Bed ee 5t4) P5231 2533) S431 552] 562) S70) SSE] S91: 600] 51 5, 
453 | 610| 619] 629] 639| 648] 658] 667] 677] 686] 696] 3] 30 
454 | 706] 715| 725| 734) 744] 753) 763| 772| 782) 792] 4| 40 
455 | 801] 811] 820) 830] 839] 849) 858] 868] 877] 887] 5| 5.0 
456 | 896] 906] 916] 925] 935] 944) 954] 963| 973] 982]/6| 60 
457 | 992 |66 001 |66011 |66 020 |66 030 |66 039 |66 049 |66 058 |66 068 |66 077 || 7 | 7.0 
458 |66087| 096} 106] 115] 124) 134] 143] 153] 162] 172] 8] 8.0 
459 || 181] 191] 200| 210| 219] 229] 238| 247| 257|__ 266] 9 | 9.0 
460 |66 276 |66 285 |66 295 |66 304 66 314 |66 323 |66 332 |66 342 |66 351 66 361 








461 | 370| 380] 389} 398| 408] 417] 427| 436] 445] 455 
462 | 464, 474| 483] 492] 502]* 511)’ 521] 530} 539] 549 
463 | 558| 567} 577| 586} 596] 605] 614] 624] 633] 642 
464 || 652] 661] 671} 680} 689] 699) 708] 717| 727] 736 
Bose T45) 755) 704) 773) 783. 792\ <801) Silo 820)" “829 
466 | 839] 848] 857| 867] 876] 885} 894] 904] 913] 922 
467 | 932} 941] 950} 960] 969] 978] 987] 997 |67 006 |67 015 
468 |67 025 |67 034 |67 043 |67 052 |67 062 67 071 |67 080 |67 089} 099) 108 | 
Boo Wl 107 1 5 127). 136) 145) 154)| 164 173) 2182 = 100 201 
470 67 210 |67 219 |67 228 |67 237 |67 247 |67 256 |67 265 |67 274 |67 284 |67 293g 

Diy 302 sit 4321) 336): 330) 1348.1) C850 367 | B76) Seog tenon 
472 || 394! 403) 413] 422] 431] 440) 449] 459] 468) 477 
473 | 486] 495| 504} 514] 523] 532] 541] 550] 560] 569 
474 | 578| 587) 596} 605] 614] 624] 633) 642] 651] 660 
475 | 669! 679] 688] 697] 706] 715] 724) 733| 742] 752 
a6 1 761! 770) 7791 7881 7971) 806) 815} 8251 834] 843 
477 || 852} 861} 870] 879] 888} 897] 906] 916] 925] 934 
478 | 943} 952] 961} 970| 979] 988] 997 |68 006 |68 015 |68 024 
479 |}68 034 |68 043 |68 052 |68 061 |68 070 68 079 }68 088 | _097| 106} 115 
480 |]68 124 |68 133 |68 142 |68 151 |68 160 |68 169 |68 178 |68 187 |68 196 /68 205 
Gi 2151224) 933) 2421, 251] 260] 269) 278) 2871 206 
G37) 3051) 314 3231 3321 341) 350) 359) 368) 93771 386 
483 | 395| 404] 413] 422] 431]} 440] 449] 458] 467] 476 
A84 | 485| 494} 502| 511| 520) 529| 538| 5471 556] 565 
485 | 574} 583} 592]} 601] 610] 619] 628] 637] 646] 655 
486 | 664] 673} 681] 690] 699] 708] 717| 726) 735] 744 
ae7 | 7531 762) 771) 780) 789) 797) ° 806) 815) 824) 833 
488 | 842] 851] 860] 869} 878] 886} 895] 904] 913] 922 
489 | 931| 940) 949} 958] 966] 975] 984] 993 |69 002 |69 011 
490 ||69 020 |69 028 |69 037 |69 046 |69 055 |69 064 |69 073 |69 082 |69 090 |69 099 


491 MOS ail eS ARGS PSI = Suh Skowl || a7) = aliZQS PUSS 
492 LOTR 205i ee 2 An 223))| e202) reese 2498 e258) | 207 e270 
493 285| 294] 302; 311] 320} 329] 338) 346) 355) 364 
494 373| 381} 390} 399) 408] 417} 425; 434] 443) 452 
495 461| 469; 478] 487|) 496] 504} 513} 522] 531} 539 
496 548} 557/ 566] 574) 583] 592} 601} 609} 618] 627 
497 636| 644] 653} 662} 671} 679) 688) 697; 705] 714 
498 723| 732} 740) 749) 758} 767) 775| 784] 793} 801 
499 810} 819] 827| 836] 845] 854] 862] 871] 880] 888 
500 ||69 897 |69 906 |69 914 |69 923 |69 932 |}69 940 |69 949 |69 958 |69 966 |69 975 
N 0 1 2 3 4 5 6 7 8 9 
mc mae aaa aaa 











CONAN EWNHH 
cS 
wn 





























CONAUNUHRWHE 
» 
oOo 



























































38 PLANE TRIGONOMETRY 


52. Interpolation.—The process used on the preceding page 
for finding a number when the given mantissa does not occur in 
the table is called interpolation. In finding numbers whose loga- 
rithms are given, this process must be used very frequently, since 
only in exceptional cases does a given mantissa occur in the table. 

The process of interpolation must also be used in finding the 
logarithms of given numbers when these contain more than four 
significant figures, since in this case the logarithms cannot be 
read directly from the table. 


Example. Find log 32,714. 
Solution: Using the table on page 35 we find 
log 32710 = 4.51468 
and log 32720 = 4.51481. 

The number 32,714 lies four-tenths of the way from 32,710 to 32,720. A 
reasonable approximation to its logarithm is the number four-tenths of the 
way from 4.51468 to 4.51481. The difference of these logarithms is 13 
(hundred-thousandths) ; four-tenths of 13 is 5.2; hence we add 5 to the man- 
tissa 51468 and have log 32714 = 4.51473. 

In the column at the right of the table we find that for a tabular difference 
of 13, an extra digit of 4 corresponds to 5.2. Use of the tabular difference lists 
(called table of proportional parts) often shortens this work. 


In working with a five-place table do not extend the figures in 
the mantissa beyond that number. 


SIGHT WORK 
Find the logarithms of the following: 
1. 325.47 2. 47323 3. 3.2001 4. 309.84 
5. 4985.3 6. 336.38 7. 4897.4 8. 3016.3 
9. 31.715 10. 4895.4 11. 32247 12. 4.5956 
13. 4.6324 14. 30.059 15. 456.91 16. 34.752 


53. Errors in interpolationUsing a six-place table, we find 
that the logarithm of 32,714 is 4.514734. Hence whatever error 
may be due to interpolation, it does not in this case affect the 
mantissa in the last place when working with a five-place table. 
With unimportant exceptions, it is true that when interpolating 
between any two consecutive mantissas given in a table, the result 
will be correct to the number of places of that table. 

However, if we attempt to find the logarithm of a number by interpolation 
between two mantissas that are far apart there will be serious error. Thus, 
suppose we interpolate between log 200 = 2.30103 and log 300 = 2.47712 to 


find log 250, we shall have log 250 = 2.38908, whereas in reality log 250 = 
2.39794. 
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54. Operations on logarithms.—Any computation by means of 
logarithms consists essentially of three steps. 

(1) Finding logarithms of numbers given in the problem. 

(2) Combining these logarithms by means of addition, sub- 
traction, multiplication, and division, thus obtaining the logarithm 
of the desired result. 

(8) Finding the number corresponding to this final logarithm, 

Steps (1) and (3) have already been studied in §§ 48-53. The 
only difficulty in step (2) arises from the fact that the mantissa is 
always positive, while the characteristic may be positive or 
negative, but must always be an integer. 


Thus, it is not so clear how 2.79426 may be divided by 3 in such a way as to 
make the characteristic of the result an integer and the mantissa positive. 


In the following paragraphs we shall study the operations on 
logarithms and the various devices used to adapt them to the 
requirements of practical computation. 


55. Adding logarithms.—Adding logarithms when the char- 
acteristics are positive is exactly the same as adding ordinary 
decimals. When one or more characteristics are negative the 
process is shown by the following examples: 


Example 1. Add 2.47162 and 2.86473. 

Solution: Rewriting the second logarithm by adding and 2.47162 
subtracting 10, we have 8.86473 — 10. 8.86473 — 10 

The addition is now performed as in algebra. The char- 11.33635 — 10 
acteristic is 11 — 10,or + 1. The result may then be or 1.33635 
written 1.33635. 


Example 2. Add 1.40198, 0.16432 and 3.66219. 1.40198 

Solution: After rewriting the third logarithm we have the 0.16432 
example in addition shown at the right. 7.66219 — 10 
9.22849 — 10 


The characteristic in the result is 9-10, or — 1, and 
the result may therefore be written 1.22849. However, 
this change is not necessary. 


56. Subtracting logarithms.—The following examples show the 
various combinations that arise in subtracting logarithms. 


Example 1. Subtract 2.34718 from 4.16782. 4.16782 


In this case the subtraction differs in no respect from the 2.34718 
subtraction of ordinary decimals. 1.82064 
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Example 2. Subtract 2.17142 from 1.29476. 11.29476 — 10 
Solution: In place of 1.29476 write 11.29476 — 10. We 2.17142 
then have the operation shown at the right. 9.12334 — 10 


For use in finding the antilogarithm it is to be noted that 
the characteristic is — 1, but no change in the written form 
is required. 


Example 3. Subtract 2.14762 from 1.98764. 11.98764 — 10 
Solution: Rewriting both in the form suggested above, 8.14762 — 10 
we have 3.84002 
Example 4. Subtract 1.62387 from 2.27941. 18.27941 — 20 
Solution: Proceed exactly as in the preceding, except that 9.62387 — 10 
in the minuend 18 — 20 instead of 8 — 10 should be used. 8.65554 — 10 


57. Multiplying logarithms.—This presents no difficulty when 
the characteristic is positive. If the characteristic is negative, 
it may be expressed as some number less 10, and then the multi- 
plying is done as in algebra. 


Example: Multiply 3.84361 by 3. 7.84361 — 10 
3 
The solution is shown at the right. 23.53083 — 30 
= 3.53083 — 10 

= 7.53083 


58. Dividing a logarithm.—Difficulty arises when the character- 
istic is negative. To the characteristic should be added and sub- 
tracted some number which is exactly divisible by the number by 
which the logarithm is to be divided. 


Example: Divide 1.84762 by 3. 

Solution (1): Add and subtract 30. We then have 29.84762 — 30 to be 
divided by 3. The quotient is 9.94921 — 10, or 1.94921. 

Solution (2): Add and subtract 3. Then 2.84762 — 3 divided by 3 gives 
.94921 — 1 or 1.94921, as before. 























SIGHT WORK 
Add and also subtract: 

1. 4.19178 3. 2.62191 5. 1.61241 7. 3.45264 
1.47214 3.45231 3.71592 2.89317 
Zs 3.86421 ‘ 4. 1.97162 6. 4.64825 8. 3.91724 
1.93261 2.14645 1.91476 5.61987 

Multiply and also divide: 
9. 3.48265 by 3. 12. 4.82671 by 2. 15. 1.81437 by 3. 
10. 2.78436 by 3. 13. 3.61938 by 3. 16. 2.85723 by 4. 


11. 1.18136 by 4. 14. 3.19641 by 2. 17. 5.17143 by 2. 


which the work should be put. 
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59. Computation by means of logarithms.—The examples on 
this page illustrate the uses of logarithms and the forms into 


The table at the end of the book, 


or a separate table, is now used. We note that since there are 
no logarithms of negative numbers, products (and quotients) of 
negative numbers are obtained as if they were all positive; the 
proper sign is then prefixed in the result. 


Example 1. Find the product of 49.6 x 82.7. 
Solution: log 49.6 = 1.69548 
log 82.7 = 1.91751 





3.61299 = log 4101. 


Hence the product is 4101.9. 








Example 2. Find the value of ee 
Solution: log 14.64 = 1.16554 
log 811.2 = 2.90913 
4.07467 
log 61.34 = 1.78774 
2.28693 

Example 3. Find the value of 9.47? x 1.19”. 
Solution: log 9.472 = 1.95270 
log 1.192 = .15110 
2.10380 


Writing down log 9.472 = 1.95270 involves multiplying the 


i) 


= log 193.61. 


= log 127.00. 
logarithm of 


9.47 by 2. This should be done mentally and no numbers should be written 


down, except those shown here. 


ld wd 





Log 1.192 is found in the same manner. 








Example 4. Find the value of Example 5. Find the value of 
21.3? x 64.73 17.4 X 81.6 
34.14 94.32 
Solution: log 21.3? = 2.65676 Solution: log17.4= 1.24055 
log 64.73 = 5.43270 log 81.6 = 1.91169 
8.08946 3.15224 
log 34.14 = 6.13100 log 24.32 = Q(122 
1.95846 2| .38102 
= log 90.878 19051 
= log 1.5506 
EXERCISES 
Find the values of the following correct to five significant figures: 
. 71.28 X 4.26 5. 126 x 3.74 x 38 9. 7.14 x 29.8 x »/69.3 
. 8.6? x 2.918 6. .98°X6.13X12 10. 7/845 x 79.3 x +/29.6 


82.3 X 61.7 8 53 X 262 x 18 12 


. 51.4 Xx 63.1 x 2.91 7. 440 X 0342 6 = 11. 31.6 x 176.8 x V/69.2 
93? x V/806 x 41 
41.2? ‘ 26.48 : 31.2! 
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60. Logarithm of a reciprocal.—Since the logarithm of 1 is 0, 
the logarithm of a fraction whose numerator is unity may 
be obtained by subtracting the logarithm of the denominator 
from zero. Thus log 1/384 = log 1 — log 384 = 0 — 2.58433 = 
7.41567 — 10. In this manner the logarithm of the reciprocal 
of a number may be written down directly from the logarithm 
of the number itself. The result must be written from right to 
left as the subtraction proceeds. 

61. Multiplying by a reciprocal.—tInstead of dividing by a 
number, one may multiply by its reciprocal. Thus, instead of 
dividing by 384 one may multiply by 1/384. Hence, instead of 
subtracting log 384 (2.58433) we may add log 1/384 (7.41567 — 10). 

62. Cologarithms.—The logarithm of the reciprocal of a number 
is called the cologarithm (written colog) of the number itself. The 
use of cologs is suggested above and is shown in the following 
examples. 





Example 1. Find the value of Example 2. Find the value of 
8.19 x 7.48 18.34 
36.7 17 X 8.92 x 4.26 
Solution: log 8.19 = 0.91328 Solution: log 18.34 = 5.04980 
log 7.48 = 0.87390 colog17 = 8.76955 — 10 
colog 36.7 = 8.43533 — 10 colog 8.92= 9.04964 — 10 
10.22251 — 10 colog 4.26 = 9.37059 — 10 
= log 1.6692 32.23958 — 30 
= log 173.61 


To find the colog of a number such as 384, we may write log 384 
on a separate slip of paper and then subtract from 0, or colog 384 
may be written down directly as suggested above. Only colog 384 
should appear in the computation. 


63. The advantage of using cologs.—The chief advantage in 
the use of cologs appears when we attempt to compute by sub- 
tracting logarithms (as was done on page 41) instead of adding 
cologs. 


In Example 1 we should have to add the first two logarithms and then 
subtract the last: This would necessitate the writing of one extra line of 
figures. 

In Example 2 we should have to add the last three logarithms and then sub- 
tract this sum from the first. This, however, is balanced in part by the greater 
difficulty of finding cologs. The chief advantage in the use of cologs arises 
when the divisor or dividend is expressed as the product of two or more factors. 
In such cases the work is made more compact and intelligible by their use. 


Use cologarithms for all divisions. 


89.6 
* SOS ZBE 
683 
* TASS wae 
16.5 x 76.4 
” 19.7 x 14.8 
89.47 X 7.8 
S473 
3.7 X 4.9 x 8.7 
~ oS SS OLS B 
10.4 x 39.7 
* TSI 


31.9 X 7.3 
6.4 X 3.98 


5.7X V4.7 
> ORS SHS} 
6.8 x V8.9 
VET 37 
65.4 X 37.8 
4.56 X 78.3 


4/6.54 X 38.7 
* 54.6 x 84.7 


V6.58 X V4L7 
 AV/8L7 X V8.7 





38.42 x 6.54 

* 74.78 x 913 
7.76 X 67.8 

” \/89.3 x /874 
38.62 X 29.42 


49.3 X 34.8 
* 84.8 x 2.64 


3/73.4 Xx 6.43 
3.41 X 26.4 


62.8 X 26.8 
* 39 X 76 Xx 84 


Ue 


8. 


11. 


12. 


Te 


12: 
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EXERCISES 
Group A 
37.2 X 8.91 “i 14.82 x 39.2 
73.9 x 40.1 “-V- 41.28 X 29.3 
98.46 x 71.42 14, 71.92 x 28.4 
42 Xx 67 X 81 11907482 
/37.8 X /95.7 15, Zi:4 X 82.6 
* "74.6 X 46.7 * 41.7 Xx 28.6 
45.6 x 29 16, 79:4 X 9-26 
77.6 X 84 * 94.7 x 69.2 
12.9 x 9.78 17, 35-7 X 98.2 
7.19 X \/764 * 1048 x 9426 
41.64 x 71.8 1g, 29-3 X 176.8 
/ 241 X \/874 * 471 X 9840 
Grovur B 
/12.3 X 45.6 ig 46 X 319 x 47 
* "1.98 567 Al Ve WO C847 5C21 
92.7 x 34.1 14, 87.8 X 93.2 x 17 
1S SSS °“14x12x8~x 94 
CE S72 SB 15 37.8 X 78.3 
13 x 47 x 61 * 83.7 X 7.38 
31 x 74 x 16.9 16, 34:8 X 27.8 
146o. 912 * 45.3 X 78.2 
19.8 x 72.4X 31.7 ap 49.8 x 26.4 X17 
° 08.1 x 24.7 x 17.3 * VY 34.2 x 71.5 X 19 
i 640 x .0139 7 31.6 x 71.7 X 24 
* (024 x 71.6 x .028 ° VY 4,82 X 92.7 x 84 
Group C 
78.2 X 34.6 13, 228.X 48:7 
86.4 X 2.64 $21 5130 
7.31 x 49.6 14, V894 x V748 
° 81 x 42 x73 V/ 1240 x 1/942 
67.72 X 84.9 1g, 37.62 x 47.8 
7.14 X 27 x 43 * 27.3 x 14 x 89 
/71.4 X 26.8 ie .450 X .0174 
” 4/93.8 x 176 * 045 x 87 x .0072 
3876 + 19.84 x 64.7 
/2X 0/3 x </8760 BUTE Se ORS Se OP 
61.9 x 847 [143 X 29.17 
39 X 8.7 x 64.8 62.8 x 47.6 
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64. Logarithms of trigonometric functions.—Tables giving 
the logarithms of trigonometric functions are most convenient 
for computation, since addition and subtraction of such functions 
occur but seldom. 

65. Explanation of tables.—The table on the opposite page gives 
log sin, log cos, log tan, log cot, for every minute of angle from 
18° to 19° and also from 71° to 72°. In the table use is made of 
the fact that cofunctions of complementary angles are equal. 

Thus, the columns read downward give the functions of the 
angles from 18° to 19°, while read upward they give the functions 
[rom 7. tos22:- 

Since the sine and cosine of an angle are never greater than 
unity, characteristics of their logarithms are negative. In the 
table opposite they are in reality — 1. Instead 9 — 10 is used, 
the — 10 being omitted in printing. 

Since the tangent of an angle greater than 45° and the co- 
tangent of one less than 45° are greater than unity, the character- 
istic is zero, or a positive integer. These are given in the table. 

66. Use of tabular differences in interpolating—The use of the 
table of proportional parts is best understood from examples. 


Example l. Find log sin 18°17’ 18”. 


Solution: From the table find log log sin 18° 17’ = 9.49654 — 10 
sin 18° 17’ and note that log sin 18° Diff. for 10’ = .00006 
18’ is 38 greater. We then add the DitietOres ase OO00S 
differences corresponding to 10” and log sin 18°17’18” = 9.49665 — 10 


8’. In no case should more than five 
figures be used. 

To find the difference corresponding to 10’’, 20’’ up to 50”, take 10 times 
the difference for 1’’, 2’’, etc. 

Example 2. Find the angle A if log tan A = 0.47456. 

Solution: From the table we find log tan 71° 27’ = 0.47422, with a tabular 
difference of 42; while the given logarithm shows a difference of 34. From 
the table of proportional parts the difference 34 corresponds to 49’’ (28 corre- 
sponds to 40” and 6.3 to 9’’). Hence A = 71° 27’ 49”. 


EXERCISES 
In Examples 1-12 find the logs and in Examples 13-18 find A. 
1. log sin 18° 35’. 7. log tan 71° 52’. 13. log sin A = 9.50389- 
2. log cos 18° 52’. 8. log cot 71° 8’. 14. log tan A = 9.51863. 
3. log tan 18° 39’. 9. log sin 71° 13’ 25’. 15. log cos A = 9.97744. 
4. log cot 18° 7’. 10. log cos 18° 7’ 8”. 16. log cot A = 9.53216. 
5. log sin 71°14’. 11. log tan 18° 45’ 19”. 17. log sin A = 9.97612. 
6. log cos 71° 38’. 12. log cot 18°57’ 9”. 18. log cos A = 9.49971. 
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Logarithms of Trigonometic Functions (18° to 19°) 

> |Z. sin. | d:)| L. Tang. | c.d.! L. Cotg. || L..Cos: iid. |=’ P, P. 
0 ]9.48 998 | 35 |9.51 178 | 43 [0.48 822 [9.97 821] , 60] 1 | 43 | 42 
1 9.49 037 | 35 ie 779 817 |< 159] 17 1 0.7 | 0.7 
2 076 | 30 264 | 49 736 S124 98) 2” 1.4 1.4 
3 115 | 3 306 | 43 694 BOS NOE S81 02200 Saad 
4 153. Wes 349 | 43 651 80414 156] 47 | 29 | 2.8 
5 1924. 392 | a4 608 800 |, 55] 5” | 3.6 | 3.5 
6 gai. CEN Te 565 796 | 4154] 6” | 4.3 | 4.2 
7 2600 50 LS 522 Ol Sa 1, |e SO eo 
8 B0Sai a6 B20 as 480 788 4-52) 8” | 5.7 | 5.6 
9 Sagiee 563 | a5 437 T3dee WtSt | 19% 1 6.8 06-3 
10 [9.49 385 | 3, [9.51 606 | 4, |0.48 394 |9.97 779 | 7 | 50 |-——| qa 
11 404 | 35 648 | 43 352 TS Wig ON elo ea 
12 TO aes 601. 145 309 UE pol Cnn eee ar 
13 BOO |e r5 ons le 266 7k ea Weal cee Waser 
14 B39) 35 IGS as 224 FOS 4G ya. | tes realest 
15 Sia B19. 181 759] 445] sx | 34 | 33 
16 615 | 39 861 | 49 139 754 | 4 | 44] 6” Hi 3.9 
17 Cis 903 | 43 097 75301443] 7” | 4.8 | 4.6 
18 692'| a9 946 | 45 054 746.4 142) 8% 1 $,5 | 5.2 
19 SU bes 988 | 43 012 7421, 41] 9” | 6.2 | 5.9 
20 |9.49 768 | 5, |9.52 031 | 4, 0.47 969 |9.97 738 | | | 40 |———— 
21 806 | 39 073 | 45 927 734 | 5 139 |-—a-15 
Op. 844 | 39 115 | 45 885 7294/38] 1, ~ 
23 882 | 33 157 | 43 843 EAS) alia ee ae 
24 920 | 38 200 | 49 800 TON NSO No, | ee 
25 0584) 242'| 4, 758 Tee es 
26 996 | 32 284 | a> 716 TAZ SEN ae Nhe gee 
27 19.50 034 | 39 326:(h45 674 708,133 7° | aa 
28 O12 a5 368 | 49 632 ROA Oder ge bia 
29 102035 410 | 45 590 TOO Wisi igh lie 
30 |9.50 148 | ©, 9.52 452 | , [0.47 548 [9.97 696 | © | 30 |_ os 
31 aie 494 | 49 506 | ey Mel Pea 
32 BOG Nae 536 | 49 464 687 | 4 | 28] 1” | 0.6 
33 261 N57 578 lego 422 683 | 4 27] 2% | 1.2 
34 298 | 3s 620 | 44 380 679 | 5126] 3” | 1.9 
35 336 | 39 Colles 339 674] [25] 4% | 2.5 
36 hl ee ACS NEDE 297 670 | 4 | 24 a 
37 Ul 745 | 4 255 G66 Jia 23h 2, oh oe 
38 449 | 3, 787 | 49 213 602] 5122] o» | 4s 
39 486 | 3, 829 | 44 171 7 (ra lest Pes 
40 |9.50 523 | 5, 9.52 870 | ,, |0.47 130 |9.97 653 | , | 20|_— 
44 561 | 37 912 | 44 088 Co gy ened Ba 
42 598 | 3 953 | 49 047 645 | 5 | 18] 1” | 0.6 
43 Os5' | a5 995 | 45 005 640 |, | 174 2 v2 
44 673 | 37 |9.53 037 | 4; [0.46 963 636 | 4 | 16] 3” | 1.8 
45 THO, 5 078 | 4, 922 632], 15] 4% | 2-4 
46 TAT oy P20 CAG 880 628 | < | 14 e 3.0 
47 784 | 3, 161 | ay 839 623 | 4/13] 9, ie 
48 CON 202 | 4 798 Olea hea 
49 soo. 244 | ai 756 8 Tt en eee 
50 |9.50 896 | 3, |9.53 285 | 4, |0.46 715 |9.97 610 | | | 10 |— 
51 033 | 37 207 a 673 606 | 4) 9 | d = 
52 970 | 37 368:.\ ay 632 602 | s | 8} 1” | 0.07] 0.08 
53 19.51 007 | 35 409 | ay 591 SOT GN Palre ed 0-15, WONT 
54 043 | 3, 4504 4s 550 5037 | 6) 3°) | 0.20:1° 0.25 
55 080 | 5. 492 | 4 508 oe NO sa ed at 
56 117 533 467 584 a are 
laise: i ey reg | Gel cy Meee aa 
58 101s Ieee Glotle7, 385 iGo eat ae Mn ga ea cel Fey eae 
59 OT Ness 656" | ay 344 CoA tee | easel seat news 

9.51 264 9.53 697 0.46 303 19.97 567 Guia | ACEO O29 
7 | L. Cos: | ds | L.\Cotg: |c.d.| L. Tang. || L. Sin. 1d.’ 
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EXERCISES IN THE USE OF TABLES 


Find each of the following: 


pe 84 sin 54° 18’ 
4 78 173 cos 53° 35/ 
OB OL i BUS 

4, 528 cot 61° 24’ 
By, Sin BI? IIA SK 
cos 18° 40’ 
6. sin 62° 48’ x 
tan 37° 18’ 
Zaesinglow la 
cos 73° 14’ 
8. 36 x 84 Xx 
sin 31° 36’ 
9, 12 x 48.9 x 
cos 37° 14’ 


. 89 sin 388° 15’ 

. 76 cos 65° 47’ 
142 tanlo we, 

5 Oil orn 7S ale} 

. 45 sin 17° tan 48° 
. sin 81° 12’ x 

cos 17° 13’ 
7. sin 37° tan 48° 


8. +/7 cot 37° 14’ 


9. ¥/19.2 tan 51° 13’ 
bat < 73 
sin 38° 51’ 


Aun fk WBN 


. 74 sin 67° 38’ 

. 95 cos 49° 23’ 

. 84 tan 76° 13’ 

. 104 cot 18° 47’ 

. sin 88° cos 57° 

. sin 59° tan 28° 

. cos 74° cot 37° 

5 Gibay US” WD SK 
cos 37° 14’ 

9. V/41 sin 42° 18’ 

. 7/149 cos 13° 49’ 


~/85 cot 39° 


ONAN RhWNH ES 


10. 


11. 


12. 
13. 


14. 


15. 


16. 


11. 


12; 


13 


. 


14. 


15. 


16. 


* 7.92 X 27.9 x 92.7 








Group A 

V8l x V3.9 ste 
3.7 X 8.5 : 
V6.4 x V3.2 ie 
8.7 X 93.4 ; 
117.4 X 81.7X 26 19. 
6.24x 83X64 9, 
31.9 x 7.6 : 
SDE 2cOpn I a7; 
3.12 x .88 xX 4.6 ; 
/1.94 X 0.78 X.06 22. 

9.41? X 7.3? 
5.28 x 72 23. 

Group B 

_64 x V/81_ ee 
93 x 87 X 67 : 
4/39.1 X 78.2 X 32.6 18. 
191.6 x 831.5 ie 
V/39 XV79.4 ; 
4/1246 x .0938 20 
93.7 x 37.9 “ 
84.2 x 24.8 : 


4/293 x 13.78 x .042 22. 


Group C 
65.9 
Ptanwlsr427 NE 
Siawil SC Le 
* sin 62° 48’ Ms 


- 167.1 X 76.11 X 71.6 20. 





. Vsin 41° 40’ x cos 19° 21. 


51.4 X 7.35 
145 X 37.5 X 15.7 
87.6 X 75.8 X 67.2 





23 


22. 


17.42 x ~/1.89 
41.7 x 9.18 
7.52 X 3 +/85 
16 X 8 x 532 
A/ 2.81 X 1.82 % 9.12 
4.71 28.4 
19 x 37 x 64 
4.562 X 3.762 
2.45 X 3.2? x 6.122 
9.8 x 34 x 68 
9.1 x 43 x 37 
5.91 Xx 8.37 
9.25 x 17x91 





174.2 x 49.3 x 14 
61.6 X 45 x 71 X 21 


+/34.8 x 67 X 93 X 12 











4/29.2 X 117 X .087 


67 X 82 x 93 








* 4/8760 x 4982 


30 X 28 x 67 x 42 
Lie SBP SS ZL Se Id 


/67.1 X 92.3 X .074 








45.6 X 167.8 x 9.12 
22.8 X 8.39 X 4.56 


/8.49 X 58.9 X 32.4 


47.6 xX 64.7 X 32.9 
31.7 X 50.4 x 24.9 
13.7 X 42.7 x 3146 
41.2 X 5.46 x 19.8 














\/8.52 X 7.94 X 50.7 
6.71X 3.45 x .0107 


* (14 x 1.82 x 2.417 


CHAPTER V 
SOLUTION OF RIGHT TRIANGLES USING LOGARITHMS — 


WHEN one of the acute angles of a right triangle is known, the 
other acute angle may be found from the fact that these angles 
are complementary. 

Thus, if in the right triangle, A BC, angle B is known, yy 
then angle A is found from the relation ZA = 90°— ZB. 

It follows from this that in solving a right triangle, as c a 
ABC, only four parts, namely, a, 6, c, and one acute 
angle as A, need be considered. Of these four parts, two 
must be given to make it possible to find the others. A b CG 


67. The six problems in solving right triangles.—This gives 
rise to six problems, namely: find the remaining parts of the right 
triangle ABC, when any one of the following pairs of parts is 
eivem. 92 Aja; °2A,0- GA 60. ONOnCA0,c: 

Problem I. In a right triangle ABC, given ZA and side a, to 
find the remaining parts. 

a . 
sin A 


[ean A =; and hence 6 eel =acot A. 


Problem II. In a right triangle ABC, given 2A and side b, 
to find the remaining parts. 





: a 

jm A =-—and hence c = 
c 

Formulas: 


cos A = : and hence c = 


cos A 
Formulas: 


tan A = : and hence a = 6 tan A. 


Problem III. Given ZA and side ¢, to find the remaining parts 
Formulas: a=csin A and b =ccos A. 


Problem IV. Given sides a, b, to find the remaining parts. 
a a 

Formulas: tan A = b and c = aT 

In solving this problem ZA is found first, and then sin A is 
found and substituted in the second formula. 

The other two problems: v2z., when a, c or b, ¢ are given, are 
solved in the same manner. 
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68. Logarithmic solutions.—The formulas used in the loga- 
rithmic solution of right triangles are exactly those used in solving 
by natural functions. The difference arises from the fact that 
logarithms are used in the computations. Proper arrangement of 
work is important in such computations, and the forms used in 
the solutions given below should be studied. 

Example 1. Inthe right triangle, ABC, ZC = 90°, ZA = 42° 23’; a = 18.3. 


Find 6 and c. 
a a 





Formulas: . rican Cee oat 
log b =log a — log tan A. log c = log a — log sin A. 
Forms: log 18.8 = log 18.3 = 
log tan 42° 23’ = log sin 42° 23’ = 
log 6 = log c = 
Om oo 


To facilitate the computation first write down the forms as 
shown above. Notice that 18.3 occurs in both forms and be sure 
to fill in both places at the same time. Similarly, tan 42° 23’ and 
sin 42° 23’ should be found at the same time, since this saves 
turning to this angle again. 

When finished, the above forms are as follows: 


log 18.3 = 11.26245 — 10 log 18.3 = 11.26245 — 10 
log tan 42° 23’ = 9.96028 — 10 log sin 42° 23’ = 9.82872 — 10 
log b = 1.30217 log c = 1.483873 
b = 20.053 c = 27.148 
Example 2. Given A = 56° 14’, c = 23.76, find a, and b. 
Formulas: a = c sin A b=ccos A 
log a = log c + log sin A log b = log c + log cos A 
log 23.76 = 1.87585 log 23.76 = 1.87585 
log sin 56° 14’ = 9.91976 —10 _ log cos 56° 14’ = 9.74493 — 10 
loga = 1.29561 log b= 1.12078 
a = 19.752 b = 13.206 


Notice that log 23.76 occurs in both solutions. Also when finding log sin A 
in the form to the left fill in log cos A in the form to the right. 


Example 3. Given a = 31.62, b = 28.87, find A, c. 


x 





Formulas: 
tan A=a/b c=a/sin A 
log tan A = log a — log b log c = log a — log sin A 
log 31.62 = 1.49996 log 31.62 = 11.49996 — 10 
log 28.37 = 1.45286 log sin A = 9.87175 — 10 
log tan A = .04710 loge = 1.62821 


A = 48° 6’ 2” c = 42.481 


Example 4. Given a = 51.39, and c = 69.22, find ZA and b. 


Formulas: 


SOLUTION OF RIGHT TRIANGLES 


sin A = a/c 


log sin A = log a — loge 
log 51.39 = 11.71088 — 10 


log 


b=ccos A 
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log b = loge +logcos A 


log 69.22 = 1.84023 


log cos A = 9.82603 — 10 


69.22 = 1.84023 
log sin A = 9.87065 — 10 
Ae = At 50016” 
EXERCISES 


log b = 1.66626 
b = 46.3872 


Solve the right triangles A BC, in which C is 90°, and the given parts are 


as follows: 

fA = 25 -713' 
2. A = 53° 47’ 
3. A = 64° 29’ 
4.a = 59.34 
5g = 97.43 
6.c = 34.79 
7. A =17° 49’ 
Sy Al lara! 
Ow Ac= 27° 17! 
I An 3225! 
2. A = 52° 43’ 
SreAl =O 9.000 
4,.a = 93.75 
5. a = 207.64 
6. b = 704.76 
7 Al ho! 
8. Ab 97 317 
9. A = 47° 48’ 
1. A = 32° 54’ 
2a Al= 67-17" 
oa Hl ea yale yy 
4.a = 64.81 
Sa O06 
6.6 = 241.36 
TeAg=.81 13" 
8 A = 74° 19’ 
OnAT—103, oly 


ece Faocace 
ll 


ft ou tg 
HONK 
Cae al 
DHA 
OID 


emwmeananaosoe 
| 
Oo WwW 
co 
ON 
[0 oN es 
Np 


Group A 


10. 
Le: 
12: 
13. 
14. 
15. 
16. 
17 
18. 


Group B 


10. 
11. 
12: 
13. 
14. 
US32 
16. 
17. 
18. 


Group C 


10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 


57.31 
= 171.60 
61.17 
ST Wey! 
= 37° 53’ 
= 81° 24’ 
= 24.81 
= 14.82 
84.21 


SS) esas, CASES 


ll 


= 79.34 
98.84 
= 76.61 
ALi lomlon 
A = 84° 49’ 
Al= 6/904 
a = 148.89 
a = 418.53 
b = 378.84 


a) 
ll 


45.39 
57.84 
74.93 
= 13° 56’ 
= 27° 19’ 
= 67° 43’ 

97.34 
191.45 

91.34 


ll 


Il 


Fe ehkhpanwe & 


ll 


eoocacre 8c ao Se 
ll 


oo So Se eo ac 
ll 
—_ 
w 
> 
iS 
I 
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69. Projection of one line on another.—Let two lines OM and 
ON meet in a point O, making an angle 
A. Let P and Q be two points on ON 
and let PP; and QQ; be perpendicular 
to OM. Then P,Q is called the pro- 
jection of the line-segment PQ on the 
line OM. If PQ’ is drawn parallel to 
OM, then PQ’ = P,Q; andQ’PQ= ZA. 
Since PQ’ = PQ cos ZQ’PQ, it follows 
that P1Q; = PQ cos A. 

That is, the projection upon a line of a segment lying in another 
line is equal to the projected segment multiplied by the cosine of the 
angle between the lines. 





70. Projection of a segment upon two perpendicular lines.— 
Let OX and OY be two lines at right 
angles to each other and P,Q; and PQ, 
be the projections of PQ upon these two 
lines. Let A be the angle which the line 
PQ makes with OX. Then as above 
P,Q: = PQ cos A. Since Q’Q = P.Qz it 
follows that P,Q. = PQ sin A. Hence 
we have the two equations, 


PiQ:= PQcos A, P,Q. = PQ sin A 
These equations are used frequently in applications to physics. 





Example 1. Find the length of a segment if the projections on two perpen- 
dicular lines are a and 6b, respectively. 

Solution: Let « = length of the segment, and let A be the angle which its 
line makes with one of the perpendicular lines. 

Then, a=xcos Aandb=zsin A. 
Squaring and adding, 

a? + b? = x cos? A + 2? sin? A = x? (cos? A + sin? A) = 2, 
and r=Ve+P 

Example 2. A ship sails at a rate of 17.4 knots (nautical miles per hour) 
along a straight course, making an angle A with an east-and-west line. At 
what rate is the ship going eastward and at what rate 
is it going northward? 

Solution: If OP represents the distance the ship goes 
in one hour along its course, then OP; represents the 
distance it goes eastward and OP» the distance it goes 
northward. Hence its eastward speed is 17.4 cos A and 
its northward speed is 17.4 sin A. 
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71. Solution of isosceles triangles.—Since an isosceles triangle 
may be divided into two right triangles by drawing the median 
upon its base, it follows that problems on isosceles triangles may 
be solved by means of the formulas already found. 


Problem 1. Given one of the equal sides of an isosceles triangle and a base 
angle, to find the base and the altitude of the triangle. 
Solution: Let ABC be the given triangle and CD the median upon the 
base. Then AD is half the base, and CD = C 
AC sin A, and AD = AC cos A. Hence the 
altitude = AC sin A and the base = 2 AC cos A. 
Thus, if AC = 17.8 and A = 37° 30’ 
then, CD = 17.8 sin 37° 30’ 
and AB =2 17.8 cos 37° 30’. A D e 
Problem 2. Given the sides of an isosceles triangle, to find its angles and 
the altitude on the base. 


Dax 
Solution: Using the figure of Example 1, we have cos A = a Since AD 
(half of AB) and AC are given, cos A may be found, and hence angle A may 
be found. 


From the equation DC = AC sin A the altitude may then be found. 


Thus, if AC = 49.36 and AB = 43.64 
th 21.82 
oe cos A =——and A = 63° 46’ 
49.36 
Hence, DC = 49.36 X sin 63° 46’ 


EXERCISES 






Using the same figure as in Problem 1 above, find the required parts in 
ue following. 


\Given Required 






Al. (AC 4.14.97, ZA = 41° 32’ AB, CD 
/ 2. AB = 3.12, CD = 26.46 AC, ZA 
3. ZA = 27°34’, CD = 21.76 AB; TAC 
4. LA = 35° 57’, AB = 187.8 AG, {OD 
5. AC = 98.24, AB = 150.60 ZAy OD 
6. ZACD = 49° 42’, AC = 216.3 AD, DE 
7. ZACD = 61° 34’, AD = 49.82 ACA MDC 
8. 4 ACD = 58° 49’, CD = 73.67 AD WAC 
9. ZACB = 84° 40’, AD = 841.2 AC DO 
10.. ZACB = 92° 38’, CD = 67.81 ADT AC 
11. 2 ACB = 106° 46’, AC = 92.41 AD, DC 
12. ZACB = 128° 32’, AB = 73.84 AG DC 
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72. Solution of regular polygons.—Since a regular polygon may 
be divided into isosceles triangles by draw- 
ing lines from its center to its vertices, it 
follows that many problems on regular 
polygons may be solved by means of the 
formulas already found. 
If a regular polygon has n sides, then the 
vertex angles of the isosceles triangles into 
which it is divided are all 360°+n. 
Problem 1. Given the number of sides of a regular polygon and the length 
of each side, to find the radius of the circumscribed O 
circle. 
Solution: Let the number of sides be n. Let a be 


the length of each side, and r the radius of the cir- 
cumscribed circle. 








. 360° pL SU meme a 
Then, re aR ers ik ke fori 
a 
and PS —T80° 
2 sin 





Problem 2. A regular polygon of n sides is inscribed in a circle of radius 
r; find the length of each side of the polygon. 
Solution: Using the same notation as in Problem 1, 
pS eer and hence a = 2r sin 1p 
2 sin 





. 





Thus, if r equals unity, and n = 16, then a = 2 sin 11° 15’. 


Problem 3. Given the number of sides of a regular polygon and the length 
of each side, to find the area of the polygon. 
Solution: Using the notation of Problem 1, let OD = h 


























Then, ‘ ay cot ed and h = © cot we 
CWP? VG) n 2 n 
GO 180° e 180° 
Hence, area = 7 X 5 Xx 5 cot ; nz cot < 
Thus, if m = 12, and a = 20, then area 12.=0 cot a = 1200 cot 15°. 


EXERCISES 


Using the notation of the above problems, find the required parts in each 
of the following: 


Given Required Given Required 
: Gy = a0 r,h 4 toi =e a, area 
A, Ch Wh SU iy le Be P= PA) a8 a, area 
Si) Ono a, h BOS Pgs r, area 
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73. The solution of problems.—In solving problems by using 
the formulas of trigonometry it is important to obtain a general 
algebraic solution before doing any of the work of numerical 
computation. This is illustrated in the solutions of problems 
given on this page. 

Problem 1. In the figure find the line x (DB) in terms of a, £, and 6. 

Solution: Let CD = a. 


Then, tan a = 


+ o18 
WW 


and tan B = 2 





Hence, tang — tana = “7 _%_ 

and zx = 6 (tan B — tan a). 

Thus, if A 

(i S BY WA, Cha PAI 

and b = 140, 

then, b (tan 8 — tan a) = 140 (.7627 — .3973) = 51.156 = a. 
In this case the table of natural functions should be used to find 

tan 6 — tan a. 


Problem 2. In the figure find z in terms of a, a, and B. 
Solution: Let DC = b. 





Then, cot B= ®, and cot a = Lise is 








B 
ze 
Hence, ne ayy toe oa 
¢ oe is 
a 
an 7 = Cota — cote 
Thus, if a = 14° 50’, B = 31° 30’, anda = 500, 
ms D G 


500 500. | 
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Problem 3. Find the length of a degree of longi- 
tude on the earth when the latitude and the radius 
of the earth are given. 

Solution: Let L = latitude in degrees, R the radius 
of the earth (it is assumed that the earth is spherical 
in shape), and r the radius of the cites of latitude. 
Then, r = RF cos L. 





Hence the length of a degree of longitude is equal to the length of a degree 
on the equator multiplied by the cosine of the latitude. 

Thus the length of a degree of longitude on the 42d parallel is cos 42° times 
the length of one degree at the equator. 
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PROBLEMS: Group A 


1. A ladder 32 feet long is placed against a building so as to make an angle 
of 70° with the ground. How far from the building is the lower end of the 
ladder? 

2. A line joins a vertex of a square to the middle point of a side. What 
angles does this line make with the three sides of the square which it meets? 

3. Asegment AB is projected on a line / into asegment A,B;. What is the 
length of A Bif A,B, = 21.7 and the angle between the lines A B and lis 19° 15’? 

4. An airplane flying at a rate of 115 miles an hour is making an angle of 
51° 30’ with an east-and-west line. How fast is it moving eastward? How 
fast is it moving northward? 

5. Find the altitude of an isosceles triangle whose base is 12 and whose 
base angles are 43° 40’. 

6. Find the angles of an isosceles triangle whose equal sides are 28 and 
whose base is 18. 

7. Find the length of a side of a regular polygon of 12 sides inscribed in a 
circle whose radius is 8. 

8. A side of a regular polygon of 16 sides is 3.7. Find the radius of the 
circumscribed circle. 

9. Find the area of a regular polygon of 12 sides inscribed in a circle whose 
radius is 8. 

10. Find the length of a degree of longitude at latitude 37° 30’, the 
radius of the earth being 3956 miles. 

11. The blades of a pair of shears are 63 inches long from the screw to the 
points. What is the angle formed by the blades when the points are 44 inches 
apart? 

12. The diagonals of a regular inscribed pentagon are 14.8. Find the 
radius of the circumscribed circle. 


Group B 


1. The top of a cliff is known to be 270 feet above the level of alake. The 
angle of elevation of the cliff from a boat on the lake is 17° 45’. What is the 
horizontal distance from the boat to the cliff? 

z. A rectangle is five times as long as it is wide. What angles does a 
diagonal of this rectangle make with its sides? 

3. A line segment 17 inches long makes an angle of 21° 50’ with a line AB. 
Find the length of the projection of this segment on the line AB. 

4. A river flows directly southward at a rate of 6 miles per hour. A boat 
pointed straight across the river goes westward at a rate of 12 miles per hour. 
What is the actual direction of the line in which the boat travels? 

5. Find the angles of an isosceles triangle whose base is 16 and whose alti- 
tude is 10. 

6. Find the sides of an isosceles triangle whose base angles are 48° 10’ and 
whose altitude is 18. 

7. Find the length of a side of a regular polygon of 10 sides inscribed in a 
circle of radius 12. 
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8. Find the radius of « circle circumscribed about a regular polygon of 7 
sides if its sides are 9. 
9. Find the area of a regular ten-sided polygon inscribed in a circle whose 
radius is 8. 
10. A railway rises 150 feet in going one mile horizontal distance. What 
angle does the track make with a horizontal line? 
11. How far does a person living in latitude 43° 15’ travel in one hour on 
account of the earth’s rotation? 
12. The diagonals of a regular pentagon are 21.7. Find the radius of its 
inscribed circle. 


Group C 


1. A house 35 feet in width is to be provided 
with a gable roof such that the peak is 15 feet above 
the eaves. What is the pitch of the roof? (Find 
tan a.) 

2. Of the two legs of a right triangle one is three 35 
times the other. Find the angles which the hypote- 
nuse makes with the legs of the triangle. 

3. A line segment 12 inches long is projected into a segment 8.5 inches lene 
on a line AB. Find the angle between the projected segment (extended if 
necessary) and the line AB. 

4. A ship is sailing at the rate of 21 miles per hour in a direction of 64° 40’ 
north of east. At what rate is the ship going northward? 

5. Find the angles of an isosceles triangle whose sides are 20, 30, and 30. 

6. Find the base of an isosceles triangle whose base angles are 38° 20’ and 
whose equal sides are 24. 

7. Find the radius of a circle circumscribed about a regular polygon of 14 
sides of length 7. 

8. Find the length of a side of a regular ten-sided polygon inscribed in a 
circle of radius 12. 

9. Find the area of a regular polygon of 24 sides inscribed in a circle whose 
radius is 12. 

10. A wire stay on an electric-light pole is fastened on 
the pole 12.3 feet from the ground, and in the ground 
13.5 feet from the pole. What angle does the stay make 
with the ground? 

11. A wall is 15 feet high and 10 feet from a house. 
What must be the length of a fire ladder which is to reach 
a window 18 feet above the top of the wall and just touch 
the wall? 

12. Two parallel chords on the same side of the center 
of a circle are 3 and 5 inches distant from the center of 
the circle. Find the number of degrees of arc inter- 
cepted between these chords if the radius of the circle 
is 8. 
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MISCELLANEOUS PROBLEMS 


“A. Find to the nearest degree the angle of eleva- 
tion of an inclined plane which rises 4 feet 5 inches 
in a horizontal distance of 14 feet. 


2. A regular octagonal nut measures 1% inches iP 
from A to B. Find the distance from C to D. 4 
»3. The beam of a hoisting crane is 36 feet long. ID 


How high does it reach when making an angle of 
71° with the ground? 


4. In the side of a hill which slopes upward at 
an angle of 27° a tunnel is bored, sloping downward 
at an angle of 44° with the horizontal. What is the - 
vertical distance to the surface of the hill from a 
point 490 feet down the tunnel? 


5. The shadow of a post is 6 feet longer when 
the sun’s altitude is 30° than when it is 45°. Find 
the height of the post. 





6. A ship sailing on a straight course observed a lighthouse at an angle 
of 27° 10’ to the left of its course. After sailing 3 miles this angle is 38° 40’. 
What is the shortest distance from the lighthouse to the course of the ship? 
7. Two pillars of equal height stand on opposite sides of a roadway which 
is 100 feet wide. At a point in the road between the pillars, the angles of 
elevation of their tops are 28° and 38°, respectively. Find the height of the 
pillars and the position of the point of observation. 
8. Two towers are 75 and 225 feet high, respectively. From the foot of the 
second, the elevation of the top of the first is found to be 60°. Find the ele- 
vation of the top of the second from the foot of the first. 


9. If in the figure AC = 6, and CE =4, find the p y 
area of that part of the circle which is above the line A B. 

Suggestion: (1) Find Z ACB, (2) find area of sector 
ACB, (8) find area of triangle ACB. 


10. Find the angle between a diagonal of a cube and 
an edge of the cube which meets it. 


11. A pyramid whose base is a square with sides 14 has an altitude 10. 
Find the angle between an edge and a side of the base meeting it. 


CHAPTER VI 
TRIGONOMETRIC FUNCTIONS OF ANY ANGLE 


In ORDER to solve obtuse triangles it is necessary to extend the 
definitions of the trigonometric functions so as to make them 
apply to obtuse angles. Later we shall find uses for functions of 
any angles whatever. 

74. Generation of angles—An angle may be regarded as 
generated by making one of its sides rotate about the vertex while 
the other side remains fixed. The angle may be considered as the 
amount of rotation of a line about a fixed point in the line. 


Thus, the side OA may be regarded as fixed, while OB B 
rotates about the point O as a pivot. In this manner the 
side OB may continue to rotate indefinitely, sweeping out \ 
any number of degrees whatever. O A 


75. Initial and terminal sides of an angle.—The fixed side OA 
of the angle AOB is called the initial side and the side OB, which 
generates the angle, is called the terminal side. 

76. Positive and negative angles.—When the side OB swings 


in the counter-clockwise direction, 0 A 
the angle is regarded as positive, ‘ ! 
and when OB swings in the clock- __—~ \ = 
wise direction the angle is negative. A B 
77. Notation for angles.—As in plane geometry, an angle is 
denoted by a letter at the vertex or by three letters, one on each 
side and one at the vertex. Frequently an angle is denoted by 
the number of degrees it contains. This is especially convenient 


for angles greater than a straight angle. Sometimes an are within 
the angle is used to indicate it. 


B ee 
\ 
me i <3 
A 0 A 


In the sequel we shall consider angles even greater than 360°. 
Thus we shall use expressions like sin 480°, tan 390°, etc. The 
definitions of trigonometric functions given in this chapter apply 
to all such angles and also to negative angles. 
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78. Coordinate axes.—Before defining the functions of general 
angles, it is necessary to describe a 
special method of locating points in a 
plane. 

Two fixed lines at right angles to each 
other are taken as reference lines and 
the distances and directions from these 
lines to a point serve to locate the point. 
The fixed lines are called the coordinate 
axes, the horizontal axis being called the 
x-axis, and the vertical axis the y-axis. 


79. Codrdinates.—The distances AP and BP from the z-axis 
and y-axis, respectively, to the point P are called the codrdinates 
of the point P. The distance BP from the y-axis (parallel to the 
x-axis) is called the abscissa of P, and the distance AP from the 
x-axis is the ordinate of P. 

In giving the coérdinates of a point the abscissa is always given 
first. Thus, the point (3, 2) is the point whose abscissa is 3 and 
whose ordinate is 2. The abscissa is often denoted by x and the 
»rdinate by y. The point (8, 2) is the point x = 3, y = 2. 
































80. Positive and negative codrdinates.—If the point P (or S) 
is to the right of the y-axis, its abscissa is positive, and if Q (or R) 
is to the left of the y-axis the abscissa is negative. If P (or Q) is 
above the x-axis, its ordinate is positive, and if R (or S) is below 
the x-axis, its ordinate is negative. 


This method of locating a point in a plane is closely analogous to the method 
used in geography for locating a point on the earth’s surface. The latitude 
is the distance in degrees north or south of the equator and the longitude is 
the distance east or west of the prime meridian (the meridian of Greenwich). 

The horizontal axis then corresponds to the equator and the vertical axis 
to the prime meridian. Instead of north and south, east and west used in 
geography to indicate direction from the reference lines, the signs + and — 
are used. 

Hence, both in geography and in mathematics, two numbers giving the 
distances and directions from two fundamental lines serve to locate a point. 

In the United States land survey the description of location of townships 
also uses this method. Principal meridians are established and also parallels 
of latitude. A township is then said to be so far east or west of a particular 
principal meridian, and so far north or south of a certain parallel. 

In this case the parallel of latitude corresponds to the z-axis and the prin- 
cipal meridian corresponds to the y-axis. 
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81. Quadrants.—The codrdinate axes divide the plane into 
four parts called quadrants. These quad- 








rants are called the first, second, third, and  ~/ 2 L 
fourth quadrants, as indicated in the Second |3, First 
figure. Quadrant 





82. Angles in the various quadrants.— SRE 






In studying angles, the vertex is placed ried Fourth 
at the intersection point O of a pair of co- Quadrant | Quadrant 


ordinate axes, with the initial side extend- y 
ing to the right along the z-axis. 

If the terminal side of an angle so placed falls within the first 
quadrant the angle is said to 
be in the first quadrant. That 
is, an angle between 0° and 90° 
is in the first quadrant. 

If the terminal side of the 
angle lies within the second 
quadrant, the angle is in the 
second quadrant. That is, angles between 90° and 180° are in 
the second quadrant. Thus AOB is in the first quadrant and 
AOB’ is in the second. 

Similarly, the angles AOC and AOC’ in the sccond figure are 
said to be in the third and fourth quadrants, respectively. 

That is, angles between 180° and 270° are in the third quadrant 
and angles between 270° and 360° are in the fourth quadrant. 

In general, any angle is said to be in the quadrant in which its 
terminal side lies. 

This statement applies also to negative angles. Thus, an angle 
between — 270° and — 360° is in the first quadrant, and an angle 
between — 180° and — 270° is in the second quadrant, and so on. 

83. Positive and negative line segments.—A line-segment on 
the x-axis is positive if read from left to right, no matter whether 
the segment lies to the right or the left of the origin. 

Thus, OA and MO are positive 
segments, while AO and OM are _M 0 A 
negative. 

Similarly, segments read upward are positive and those read 
downward are negative. 

Any segment read in the direction away from the origin on the 
terminal side of an angle is positive; such a segment on a prolon- 
gation of the terminal side backward through the origin is negative. 
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84. Definitions of functions of any angle.—Consider a given 
angle A of any size and quality. Place the angle upon a set of co- 
ordinate axes XO Y (any one of the four figures below), with its 
vertex at O and its initial side along OX. On its terminal side 
select any point P. From P drop a perpendicular QP to the 
x-axis. 























P P 
We have the following definitions applicable to all four figures: 
Canis QP | ordinate were OP i distance 
OP distance QP ordinate 
Saray ee oQ a, abscissa a a OP i distance 
OP distance OQ abscissa 
QP ordinate OQ abscissa 
es OQ abscissa Be QP ordinate 


It is clear that for acute angles these definitions are identical 
with those already given. 
SIGHT WORK 


1. Formulate for each of the other functions a definition similar to the 
following: “The sine of any angle is the ratio of the ordinate of any point 
on its terminal side to the distance of that point from the vertex.” 

2. If angle QOP is in the first quadrant, is the abscissa of P positive or 
negative? Is the ordinate positive or negative in the second quadrant? 

3. Remembering that OP measured along the terminal side of the angle 
is positive, is sin A positive or negative in the second quadrant? in the 
third? Is cos A positive or negative in these quadrants? Answer similar 
questions for tangent, cotangent, secant, cosecant. 


85. Coterminal angles and their functions——Angles whose 
initial and terminal sides coincide are said to be coterminal. It 
is clear that if 360° is added to the angle A in the above figure, 
or subtracted from it, the resulting angle will be coterminal with 
A. Similarly, if twice 360° (2-360°), 3-360°, etc., is added to A, 
or subtracted from it, the resulting angle will be coterminal with A. 

Again, in each of these figures there is a negative angle less: 
than 360° which is coterminal with A. 

It follows at once from the definitions of trigonometric func- 
tions that any function is the same for all coterminal angles. 
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86. Relations between trigonometric functions.—It is easy to 
show that the relations (1)—(8) given on page 14 hold for the 
functions of any angle as defined on page 60. 

The relations (1) sin A = 1/ese A, (2) cos A = I/sec A, (3) 
tan A = 1/cot A, (4) tan A = ae (5) cot A = e4 follow 
immediately from the definitions as in §$13, 14. 

To show that (6) sin? A + cos? A = 1, (7) tan?A + 1 = sec?A, 
(8) cot? + 1 = esc?A hold for any angle, we need only to notice 
that in all the figures on page 60 


2 2 2 
0Q + QP =OP 
and then to proceed as in $15. 








The table of relations among the functions given on page 16 was derived 
by means of these eight relations. Hence that table has now been shown to 
hold for the functions of any angle. It also follows that the examples and 
exercises on pages 16-18 in the reduction of trigonometric identities, are 
exactly the same for functions of any angle as for functions of an acute angle. 

87. Functions of supplementary angles.—Two angles whose 
sum is 180° (two rt Zs) are said to be \ 
supplementary. In the figure let 4 
ZAOB and ZAOB’ be supplemen- 
tary. Lay off OP = OP’, and con- | 
struct PQ and P’Q’ perpendicular to 
the X-axis. It isclearthat ZAOB =C q  ~—¢ O q A 
ZQ’OB’, and hence that QP = Q’P’ and OQ = — OQ’. It follows 
at once that, 

(1) sin AOB = sin AOB’, (4) cot AOB = — cot AOB’, 

(2) cos AOB = — cos AOB’, (5) see AOB = — sec AOB’, 

(3) tan AOB = — tan AOB’, (6) csc AOB = csc AOB’. 

These propositions hold also for negative angles. This subject 
is considered further in Chapter IX. Stated in words, these 
formulas are: 

If two angles are supplementary their sines are equal, and also 
their cosecants. The cosines, tangents, cotangents, and secants of 
these angles are equal numerically, but opposite in sign. 

Since A and 180°— A are supplementary angles, this rule 
may be stated as follows: 
sin A= sin (180°— A) [12] cos A = —cos (180°— A) [13] 
tan A = — tan (180° — A) [14] cot A= —cot (180°— A) [15] 
sec A = — sec (180°— A) [16] csc A= _ csc (180°— A) [17] 
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SIGHT WORK 


1. What is meant by codrdinate axes? 

2. What is meant by the coérdinates of a point? 

3. Describe the method used in geography for 
locating a point on the earth’s surface. State fully 
how this corresponds to the method of locating a 
point by its codrdinates. 








4. In the figure what are the codrdinates of the 
point P? of Q? of R? of S? 

5. Rule a sheet of paper as in the figure of 
Example 4 and locate the points whose coérdinates 
are 1, 2;3, 1; — 2,1; — 1, — 2; — 2,1; 4, —1. 

6. What is the sign of the abscissa of a point in the first quadrant? in 
the second quadrant? in the third quadrant? in the fourth quadrant? 














7. What is the sign of the cosine of an angle in the first quadrant? in 
the second quadrant? in the third quadrant? in the fourth quadrant? 


8. What is the sign of the ordinate of a point in the first quadrant? in 
the second quadrant? in the third quadrant? in the fourth quadrant? 


9. What is the sign of the sine of an angle in the first quadrant? in the 
second quadrant? in the third quadrant? in the fourth quadrant? 


10. In what quadrants do the ordinate and abscissa of a point have the 
same sign? 


11. In what quadrants are the tangent and cotangent of an angle positive? 
In what quadrants are they negative? 

12. How are the signs of the sine and cosecant of an angle related? of 
the cosine and secant? of the tangent and cotangent? 

13. What angle is the supplement of 45°? of 60°? of 100°? of 120°? of 150°? 
of 170°? 

14. Give the following in terms of functions of an angle in the first quadrant: 
sin 145°, cos 145°, tan 145°, cot 145°, sec 145°, cosec 145°. 

15. Give all the functions of 165° in terms of functions of an angle in the 
first quadrant. 

16. Find log sin 115°. 

Suggestion: sin 115° = sin (180° — 115°) = sin 65°. Hence find log sin 65°. 

17. Find the logarithm of the absolute value of cos 125°. 

Suggestion: cos 125° = — cos (180° — 125°) = — cos 55°. Hence find 
log cos 55°. ; 

18. Find the logarithms of the absolute values of the following: tan 142°, 
cot 134°, sec 98°, esc 104°. 
sin 94° cos 142° 
tan 110° cot 130° 


Suggestion: (a) How would you find the absolute value of this expression? 
(b) How would you find its sign? 


19. State how you would find using logarithms. 


CHAPTER VII 
FUNCTIONS OF SUMS AND DIFFERENCES OF ANGLES 


In THIS chapter certain additional formulas are developed 
which are needed in the general solution of the triangle, a more 
general treatment of the relations of the trigonometric functions 
of angles being reserved for Chapter IX. 

From the tables of natural functions it is apparent that a change 
in a function of an angle is not proportional to the corresponding 
change in the angle. 


Thus, sin 20° = .3420 and sin 40° = .6428, 
and hence, sin 20° + sin 40° = .9848, while 
sin (20° + 40°), or sin 60°, = .8660. 


We now proceed to develop formulas giving the functions of 
the sum or difference of two angles in terms of the functions of 
the angles themselves. The fundamental formulas are: 


sin (A+ B) = sin Acos B+ cos A sin B [18] 
sin (A — B) = sin Acos B—cos Asin B [19] 
cos (A+ B) = cos Acos B — sin A sin B [20] 
cos (A— B) = cos Acos B+ sin A sin B [21] 


From these, other formulas will be derived giving the tangent 
and cotangent of the sum and of the difference of two angles. 

88. Formulas used in this chapter.—In deriving these formulas 
use will be made of some that have already been developed. 
Among these the more important are: 

(1) Using the usual notation for the parts of a right triangle, 
¢@=cesn A,b=ccos A (§$$22, 23), 

(2) If two angles A and B are supplementary, then we have 
sin A = sin B and cos A = — cos B (§87). 


We notice that the sum of any two angles of a triangle is less than 180°, 
and that if one such angle is obtuse, the other is acute. We also recall from 
plane geometry that if the sides of ZA are perpendicular, respectively, to 
the sides of ZB, then angles A and B are equal or supplementary. 


In this chapter we will confine ourselves to positive angles and 
hence the difference of two angles will be taken in such a way 
as to make it positive. 
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89. Formula for the sine of the sum of two angles.—For the 
present we will consider the case of two angles, A and B, each of 
which is positive and whose sum is less than 180°. In each of the 
three figures, let ZXOC be the angle A, and ZCOP be the 
angle B. 





Notice that the initial side of angle B coincides with the ter- 
minal side of angle A. Then ZXOP is the angle A + B. 

From P, a point in the terminal side of A + B, draw MP LOX 
and PQLOC. From Q draw TQ1OX and QS1MP (extended 
if necessary, as in the third figure). 

In the A SPQ, SPLOX, PQ1OC, and hence ZSPQ = ZA, 
or ZSPQ and ZA are supplementary. 

Then for either of the first two figures, we have: 


TQ = OQ sin A SP=QP cos A 
OT = OG cos A OP: = OP sin B 
SQ =QP sin A 0Q = OP cos B: 











Hence, 
; MP Gr P OQsnA Pp 
SCALE Bye = - i Q sin ae cos A 
_ OP cos B sin A + OP sin B cos A 
Fs OP 
= cos Bsin A+ sin B cos A. 
That is, 


sin (A + B) = sin A cos B+ cos A sin B. 


In applying this proof to the third figure notice that MP = TQ 
— SP and also that Z.SPQ and ZA are supplementary. 

Stated in words this formula is: the sine of the sum of two angles 
is equal to the sine of the first times the cosine of the second plus the 
cosine of the first times the sine of the second. 

90. The cosine of the sum of two angles.—From the figures of 
§89 and the values of the line segments given there we have 
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cos (A + B) = 2 ae _ OQ cos “ae sin A 
_ OP cos B cos A — OP sin B sin A 
x OP 














That is, 
cos (A + B) = cos A cos B — sin A sin B. 


91. The sine of the difference of two angles.—In the case when 
ZA is acute (the first figure) we have 











OP OP 

Using the values of TQ, OT, SQ, SP, QP, OQ given in §89, we 
have sin (A — B) = sin A cos B — cos A sin B. 

In the case when A is obtuse (the second figure) we have 

: MP  TQ+ SP 
sin (A — B) = Gp = Ope. 

Using the same substitutions as in the first case and noting that 
ZA and ZSPQ are supplementary and that hence cos ZSPQ = 
— cos A, we obtain the same formula. 

92. The cosine of the difference of two angles.—In the case 
when ZA is acute (the first figure in §91), we have 

OM VOT Os 

cos (A — B) = 5p = Ope: 

Making the same substitution as above we have 
cos (A — B) = cos A cos B+ sin A sin B. 


In the case when Z A is obtuse (the second figure in §91) we have 
OM QS—TO 

OR aOR 

Using the same substitution as above, except that TO = — OQ 
cos A (TO is positive while cos A is negative), we have the same 
formula. 











cos (A — B) = 
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93. The sine and cosine of double-angles and half-angles.— 
By letting B = A in the formulas for sin (A + B) and cos (A + B) 
we have 


sin2 A=2sin AcosA [22] andcos2 A= cos? A -—sin?A [23] 
If in these formulas 2A is replaced by P, we have 


sin P = 2 sin — cos — and cos P = cos? = sin? —- 
2 2 rei 2 
Using [9] we have, 
Pee P Pe 
= ai oa _ oss — oe —_ = _ 2 ——9 
cos P = cos 9 ~ Sin’ > 2 cos 5 te Pe 2 sin? 5 
and hence 


f 
P 1-cosP bet 1 — cos P 
in? = = — i _ 
sin’ 5 3 or sin 5 = + \/ > [24] 


and 





Pe = Leer or cos hm a 4/ tos F [25] 


RCISES 


1. Using the formula for sin (A + B) find sin 75° (75° = 45° + 30°). 
2. By means of the formula for cos (A — B) and using the combination 
30° — 30° = 0 verify that cos 0° = 1. 
3. If sin A = 3/4 and sin B = 1/3, find sin (A + B) and also sin (A — B), 
Suggestion: First find cos A and cos B. 
4. If cos A = 1/3, cos B = 2/3, find cos (A + B) and also cos (A — B), 
5. If sin A = 1/2 and cos B = 1/8, find sin (A + B). 
6. If cos A = 1/3 and sin B = 3/4, find cos (A — B). 
Prove the following: . 
7. sin (45°= A) cos (45° — B) — cos (45° — A) sin (45° — B) =sin (B — A). 
Suggestion: What is the sine of the difference of the two angles 45° — A 
and 45° — B? 
8. cos A cos (B — A) — sin A sin (B — A) = cos B. 
9. sin (m+ 1) A cos (m—1) A — cos (m+1) Asin (m—1) A =sin2 A. 
10. cos (m + 1) A cos (m — 1) A+sin(m+1) Asin(m—1) A =cos2 A. 
11. cos (A + B) cos (A — B) = cos? A cos? B —sin? A sin? B = cos? A 
— sin? B. : 
12. sin (60° — A) cos (60° — B) — cos (60° — A) sin (60° — B) = sin (B— A). 
Suggestion: What is the difference of the angles 60° — A and 60° — B? 
13. cos (B — A) cos B + sin (B — A) sin B = cos (— A). 
14. sin (m + 2) A cos (m — 2) A — cos (m+ 2) Asin (m — 2) A =sin4 A. 
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04. Formula for tan (A+ B).—Since tan A= sin A/cos A, 
it follows that 


_ sin (A + B) 
: Me Ea eye cos (A + B) 
Substituting from §§89, 90 we have 


sin A cos B+ cos A sin B 


NE ase Pca ee 





Dividing each term of both numerator and denominator by 
cos A cos B, we have 
sin A sin B sin A sinB 
cosA  cosB  cosA  cosB 
sin A sin B sin A sin B 
~ cos A cos B ~ cos A “~~ cos B 








tan (A + B) = 











But 


sin A sin B 
ow tan A and Pye tan B. 


Substituting, we have 
tan (A+ B) = 





8 A+ tan B 
| — tan A tan B 
95. Formula for tan (A — ee from §§91, 92 in 


tan (A — B) = a a = a 


[26] 


and proceeding as above, we have 
tan A — tan B 
fy 4 8) 1 tan A tanB 
96. Formulas for cot (A+ B) and cot (A — B).—By a proces 
similar to that used in §$§94, 95 we find —— a 
[28] 


cot A cot B—1 
oar) = cot A+ cot B ( ay 
and \8 a 
cot (A — B) = 


cot A cot B+ 1 j } 
cot B— cot A [29] yi 

97. Formulas for tan 2A and cot 2A.—Letting B= A in | the“ 
formulas for tan (A + B) and cot (A + B), ($$94, 96) we have 





[27] 











2 tan A 
tan 2A = 1 — tan? A [30] 
and Pas 
cot? A—1 f } 
cot 2A = TR eet A. ( [31] } 
\ / 
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It should be noted that the formulas in §§93-97 have been proved 
under the same limitations on the angles A and B that were im- 
posed in proving the corresponding formulas in §§$89-92. When 
the formulas on sines and cosines are proved for all angles, the 
formulas on tangents and cotangents will follow for all angles by 
the argument used above. (See §133.) 


EXERCISES 
Group A 


1. If sin A = 3/5, find sin 2 A and cos 2 A. 
2. If cos A = 3, find sin } A and cos 3 A. 
3. Using the formula for tan (45° + 30°), find tan 75°. 
Suggestion: For values of tan 45° and tan 30° see §11. 
4. Using the formula for tan (45° — 30°), find tan 15°. 
5. Using the formula for cot (45° + 30°), find cot 75°. 
Suggestion: Note that cot A = 1/tan A. For values of tan 45° and tan 30° 
see §11. 
6. Using the formula for cot (45° — 30°) find cot 15°. Compare tan 75° 
and cot 15°, also cot 75° and tan 15°. 
7. If tan A = 3 and tan B = 1/3, find tan (A + B), 
also tan (A — B). 
8. Prove that tan (A + 45°) tan (A — 45°) = — 1. 
Suggestion: Note that tan 45° = 1. 
9. Prove that tan (A + B) tan (A — B) = ea 
cot (A+B) sin A cos A —sin B cos B 
cot (A — B) sin A cos A +sin B cos B 





10. Prove that 


Group B 


1. If cos A = 2/8, find sin 2 A and cos 2 A. 

2. If sin A = 2/5, find sin 4 A and cos 3 A. 

3. Using the formula for tan (60° + 45°), find tan 105°. 

Suggestion: For values of tan 45° and tan 60°, see $11. 

4. Using the formula for tan (60° + 60°) (or tan 2-60°) find tan 120°. 
Compare this value with tan 60°. 

5. Using the formula for cot (60° + 45°), find cot 105°. Compare this in 
value with tan 105°. 

6. Using the formula for cot (60° + 60°) (or cot 2-60°), find cot 120°. 
Compare this value with cot 60°. 

7. If tan A = 3 and tan B = 1, find tan (A + B), also tan (A — B). 

8. Prove that cot (A + 45°) cot (A — 45°) = — 1. 

cos? A — sin? B 

9. Prove that cot (A + B) cot (A — B) = 7 faa. 
tan (A+B) _ sin A cos A +sin B cos B 
tan (4 —B) sin A cos A — sin B cos B 





10. Prove that 
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98. The sum and difference of sines and cosines of two angles.— 
We have already developed the following four formulas: 
sin (A + B) = sin A cos B+ cos A sin B 
sin (A — B) = sin A cos B— cos A sin B 
cos (A + B) = cos A cos B — sin A sin B 
cos (A — B) = cos A cos B+ sin A sin B. 
Adding and subtracting the first two, we have, 
sin (A + B)+ sin (A — B) = 2 sin A cos B (1) 
sin (A + B) — sin (A — B) = 2 cos A sin B. (2) 
Similarly, from the last two we have, 
cos (A + B) + cos (A — B) = 2 cos A cos B (3) 
cos (A+ B)— cos (A — B)=—2sinA sin B. (4) 

















iP 
If we let A+ B= P,and A — B= Q, then we have A = ae, 
a) 
eds, 3 
Substituting these values in (1) — (4) we obtain 
sin P + sin Q = 2 sin” + © cos #> © [32] 
sin P — sin Q = 2 cos~ + sin ~~ © [33] 
cosP + cosQ = 2 cos * +? cos #> © [34] 
cos P — cos Q = —2 sin + © sin “= © [35] 


~ An especially important relation for the solution of oblique 
triangles is obtained from the first two of these formulas. 
Dividing [33] by [32] 
sin 2 sin eos ¢ (P+ Q) sma (PQ) 
sinP+sinQ sin 4 (P+ Q) cos 3 (P — Q) 
= tan + (P — Q) cot 4 (P+ Q) 
1 
: fi Ca eee, 
or, since cot $ (P+ Q) fant (Ba) 
sinP—sinQ_ tan} (P—Q) 
sinP+sinQ tani (P+ Q) 
Norr.—Formulas [32]—[35] make possible many useful reduc- 


tions. Many of the exercises on the next page may be solved by 
means of these formulas. 
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99. Product of sines and cosines of two angles.—From the 
relations sin (A + B)+ sin (A — B) = 2 sin A cos B, ete. (see 
page 69), we have 


sin A cos B =} sin (A+B) +43 sin (A — B) [36] 
cos A sin B=} sin (A+B) —3 sin (A—B) [37] 
cos A cos B= 3 cos (A+B) +43 cos (A — B) [38] 
sin A sin B= —4 cos (A+ B)+4 cos (A—B) [39] 


These formulas enable us to express a product of sines and co- 
sines as a sum. 


EXERCISES 


Prove: 

1. sin 40° + sin 20° = cos 10°. 
Suggestion: sin 30° = 1/2. 

2. sin 60° + sin 30° = ~/2 cos 15°. 

3. sin 50° — sin 10° = 1/3 sin 20°. 
Suggestion: cos 30° = 3 4/3. 
. sin 70° —_sin 50° = sin 10°. 
5. cos 25° + cos 35° = 1/3 cos 5°. 
6. cos 75° + cos 15° = ~/2 cos 30°. « 
7. cos 85° — cos 35° = — 1/3 sin 25°. 
8. cos 87° — cos 27° = — sin 57°. 

9. sin 6x + sin 4x = 2 sin 5z cos x. 
10. sin 62 — sin 2x = 2 cos 42 sin 22. 
11. cos 5% + cos 3u% = 2 cos 4z cos z. 
12. cos 7x — cos 38a = — 2 sin 5z sin 22. 
13. 2 sin 3A cos A = sin 4A + sin 2A. 
14. 2 cos 5A sin 3A = sin 8A — sin 2A. 
15. 2 cos 4x cos 2x = cos 6x + cos 22. 
16. 2 sin 32 sin 27 = — cos 52 + cos 2. 
17. 2 sin (84 + 2y) cos (8a — 2y) = sin 6x + sin 4y. 
18. 2 cos (8a + 2y) cos (8a — 2y) = cos 6x + cos 4y. 


» 


cos & + cos Os 


i — 
as chs y — cot 4 (w+ y) cot 3 (w— y). 
Compare the formula for sin P — sin Q developed in §98 
p co} na OF Peo p : 
20 sin A +sinB_ A+B 
yes oe a 
sin 3A +sin A _ 
21. eee ke tan 2A. 
sin 2A + sin 2B _ i 
22. in SA an 2B an (At By cota — 8) 
23, es = cos A sec 4A. 


* sin 6A — sin 2A 


CHAPTER VIII 
THE SOLUTION OF OBLIQUE TRIANGLES 


WE HAVE now derived those trigonometric relations which are 
necessary for the development of formulas used in solving oblique 
triangles. As has already been noted, a triangle is determined if 
there are given: 

(a) two angles and any side; (b) two sides and the included 
angle; (c) three sides. Since the third angle is known if two angles 
are given, it follows that problem (2) given on page 1 may be 
stated: “‘two angles and any side.” 

If two sides and the angle opposite one of them are given, it is 
sometimes possible to construct two different triangles fulfilling 
the conditions. Again, there may be only one such triangle, or 
possibly none. This case requires special discussion, and will be 
considered last. 

It is evident, therefore, that the problem of solving oblique 
triangles falls under four essentially different cases: 

Case I. Given two angles and any side. 

Case II. Given two sides and the included angle. 

Case III. Given three sides. 

Case IV. Given two sides and the angle opposite one of them. 

Inasmuch as computation in trigonometry is usually performed 
by the use of logarithms, formulas adapted to logarithmic com- 
putation will now be developed. 

100. Arrangement. of work.—One of the most effective aids to 
accuracy in computation, especially in logarithmic computation, 
is careful arrangement of work. In the following pages sample 
solutions of problems are given which illustrate convenient 
arrangements. A skeleton outline of the whole solution should 
be made before looking up any logarithms. 

101. Checking.—It is absolutely necessary that the computer 
should know that his results are correct. For this reason all work 
must be checked. Methods of checking are given under each case. 


It is said that a computing engineer uses two-thirds of his time in direct 
computing, and one-third of it in checking. In practice there is no answer 
book, but the results must be accurate. 
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102. The law of sines.— The sides of a triangle are proportional 
to the sines of the opposite angles. 











a b Cc 
acyaanl al sin A sinB  sinC [40] 
C C 
1 
1 
% H 
a 1 
| 
] 
1 
i] 
A Ct o]) a eel) eee ¢ B 


Proof: In the triangle ABC (either figure), drop the perpen- 
dicular h from the vertex C to the side AB (extended if necessary). 














Then, sin A= ; and sin B= a 
See sin A h/b a 
Sane, sin Bo h/a 0b 
a b 
ence, sin A sin B 
Similarly we may prove 
Dial secO ata ae mers 
snd snC ~~. snB sn€ 


103. Solution of triangles: case I—When two angles and a side 
of a triangle are given, the law of sines is used in solving the triangle. 

Suppose the given parts are A, B, and side b. The first step is 
to find C by means of the formula C = 180° — (A + B). 

















a b : sin A 
From Sao sin Bi B we obtain a = b ag 
b sin C 
Similarly, from ——, a ae an B we obtain c = b ear 
Check: To check these values of a and c, use the formula 
CL Teac z sin A sin C 
sn A sing ” aie oh Le 


If this relation holds, the values are very likely correct. If the 
relation does not hold, the values cannot be correct. These 
quotients should be found by long division, for if they are found 
by using the same logarithms that were used in solving the prob- 
lem, an error in finding a logarithm or an anti-logarithm may not 
be disclosed. For another check see page 167. 
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104. Computation.—The actual work of computing in case I 
is shown in the following: 
Example. Given, ZA = 68° 30’, Z B = 53° 18’, C 
a=58. Find ZC, and sides 6 and c. 
Hirst. 4Cs— 180 —1(Z A AB) 58128 
b «sin B Cuarsina, 





























From Po ee ge have 
=e L pempls &, 
sin A sin A 
Hence log b = log a + log sin B — log sin A, 
and log c = log a + log sin C — log sin A. A 
Arrange all the work as follows before beginning to use the tables. 
log a = log a = 
log sin B = log sin C = 
log sin A = log sin A = 
log b = logic — 
b= he 
This skeleton should then be filled in as follows: 
log a= 1.76343 log a = 1.76343 
log sin B = 9.90405 log sin C = 9.92936 
11.66748 11.69279 
log sin A = 9.96868 log sin A = 9.96868 
log b = 1.69880 eee Weezil 
b = 49.980 c = 52.980 
Cc sine Be sin 
Check: Use Bg ery e better i CT 
From the table of natural functions, sin B = .80178, sin C = .84989 
.01604 + .01604 + 
49.98)80178 52.98) 84989 
4998 5298 
30198 32009 
29988 31788 
21000 22100 
19992 21192 
EXERCISES 


1. Using the figure of §102, draw the altitude on the side AC and prove 
that a/sin A = c/sin C. 
Find the elements not given in the following: 
LA = 48° 37’ eee LA = 84° 7 
Ps JESB == Ge WE 3.4 B= 24510) Chis L185 RS SSH! 
a = 181.8 { 6 = 881.6 c = 94.36 
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105. The law of tangents.—By the law of sines, 
a snA 
b sin B 
Taking this proportion by composition and division, 
a—b sinA—sinB, 
Ge bea sin A + sinB 
But we have already proved (§98) that 
sin A—sinB_ tan} (A — B) 
sin A+sinB tan} (A+B) 




















Hence, 
a—6b_ tan; (A-B). [41] 
a+b tan}; (A+ B) 
Similarly, 
b—c - pene C) He) Ore tan 4 (C — A) 
b+c tan} (B+ C) * c+a tan} (C+ A) 


These formulas are referred to as the law of tangents. 

106. Solution of triangles: case II.—If we have given two sides 
and the included angle, the law of tangents formula may be used 
in the solution of the triangle. 

If the parts given are a, b, and C, then 

a—b_ tan4(A— B). 
aad: | tan 4 (AaB) 

"The quantity A + B may be found by go ae C from 180°. 
Then the only unknown in this equation is tan 4 (A — B). 
Solving the formula for this quantity, we have 

tan 3 (A — B) = “= tan} (A + B). 

When 4 (A — B) has been found, A and B are obtained from 

the relations: 








5 (A + B) + $4 — B) 
4(A + B)— 3 GB), 

The remaining Ad c may then be found by using the law of 
sines as in case I. (Use c= asin C/sin A.) 





b G 
Check: To check see whether the relation c = - a is satisfied. 





nB 
b d —b —d 
1Given aces == and “> = : ea Hence it fol- 
—b UE hk! 








lows by division that ~ Dh ae q 


SOLUTION OF OBLIQUE TRIANGLES 75 


107. Computation.—If in a triangle ABC, angle A and sides b 
and ¢ are given, the first step in the solution is to find b+ c, b — ¢, 
and 4 (B+ C) 

From 4 A + 4 (B+ C) = 90° we have 
3 (B+ C)=90°- 3A. 

Example. Given ZA = 83° 44’, b = 78.4, and c = 61.3, find angles B and 

C and side a. 


Skeleton solution: We first find 4 (B+ (C) = 90° — 41° 52’ = 48° 8’, 
b+c = 189.7, and 6 —c = 17.1. 


Since tan 4 (B — C) = ao tan 4 (B + C), and therefore log tan 4 (B — C) 
= log (b —c) + log tan 4 (B+ C) — log (b+), we arrange the following 


skeleton solution: 


log (6 —c) = The side a is found from the 
log tan 4 (B+C) = formula 
colog (6 + c)!= + bsin A 
log tan } (B — C) = ee Te: 
s(B—C)= and therefore log a = log 6 
3(B+C)= +log sin A — log sin B 
= (Skeleton solution) 
C= log b = 
log sin A = 
colog sin B = 
log a = 


a= 
Notice that B is found by adding 4 (B — C) and 3 (B+ C) and C is found 
by subtracting 4 (B — C) from 4(B+C). 
Check: Verify that c = ae e 
sin A 
It is not a check even on the angles to show that A + B+C = 180°. 
This would show only that B and C satisfy the equation 


4+(B+C) =90° —4 A. 
This equation may be satisfied and still both B and C may be wrong. 
Note.—lIf in an example c is given greater than b, we use the forms 








toe (One B) = <> tan b (C +B). 
This avoids the use of negative factors and negative angles. 
EXERCISES 
Solve the following triangles: 
ZA = 67° 28’ LBS ST ee 
1 b = 237.8 74, (6) VIL Pf 3 a = 147.6 
c = 201.6 c = 103.4 {| b= 89.3 


1 Hxpressions containing only one factor in the numerator and one in the 
denominator should be evaluated by subtracting logarithms. If there are 
two or more factors in either, cologs may be used. 
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108. The law of cosines.—In any triangle, the square of one 
side is equal to the sum of the squares of the other two sides diminished 
by twice their product multiplied by the cosine of the included angle. 


C C 





| 
| 
| 
! 
| 
| 
| 
{ 
{ 


A TEE ee B 


In each figure drop a perpendicular from the vertex C to the 

side AB. 
ey 

In either figure, a? = h?+ BD, 

: =) ——s 

while BD = (c— AD)? =? —2cx AD+ AD. | 

(Note that in the figure to the right AD is negative.) 

yy 
Hence a? = h?4+ AD + 2 — 2cx AD. 

SS} 

But, h?+ AD = 8 and AD = 6 cos A. 
Making these substitutions we have 

a= b?+ c?— 2bc cos A [42] 
Similarly, it may be proved that 

b? = a? + c? — 2ac cos B 

c? = a? + b? — 2ab cos C 

Hence we have proved the law of cosines stated above. 

The law of cosines is developed here only for its application 
in deriving formulas for finding the angles of a triangle in terms 
of its sides. This formula itself is not adapted to logarithmic work. 
It may, however, be used with the natural functions for the 
solution of problems. 

Example. From the law of cosines, determine the value of the cosine of 
any angle of a triangle in terms of the three sides of the triangle. 

Solution: Solving for cos A the equation 

@ = 6b? + & — 2 bc cos A, 
P+e—@ 
2be 
EXERCISES 


1. Find the angles of a triangle whose sides are 4, 5, 6. 
% Suggestion: Find the angles by means of the law of cosines. Use table of- 
natural functions. 

2. Find A and B in the triangle ABC, if a = 8, b = 10 andc = 9. 

yy Uivnayel Al abe Oj = ERY (oy es YO Ss IG) 7. 


we have cos A = 
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109. The half-angle formulas.—By formulas [24] and [25] §93 
we have 
| 1—cos A _1+cos A 
2 - 2 


By means of these formulas and the law of cosines we are 
enabled to express the functions of the half-angles in terms of 
the sides of the triangle. 

Let s equal one-half the perimeter of the triangle; that is, let 
a+b+ c= 2s. 

Subtracting successively 2a, 2b, 2c, from both sides of this 
equality, we obtain 

b+ c—a= 2s — 2a = 2 (s—a) 
a+c— b= 2s — 2b = 2 (s— b) 
a+ b—c= 2s — 2c = 2 (s—c). 





os? 4 A 


sin? $A = 

















2 VAM ey 
By the law of cosines, cos A = a ce 
P+e—a 2c—-P-—C4+a 
Hence, 1 — cos A = 1 — be = fe 
_@—(b—c) (+b—c) @-—bt+o) 
7 2be = 2Qbe 
2s eee) 
‘ be 
Similarly, 1+ cos A = 2s) 
Therefore, sin? 3 A = tes) aes cos?3A = * ae 
be be 
eA (s — b) (s—c) 
Hence, sin 5 = Se [43] 
aoe s (s — a) 
a wt amy AUee 44] 





Rez A / S285 
Then by division, tan a= AiG oa [45] 


Notes. Since s is expressed in terms of a, b, c, it follows that the above 
formulas give sin 3 A, cos $ A, and tan 4 A in terms of the sides of the triangle. 


Sight Work 


1. Express sin } B and sin 3 C in terms of the sides a, b, c, of the A ABC. 
2. Express cos 4 B and cos } C in terms of the sides a, b, c of the A ABC. 
3. Express tan } B and tan 3 Cin terms of the sides a, b, c of the A ABC. 
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110. Solution of triangles: case II.—In solving a triangle in 
which the three sides are given any one of the formulas, [43], [44], 
[45] may be used. 

However, the formulas given below are the most convenient, 
since they require the smallest number of different logarithms for 
finding all the angles. 


(s — 6) (s—o) (s— 0) (e— 6) 6-06) 
tan 5 = Vea ror pa - of SAB a8 
ary ane a / Bo Gee © [46] 

oe bea 


cee B SAF ea — 9 
Similarly, tan 5 ae a 


and n= 1 / TET 


2. eSs—iC Ss 








These differ only in the factors before the radical sign. The 
logarithm of the quantity under the radical sign may therefore 
be found once for all and used for all the angles. 

It is usual to write 


ra 4/9 ODE. 
s 


A r 
Then, ne pi ot or one aoe 
log r = } [log (s — a) + log (s — b) + log (s — c) — log s] and 
log tan 3 A = logr — log (s — a), ete. 
We may arrange the following skeleton solution: 








a= gr= 
b= log (s — a) = 
C= 
25 = log tan3 A = 
Ae $A = 
5 = es log 7 = 
ae log (s— 6) = 
ae log tan 4 B= 
log (s — a) = he 
log (s — b) = ere © 
a gle ae oe z 
colog s = ear 
: 2) log tan $ C= 
loge eta C= 
og r= 2 


; 
ie 
ie 
iw 


2. 


. 
| 
a 
ae 


2. 


a 
i 
‘e 
‘ 
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EXERCISES IN THE SOLUTION OF TRIANGLES 


ZA = 73° 43’ 
ZB = 64° 21’ 
a = 191.8 


ZA = 47° 56’ 
LC = 67° 43° 
= 20,92 


= 16° 42’ 
= 78° 28’ 
= 297.4 
= 61° 29’ 
= 438° 46’ 
= 162.9 


= 37° 14’ 

ZB = 74° 29’ 
= 124.7 

ZA = 69° 13’ 

ZLB = 29° 43° 
C—O 0 

= 52° 27’ 

= 163° 257 
= 147.6 

= 81° 34’ 

= 26° 25’ 
= 214.6 


= 39° 14’ 
Og. 
= 291.7, 
= 72° 31’ 
= 161.7 
c = 214.5 


PAS tae GY 
ZB = 63° 18’ 
b = 245.6 








Group A 
LA = 73° 24’ 
b = 191.6 
c = 103.4 
ZBI AO Oe 
a= 27.6 
C= mot 
MEO! i BBO ONY 

a= 26.74 
Di= sino 
LA = 322 47’ 

ay 4133 SS VE BI 
c = 214.7 
Group B 
ZB = 47° 26’ 
a = 183.6 
c= 12657 
ZA = 69° 31’ 
b= 54.6 
c= 42.7 
ZB = 65° 45’ 
a= 98.7 
c= 74.6 
VO es Te AYE 
@ = 138.6 
b = 293.4 
Group C 
ZA = 84° 36’ 
b = 36.7 
c= 568 
a=317 
b = 486 
C= 300 
‘ZB = 69° 12’ 
ZC = 49° 52’ 
C= 8h7 
(ZB = 52° 39’ 
a= 24.7 
C=) 25.6 





10. 


11. 


12. 


9. 








a= 64.79 
b 58.64 
c= 47.21 
@ = 937 .Al 
b 28.96 
c= 64.7 
a 54.5 
11.46 = 68.7 
Cc 92.3 
a (ileet 
12.\6 84.5 
c = 107.6 
a= 12.8 
b= 13.9 
Ca 
a 39.6 
b= 47.8 
Cc Seo 
a = 126.7 
b = 139.8 
e = 187.3 
a = 461.7 
b = 617.4 
¢ = 562.4 
a = 1082 
b = 2176 
c = 1455 
ZB = 43° 46’ 
C = 67° 21’ 
a = 189.7 
L6G = 55-20" 
@ = 187.6 
b = 214.7 
a = 1004 
b = 1276 
c = 1384 


| 
‘i 
a‘ 
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111. Case IV (the ambiguous case).—If it is required to find a 
triangle having two given sides a and b and a given angle, as A, 
opposite one of them, then a number of possibilities arise, as 
indicated by the figures: 


% 4 
v Al Zt wes he 
AG 
A A pevAv caer eek B 


(1) If a<b sin A, then there is no solution of the problem. 

(2) If a = b sin A, then there is only one solution, and the triangle is right 
angled at B. 

(3) If a<b and also a>b sin A, then there are two triangles possessing 
the given properties. 

That is, there are two solutions of the problem. In this case the angles 
opposite the side b (Z ABC and ZAB’C) are supplementary. Hence, angle 
B or angle B’ of the figure must be obtuse. 

(4) If a = b or a>b, there is only one solution, since in that case the angle 
opposite 6 is equal to or less than the angle opposite a. That is, angle B 
cannot be obtuse. 


112. Computation.—The various possibilities just stated will 
appear when the attempt is made to compute the triangle. This 
is shown in the following examples: 


Example 1. Compute the triangle if a = 28,6 = 46,and ZA = 71° 43’. 


Solution: From » we find 


ee 

sin A sin B 

sin B= pene ze 

a 

and log sin B = log b + log sin A — log a. 

Then: log b = 1.66276 But log sin B = 0.19310 is at once seen to be 
log sin A = 9.97750 impossible, for this would make sin B greater 

1.64026 than 1. Hence in this case there is no solution. 


log a = 1.44716 
log sin B = 10.19310 — 10 
Example 2. Compute the triangle if a = 12, b = 24, and ZA = 30°. 
b sin A 
a 





Solution: Use sin B = 


log b = 1.38021 Since log sin B = 0, we know that sin B = 1, 
log sin A = 9.69897 and hence B = 90. That is, the triangle A BC 
11.07918 is right angled at B. In this case a = b sin A, 


log a = 1.07918 
log sin B = 0.00000 
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Example 3. Compute the triangie if a = 37.8, b = 43.2 and ZA = 57° 45’, 
b sin A 
a 


Solution: Use formula sin B = 


Then log sin B = log b + log sin A — log a. 
log b = 1.63548 However, since sin x =sin (180° — x) the 
log sin A = 9.92723 angle B may also be 180° — 75° 8’ = 104° 52’. 


11.56271 
log a = 1.57749 


log sin B = 9.98522 
B = 75° 8’ 15”, or 75° 8’ to the nearest minute. 
Then, C = 180° — (57° 45’ + 75° 8’) = 47° 7’ or 
C =N802— (672457 -— 1045/52) 7 23% 
Using the sine formula, we now find the two possible values of the side c 
by using in succession these two values of angle C. 


113. Ambiguity of case IV as shown in the computation.—In 
bsin A 





all the examples given in §112 the formula sin B = is used 


for the purpose of finding the angle B. From this formula the 
various possible cases are at once apparent. 


(1) If sin B>1, 1.e., a<b sin A, the problem is obviously impossible, since 
a sine cannot be greater than unity. 

(2) If sin B = 1, i.e., a = 6 sin A, then the only possible angle is a right 
angle, since sin 90° = 1. 

(3) If sin B<1, i.e., a>b sin A, then there are two angles, each less than 
180°, which have the required sine. 


EXERCISES 
In the following give all possible solutions, 
ZA = 38° 3’ ZB = 47° 52/ (ZC = 59° 37’ 
1, @= 127.3 5{ c= 1364 94 c= 204.6 
b = 139.6 b = 123.2 a = 217.2 


ZA = 30° 
a = 137.4 
b = 274.8 


= 2650, 
b = 49.3 


15) = (Of hey 
= 59.3 
b = 67.8 


i = 62° 30’ 
ah 


ZB = - 13’ 
c= 
oa 


c = 49.8 
b = 41.6 


ZG: =i2- 4)" 
a = 29.8 
C= 122.4 


“a 24’ 


A = 47° 39! 
@= 51.9 
b = 127.1 


( 
TA = 61°. 24" 
LIA br Sie 
aod 
( 


Bi oomeo 
Ca 216 
b= 127 


12. 
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114. Area of a triangle-—The area of a triangle may be found 
in terms of any set of elements which are sufficient to determine 
the triangle. We therefore have three cases to consider: 

Case I. Given two sides and the included angle. 

Case II. Given two angles and any side. 

Case III. Given three sides. 


Case I. Let the given partsbeb,c, A. ~ 
In the triangle ABC, let h be the 
altitude upon the side ce. % e 
Denoting the area by S we have 
S=%3 ch 
But h=bsinA ane z 2 
Hence, S=4bcsin A [47] 


Similarly, S = 4 ac sin B= 3 absin C. 
Case II. Let the given parts bea, B, C. Then A can be found 
at once. From the law of sines, 
asin C 
sin A 





and from Case I, S = 3 acsin B. 


hee ; 
Hence, S= asin 3 sin € [48] 


Case III. Let the given parts be a, b, c. 


; /(s — b) (s—c) (oe 
al = ) 1 = —SS eee 
Then sin $} A re cos 4 A ie 


Since sin A = 2 sin } A cos 4 A (See §93), 
it follows that sin A = 2- /* 2 U)AS= 2.4/3 (s — a) 
be be 


2 
=> Vee) (s — b) (s—c). 
Substituting in the formula of Case I, we have 


S = v/s (s — a) (s— b) (s—) [49] 


which is known as Heron’s formula. 


EXERCISES 


Find the areas of the following triangles. 

















a = 134.5 ZA = 41° 56’ a= 62.7 

14 b = 241.7 3., ZB = 67° 49 5.46 = 78.4 
LC = 54° AT c = 210.6 c= 93.6 
(ZA = 78° 42’ (44 = 57°32’ a = 386.7 
2, b= 87.5 44°Z2B = 81° 27’ 6.,b = 296.4 
c= 478 | a = 397.4 c = 487.6 
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115. Radius of an inscribed circle.—If r is the radius of the 
circle inscribed in a triangle whose sides are a, 6, c, then the area 
S of the triangle is 


S=tar+tbr+tc=43r(at+b+c) = 3r-2s=78. 
But by [49], S = Vs (s—a) (s— b) (s— 6) = 7s. 
Hence, r= tvs ($ — a) (s — b) (s —c) [50] 








116. Radius of a circumscribed circle——In the figure let O 
be the center of the circumscribed circle, 
with radius R, and let OD be the per- 
pendicular bisector of the side AC. 
Then ZAOC is measured by the are AC, B 
while Z ABC or ZB is measured by half 
of this are. Hence, 

LAO =227.B and<ZAOD =_Z8; A 
But AO = R and AD = b/2. 

b 


Then, R sin AOD = R sin B= 6/2, and R= eh 


Since S = 4 acsin B, we have sin B = 2S/ac. 








b abe 
Hence, fy = 
nce, O85 ~ 48 
ac 
abc 
and we have R=- 51 
‘ 4~/s (s — a) (s — b) (s—c) 51] 
EXERCISES 
Find the radii of the circles inscribed in the following triangles. 
— i= 20.6 a= 40 a=55 
146 = 14 2.46 = 30.4 3.46 = 42 4..b = 60 
os NG C= 35:5 c = 44 c = 65 
ZA = 71° 50’ In Exercise 5 find the unknown side before finding the 
5 b= 28 required radius. 
C= 350 


Find the radii of the circles circumscribed about the following triangles. 

a= 47 (dee B87 77" ‘LA = 67° 24’ ZB = 37° 17° 
6.,b = 67 7. B = 47° 15’ 8 a = 92.6 9 a = 189.7 

c¢ = 70 c = 27.8 ZB = 43° 21’ | c= 431.2 
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EXERCISES IN THE SOLUTION OF TRIANGLES 


84 
LAy = Gl 237 
Leb 460 8: 
@ = 261.3 
ZA = 82° 12’ 
Ze b= 12.32 
C—O 
a = 1614 
3. 6 = 1123 
Ges Milz 
ZA = 54° 20° 
4, a= 96.5 
b = 118.3 


a = 271.6 
b = 185.8 
C= 223.6 


‘ZB = 86° 56’ 
a = 265.5 
c = 826.3 


AM AD aA od 
as ZIB Ss Oo BY 
HS Kos 


| 
| 
| B ° 18/ 
| 
| 
| 
| 


c = 5260 


ZA = 70° 37’ 
@= 21.34 
GS IRS 


ZA = 29° 19’ 
., ZB = 60° 41’ 
c = 421.8 ; 


a = 255.5 
b = 283.7 
c = 166.0 


ZB = 66° 13’ 
4.45 ZC = 48° 12! 
b = 2565 


‘ 
i 


: 


Ds 


7. 


6. 


e 


i. 
a 
tc 
iy 
e 
| 


Group A 
a Soe 
— 2.165 
Yh |53 = NOS? BY 
ZB = 34° 56’ 
LCx= 61212! 
c = 14638 
JEG) ay ISS Bye 
G2 WIS 
c= 16r4 
ZO 292 5, 
Ore AOR 
= 545 
Group B 
= 108° 25’ 
= 30° 40’ 
= 20.05 
a ea UR? YY 
= WADE 
= UN sys) 
= 38723. 
= 59° 12’ 
= 165.0 
=5 OB! AY 
= 4127 
5 =I6O133 
Group C 
ZA = 117° 30’ 
b= 1.107 
C= M628 
= 112° 21’ 
= 315.6 
= 382.5 
= 12° 487 
a= 2616 
c= 628.2 
i= eel 
b= 5.83 
e= 14.26 


@= 46,25 
9.4 b= 37.36 
c= 51.63 
LB = 37° 3V 
10.3 6 = 400.4 
C= 163.0 
LA = 27° 42 
11... 28 i= 39 23: 
c= 1.163 
a= 0.1826 
12 b= 0.2716 
c= 0.2065 


Ee ts 52 
9 





a= 0.0134 
c¢= 0.0177 
a = 267.8 
10. b= 183.3 
| ¢ = 401.5 
ZA = 67° 35’ 
Il. a= 78.52 
b = 82.75 
a= 65.25 
12. b= 46.83 
= 51.62 
ZC = 58° 28’ 
9.4 a@=175.6 
b = 181.4 
a= 6.387 
10, b= 8.566 
c= 9.053 
ZA = 38° 38’ 
114 a =2016 
b= 32210 ae 
ZB = 26° 32’ 
12), 2C = 83° 14’ 
c = 210.3 


“h 


a 
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EXERCISES 
Group A 


1. To find the angle at which the side of a railway embankment is inclined 
to the horizontal, a distance BC = 28 feet is 
measured up the embankment, a distance BA = 
42 feet on the level ground and directly away 
from it, and then a surveyor’s chain is stretched 
from A to C, finding this distance to be 63 feet. 
Using these data, find the angle DBC in the A 
figure. 

Suggestion: First find Z ABC. 

Question. Could the angle ABC be measured easily by means of a sur- 
veyor’s transit? 
2. To find the distance from the point 





“A on one side of a river to the point B 56°15? 
on the other side, a line AC = 275 feet ANS eee 
is measured and the angles A and C are oe ie 


found to be 56° 15’ and 116° 45’ respec- 
tively. Compute AB. 

3. In surveying a straight line an ob- 
stacle is encountered, so it becomes neces- 
sary to make a detour from B to C (see 
figure), returning to the line at D. If 
Z ABC = 147° 10’, ZC = 69° 50’, and 
BC = 593 feet, what must be the length of CD? What is the length of BD? 

4. From a ship sailing in a straight course a lighthouse is observed to be 





“17° 35’ to the left of the course. After sailing Leo 
124 miles the lighthouse is 43° 20’ to the left of Be oe 
the course. What is the shortest distance from 17°35" ee 
the lighthouse to the course of the ship? 12% 


5. The diagonals of a parallelogram are 17.4 feet and 21.7 feet long and 
meet in an angle of 49° 10’. Find the sides of the parallelogram and also its 
area. 

6. Two warships are observed to fire simultaneously, the reports reaching 
the observer in 6 seconds and 11 seconds, respectively. How far apart are 
the ships if they subtend an angle of 59° 40’ from the point of the observer 
and if sound is traveling at the rate of 1100 feet per second? 


Reais | 
7. The distances in miles from the earth and 
Mercury to the sun are about 93,000,000 
and 36,000,000, respectively. How far is Mer- 
cury from us when she appears at a distance of 
12° from the sun? Note that two answers are 
possible. Give both of them. 
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8. Two circles, C; and C2, are tangent ex- 
ternally and each is tangent internally to the 
circle C;. If the radii of the circles are 4, 5, 
and 12, find the angles made by their lines of 
centers. 

9. The two parallel sides of a trapezoid are 
12 and 16 and the non-parallel sides are 8 and 
10. Find the angles of the trapezoid and also 
its area. 

Suggestion: Draw DB’||CB and_ study 
AAB'D, Why is the angle at B’ obtuse? 











D 12 C 


10 iS 


B 16 C 

10. In a quadrilateral ABCD, AB = 14, BC = 16, CD = 20, DA = 18, 

and the diagonal AC = 17. Find the angles of the quadrilateral and also 
its area. 

Group B 

1. A surveyor wishing to measure a four-sided plot of ground, and having 

no surveying instrument with him except a tape for measuring distances, 

measured the four sides and a diagonal and found these to be AB = 243.2 feet, 

BC = 251.1 feet, CD = 89.7 feet, DA = 180.8 feet, and AC = 195.2 feet. 

Find the four angles of the plot ABCD. What is the length of the diagonal BD? 





A B 

2. A road runs from A to B and from B to C, making an angle of 162° at B. 
If AB = 1,860 feet and BC = 2,142 feet, find the length of a straight road 
from A to C. \ 

3. To find the distance across a pond from A to B the straight lines AC 
and BC are measured and found to be 486.2 feet and 591.7 feet, respectively, 
and the angle C is 73° 10’. Compute the length of AB. 

4. In running a straight line in a survey a point is observed to be 21° 30" 
to the right of the line, and after going 3,652 feet farther along this line the 
point is 67° 30’ to the right of it. Find the shortest distance from this point 
to the line. 
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5. The diagonals of a parallelogram are 49.2 feet and 61.8 feet and meet 
in angle of 77° 50’. Find the length of the sides of the parallelogram and also 
its area. 

6. Two stations connected by a straight railway are known to be 2} miles 
apart. From a farmhouse it is observed that the sound of the whistle from 
one station reaches it in 8 seconds and from the other in 14 seconds. What 
is the shortest distance from the farmhouse to the railway line? (See Ex. 
6, p. 85.) 


7. The distances in miles from the earth 
and Venus to the sun are about 93,000,000 and 
67,000,000. How far is Venus from us when 
she appears at a distance of 34° from the sun? 
Note that two answers are possible. Give 
both of them. 

8. The sides of a triangle ABC are AB = 
13, BC = 14, CA = 16. The line AD bisects 
the side BC at D. Find the angles of the 
triangle ABD. 





9. In the triangle ABC, AB = 31, AC = 42, and ZA = 47° 15’. Find 
the length of the median from B upon the side AC. 

10. A tree stands at a distance from a straight road. At a point A in the 
road the line to the tree makes an angle of 21° with the line of the road, and 
at a point B the line to the tree makes an angle of 51° with the line of the 
road. If AB = 3.400 feet, find the shortest distance from the tree to the road. 

Suggestion: Show that as stated this problem has two correct answers and 
find both. 


Group C 


1. Three intersecting streets form a plot of ground whose sides are 316.7 
feet, 421.9 feet, and 472.3 feet. Find the angles 


of this piece and also its area. ae 
2. A telephone wire is to be strung up a eres 

hill of uniform slope from A to B. A distance aes 

AC = 350 feet is measured on level ground Be ohe 


directly away from the hill, and the angles 2940" a ete 
ACB and CAB are found to be 29° 40’ and © +7 Cand 
143° 20’, respectively. Find the length of the cae 143°20' 
line from A to B. 


3. In making a survey it becomes neces- 
sary to find the distance from A to B which 
are located on opposite sides of a steep hill. 
Instead of measuring directly across the hill, 
the lines AC and CB and the angle C are meas- 
ured and found to be 296 feet, 387 feet, and 
76° 20’, respectively. Compute the distance 
from A to B. 
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wf 


4. It is desired to find the shortest distance from SCs ee 


a point A on the bank of a river to a straight road aoe ae an 


on the opposite side. On this road two points, B 


and C, are located 560 feet apart and the angles SSS 




















ABC and BCA are found to be 45° 20’ and 113° 50’, me ‘ 
respectively. From these data compute the re- se 
quired distance. Sy 


5. The diagonals of a parallelogram are 216.2 feet and 193.7 feet and meet 

in an angle of 114° 30’. Find the sides of the parallelogram and also its area. 

6. From a point of observation, A, two batteries, at B and C, subtend 

an angle of 81° 15’. The sound from the battery at B reaches the observer 

4 seconds after the flash and the report from that at C reaches him in 7 

seconds after the flash. If sound travels 1,090 feet per second, how far apart 
are the batteries? 





7. The distances in miles from the earth and jy 
Mars to the sun are about 93,000,000 and 141,- 
000,000, respectively. How far is Mars from us 
when she appears at a distance of 164° from the 
sun? 


8. Three circles whose radii are 6, 8, 10 
are tangent externally as shown in the figure. 
Find the angles between the lines of centers. 





9. The two parallel sides of a trapezoid 
are 10 and 17, and the non-parallel sides D 10 
are 6 and 8. Find the angles of the trape- 
zoid and also its area. 8 

Suggestion: As indicated in the figure 
draw DB’ parallel to CB and solve the 
triangle AB’D. Is ZAB’D acute or A B! 10 B 
obtuse? 


10. The diagonals AC and BD of a quadrilateral meet in a point O, making 
an angle of 67° 30’. If AO = 12, Of = i) BO = 14, and OD = 19, find the 
area of the quadrilateral. ' 
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a 


MISCELLANEOUS EXERCISES 





1. Three circles with radii 5, 6, and 8 are tan- 
gent externally as shown in the figure. Find the 
area (shaded in the figure) inclosed by them. 





2. In the triangle ABC, ZA, ZB, and side c 
are given. Show how to solve this triangle com- 
pletely by means of the formulas on right triangles. 
In what ways is this solution inferior to the solution 


by means of the sine formula? 
c— 2x 


h 





Suggestion: In the figure = cot A, 


Cc 
% 2 

A ¢ D B 
;= cot B. 
3. In the triangle ABC, ZA, and sides b and ¢ are given. Solve the 
triangle completely by means of formulas on right triangles. In what ways 

is this solution inferior to the solution by means of the tangent formula? 
Suggestion: Using the figure of Exercise 2, AADC can be solved at 


once and this gives the values of h and z. 


C 
/ 4. In a circle with radius 10 a chord AB is a dis- y hie aa z 
tance 4 from the center. Find the area of the seg- 4 
ment inclosed by this chord and the are ACB. 
Suggestion: Find: (a) ZAOB, (b) area AOBC, 
(c) area AAOB. 


5. It is desired to keep a “gauge” on a large 
cylindrical tank to show the amount of liquid in it 
when it is filled to various heights. The gauge con- 
sists of a series of horizontal lines on one end of the 
tank, with figures on each line showing how many gal- ° 
lons it contains when filled up to this line. In a tank 
8 feet in diameter and 32 feet long how many gallons 
are contained below a line AB which is 2 feet from the 
lower edge? One gallon contains 231 cubic inches. 





Suggestion: Find the area of the segment AKB and multiply by the 
length of the tank. 


6. Make a table for the gauge for the tank in Ex. 5, the distance between 
the lines being 12 inches. After completing the lower half of the scale, devise 
a simple plan for making the upper half of it. 
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7. Two mountain peaks, Cand 
D, are visible from the campus of C 
a university. It is desired to find Be 
the distance from a point A to Ce N 
each of the peaks and also the Lone NS 
distances between the peaks. A re ks \ 
line AB is measured and found yee 4 xe 
to be 6840 feet. Further, ZBAC ,-7 err nee i 
=f 40’; ZLABC = 149° (50 4 D 
ZBAD = 46° 30’; and ZABD = 
131° 10’. Find AC, AD, and CD. To check the solution find BC, BD, 
and CD. 

Notr. While the points C and D are above the level of the horizontal line 
AB, the surveying is done as if they were in the same horizontal plane with it. 
The angles that are measured lie in this horizontal plane, and the distances 
found in the computation are horizontal distances. What is wanted in land 
surveying and in geographical surveying is horizontal distances. A map 
shows distances between points as if they were all on the same level. 

8. Viewed from a point directly south of it, the top of a hill shows an ele- 
vation of 27° 40’. After going along a horizontal road in a due westerly 
direction for a distance of 1000 feet the top of the hill shows an elevation 
of 21° 10’. Find height of the hill above the road. 


D 


9. A bridge across a deep ravine has its ends 4 
at the points A and B. At a point C in the 
bottom of the ravine it is desired to build a pier 
to support the bridge. Find the height of this 
pier if the elevations of A and B as seen from C 
are 49° and 57°, respectively, and if the length 
of the bridge (A B) is 567 feet. 


B 





10. In surveying for a road the following GC 
problem occurs: In the figure the line AD 
is horizontal and the line DC is vertical. 


The surveyor measures the angle of eleva- B 
tion of C as seen from A (DAC), the angles 
a and @, and the length of the line AB. The 
problem is to compute the line HC. Give 
the series of steps required in this compu- A D 


tation. 
11. If in Ex. 10, DAC = 14° 45’, a = 4° 25’, 8B = 7° 30’, and AB = 1586 
feet, what is the length of #C? 
Nore. Exercises on surveying, page 155, may be taken at this time if 
desired. 


CHAPTER IX 
VARIATION OF TRIGONOMETRIC FUNCTIONS 


TuE study of trigonometric functions as undertaken up to this 
point is quite sufficient for their use in solving triangles. We will 
now make a further study of these functions, partly to obtain a 
clearer and more comprehensive understanding of the functions 
themselves, and partly to obtain formulas that are necessary in 
later courses in mathematics. This study will also throw further 
light on topics that have gone before. In particular, some of the 
theorems already proved for special angles (see §§$88-99) will be 
extended so as to apply to any angles whatever. 

117. Relations of functions of positive and negative angles.— 
To study the sine and cosine of negative angles construct angles 
XOB,, XOB2, XOB;, XOB,, all positive and lying in the different 





quadrants as shown in the figures. Construct also XOBy’, 
XOB,’, XOB;', XOB,’, all negative so that XOB,; and XOBy’, 
XOB, and XOB,’, etc., are equal numerically in pairs. 
From the figures it is evident that 
sin XOB, = — sin XOBy’, sin XOB, = — sin XOBy’, etc. 
Hence for all values of A less than 360° 
sin A = — sin (— A) [52] 
Since by §85 for any angle A,sin A = sin (A + 360°) it follows that 
[52] holds for any angle whatever. 
From the figures it is also evident that 
cos XOB, = cos XOB;’, cos XOB; = cos XOBy’, etc. 
Hence we have, by proceeding as above, that for any angle A 
cos A = cos (— A) [53] 
91 
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118. Sin (A + 90°), cos (A + 90°).—In extending the proof of 
the formulas in §§87-93 the following formulas will be used. 
sin (A+ 90°)= cosA es cos (A+ 90°) = —sin A _ [56] 
sin (A — ss =—cosA cos se —90°)= sinA_ [57] 


- 
* 


In each of the four figures XOB represents an angle A, and 
XOC represents A + 90°. 

It is easily verified that in each figure TC = QBand SC = — MB. 

Hence, 
sin (A + 90°) = cos A and cos (A + 90°) = — sin A. 

Since by §85, sin A = sin (A + 360°) and cos A = cos (A + 360°), 
[54] and [56] are proved for any positive angle A. 

By noticing that in each figure the angle A is coterminal with 
a negative angle, it follows that these formulas hold also for 
negative angles. 

Formula [54] may be read: ‘The sine of an angle is equal to 
the cosine of an angle which is 90° smaller.’”’ If this angle is rep- 
resented by B then sin B = cos (B — 90°) which is [57]. 

In a similar manner [55] follows from [56]. 

Hence formulas [54], . . . [57], have been proved for all possible 
values of A. 

Using [54] and [56] again it follows at once that 

sin (A + 180°) = — sin A [58] cos (A+ 180°) = —cosA [59] 

That is, adding 180° to the angle (or subtracting 180° from it) 
changes the sign of both sine and cosine. 
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119. Radian measure.—Up to this point the degree, minute, 
and second have been used as units of measure of angles. These 
units are used in nearly all tables of trigonometric functions. For 
certain purposes however another unit of angle, called the radian, 
is used exclusively. 

If the vertex of the angle AOB is the center of a circle and if 
the length of the are AB is equal to the radius B 
of the circle, then the angle AOB is one radian. 

That is, 

A radian is a central angle whose intercepted 
arc 1s equal in length to the radius of the circle. 

From geometry we know that the circum- 
ference of a circle is equal to the diameter 
multiplied by + where z = 3.1416 (approximately), or, what is 
the same thing, that the radius multiplied by z is equal to the 
semicircumference. 

Since one straight angle, which is measured by the semicircumference, 
contains 180°, it follows that one radian is equal to 180 + a degrees. If 
3.141593 is taken as the value of z, then the radian is found to be 57.29577 
degrees or 57° 17’ 44.8’’. In practice one radian is often regarded as 57.3°. 

Since 180° is equal to z radians it follows that 


° 7 ° Tv onee 2 Oe 3 One 5 
5: 60 = 3) 30 = @” 120 3 7 135 =] ™ 150 =67 
The second member in each of these equations is expressed in radians. From 
now on either the radian or the degree will be used as a unit of angle as con- 


venience requires. 





120. Rule for converting radians into degrees and degrees 


: : . 180 ; 
into radians.—Since one radian contains Be degrees, it follows 
as 


that an angle of x radians RontAgeee x degrees, and an angle of 
T 


: 180 vg : 
y degrees contains y + —, or =—--y, radians. 
© 180 
Hence we have the rule: 
To convert radians into degrees multiply by 180/r and to convert 


degrees into radians multiply by 7/180. 


EXERCISES 


1. How many radians are there in 75°? in 84°? in 97°? in 114° 30’? Give 
each result correct to three decimals. 

2. How many degrees, minutes, and seconds are there in 3 radian? in 
13 radians? in 2 radians? in 2.7 radians? 
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121. Variation of the sine.—From the table on page 25 we have 


sin’ 0 = 0.0000 sin 60 = 0.8660 
sin 15 = 0.2588 sin 75 = 0.9659 
sin 30 = 0.5000 sin 90 = 1.0000 


sin 45 = 0.7071 


which shows that as the angle increases from 0° to 90° the sine 
increases from 0 to 1, but that it increases more slowly as the angle 
grows larger. 

From the formula sin A = sin (180° — A) (see §87) we see 
that as the angle increases from 90° to 180° the sine decreases 
from 1 to 0 and that the decrease is more rapid as the angle grows 
toward 180°. 





The variation of the sine as the angle varies through the first 
and second quadrants is also seen in the first figure in which 
ZAOB, = 15°, ZAOB, = 30°, etc. If the radius of the circle 
is taken as the unit of length, then the lengths of M,B,, M.Bz, 

. . represent the sines of these angles. 

In the second figure the variation of the sine is shown as the 
angle varies through the third and fourth quadrants. It is evident 
that in the third quadrant the sine varies from 0 to — 1 and in 
the fourth quadrant from — 1 to 0. 

The variation of the sine in the third and fourth quadrants as 
compared with that in the first and second quadrants is expressed 
by the relation 

sin (180° + A) = — sin A [58] 

The variation of the sine of negative angles follows from the. 
relation sin (— x) = — sin x [52]. 

That is, as x varies from 0 to — 90°, sin x varies from 0 to — 1 
in precisely the same manner that it varies from 0 to 1 as x varies 
from 0 to 90°, and so on. 
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122. Graphic representation of the variation of the sine.— 
For the purpose of constructing graphs representing the variation 
of trigonometric functions the radian is used as the unit of angle. 
We note that 


° 1 ae ee ae. aD 2 1 
15 = 5 7 80 =§@m 4 =4 7 60 =g™ 75 = 79 7 90 a™ 
° a ° 2 ° 3 05. one Oyen 
105 = 79” 120 =37 135 =a 150 = air 165 13 ™ 1802 = 


Reducing these values to decimals correct to two places we have, 
15° = 0.26 (radians) 60° = 1.05 105° =1.83 150° = 2.62 
30° = 0:52 (Oma note Oe OOOO mano SS 
45° = 0.79 90° = 1.57 185° =2.36 180° = 3.14 
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If we plot the points whose abscissas represent angles and whose ordinates 
represent the corresponding values of the sine, we have the points O, A, B, 
L, as shown in the figure. The codrdinates of these points are O (0, 0), 
A (.26, .26), B (.52, .50), C (.79, .71), ... L (8.14, 0). If a smooth curve 
is drawn through these points, we have the sine curve from 0 to 7m. 

If this curve is continued from z to 2 x it will have exactly the same shape 
as the are shown above, but will lie below the z-axis. Similarly, from 0 to 
— 7 it will lie below the z-axis, while from — 7 to — 2 m it will be above 
the z-axis. The general shape of this curve is shown below. 


. 








In this graph the arcs 0 to 7, z to 2 7, 0 to — z and — x to — 2 w have 
exactly the same shape. 
EXERCISES 


1. From the first figure find sin 10°, sin 40°, sin 70° correct to two decimals 
and compare with the eos given on page 25. 


Suggestion: 10° = 73 = .17 (to the nearest hundredth). 
2. From the second ade verify that sin x = — sin (— x). In particular 
what are the values of sin 5) = and sin (- 5)? of sin Sz and sin (- =) 
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123. Variation of the cosine.—From the table on page 25 we 
see that as the angle varies from 0 to 90° the cosine varies 
from 1 to 0. 

In the figure Z AOB, = 15°, Z AOB2 = 30°, etc. If the radius 
of the circle is taken as unit of length, By Be Be 
then the lengths of OM;, OM», .. . Bs 
represent the cosines of these angles. 

In the second quadrant the cosines - 
are OM;, OMs, ... ,allof whichare ” 
negative. It is evident that as the?” 
angles vary from 90° to 180°, the 
cosine varies from 0 to —1. 

If as on page 94 we construct a 
similar figure showing the cosines of 
angles in the third and fourth quadrants, we find that in the third 
quadrant the cosine varies from — 1 to 0 and in the fourth quadrant 
it varies from 0 to 1. 

The variation of the cosine for negative angles is shown by the 
relation cos (— x) = cos x [53]. 





124. Graphic representation of the variation of the cosine.— 
Starting at the point -5 (— 1.57) on the «z-axis, we mark the 


poirits — 1.31, — 1.05, — 0.79, — 0.52, — 0.26; 0, 0.26, 0.52, 0.79, 
1.05, 1.31, 1.57, which represent the angles — 90°, — 75°, — 60°, 
— 45°, — 30°, — 15°, 0, 15°, 30°, 45°, 60°, 75°, 90° (see page 95). 
At these points we erect perpendiculars equal to the cosines of 
these angles and mark the ends of these A, B, C,..., L. 


























































































































Drawing a smooth curve through these points, we have the 


é Gi 
cosine curve from — = to=: 
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If this curve is continued from 5 to ay 
same shape as the are just shown, but will be below the z-axis, 


it will have exactly the 


3 Ret ee ee oe 
while from me to = it will be above the axis. Similarly from 
or 


is 30 ; ; ‘ 3 
a to — 5 it will be below the axis and from — 2 to — 5 


will be above the axis. 


it 





From this curve we may verify that cos (— x) = cos 2. 


125. Comparison of the sine curve and the cosine curve.—By 
placing the two graphs on the same axes their relation becomes 
apparent. 





These curves have exactly the same shape, and if the cosine 
T 


9 to the right (or the sine curve a 


curve is moved a distance 


distance 3 to the left) the curves will coincide completely. 


From this graph formulas [54], ... [57] (page 92) may 
now be verified. Thus sin («+ 90°) = cos x is verified by the 


fact that if the sine curve is moved a distance S or 90°, to the left 
it will coincide with the cosine curve. 


EXERCISES 


1. Using the sine curve, verify that sin (r — x) = sinz. (See § 87.) 
2. Using the cosine curve, verify that cos (t — x) = — cos x. (See § 87.) 
3. Using the sine and cosine curves, verify that if two angles are com- 
plementary the sine of either is equal to the cosine of the other. 
4. Express each of the following as a function of an angle between 0° 
and 45°: 
(a) sin 68° (d) cos 100° (g) sin (— 30°) (7) eos (— 76°) 
(b) cos 79° (e) sin 135° (h) cos (— 30°) (k) sin (— 120°) 
(c) sin 100° (f) cos 169° (i) sin (— 82°) (2) cos (— 150°) 
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126. Variation of the tangent.—The table on page 25 shows 
that as the angle varies from 1° to 89° the tangent varies from 








0.0175 to 57.2900. Since tan z = = 2 it follows that tan 90 be- 
sin 90° 1 ; 
comes ~~ 99° = 0° which does not represent any number what- 


ever, since division by zero is impossible.* 

It is easily seen that as the angle is made to vary toward 90° 
the tangent grows large beyond any definite number whatever. 
Thus tan 89°30’ = 114.589, tan 89°50’ = 343.774, tan 89°59’ = 
3,437.75, and tan 89°59’59” = 206,264.8. 


It is customary to say that tan 90° is infinite? and to write 
tan 90° = © 


This means that the angle 90° has no tangent, but that as the 
angle approaches 90° the tangent grows large beyond all bounds. 
The graph at the left shows the variation of the tangent as 


the angle varies from — 5 to . As 


the angle grows larger toward 5 


the tangent grows large without 
bound in the positive direction, 
and as the angle grows in the 


negative direction toward — 5 the 


tangent grows without bound in 
the negative direction. This shows 
the meaning of the statement: 


““As the angle varies from — 


to 5 the tangent varies from — © 





to + 00.” 


1That division by zero is impossible follows directly from the definition 
of division. “To divide a by 6 is to find a number c such that be =a. If 
b = 0 then be = 0 for all values of c. Hence if a ~0 and b = 0, there is no 
number ¢ such that a+b =c. If botha and 6 are zero, then for any value of 
c, bce =a. Hence if a = 0 and b = 0, a+b may represent any number what- 
ever. That is, it does not represent any definite number at all. 

? The word infinite means literally without end, or without bowndary, and 
this is the meaning with which it is used here. 
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. sin x 
From the relations tan x = 
COS x 





and sin (r+ x) = — sin = [58] 
and cos (r+ x) = — cos x [59] 
we have 

tan (++ x) = tan x [60] 


: 3 3 
Hence as x varies from 3 to Se or from — a 


passes through the same variation that it does when x varies from 


to — the tangent 


- 5 10 os This relation may be verified from the graph below, 


in which the solid curves represent tan x and the dotted curves 
represent cot 2. 





127. Variation of the cotangent.—From the relation 





COS & 
cot r= = 
sin x 
we have, as above 
cot (r+x) = cot x [61] 
This relation may be verified from the graph above. 
EXERCISES 
1. Using the tangent curve, verify that tan (7 — x) = — tan z. 
2. Using the cotangent curve, verify that cot (r — x) = — cot z. 


3. Using the tangent and cotangent curves, verify tan x = tan (x + 7) 
and cot x = cot (x + 7). 
4. Express each of the following as a function of an angle between 0° 
and 45°. 
(a) tan 69° (d) cot 112° (g) cot (— 60°) (7) tan (— 145°) 
(b) cot 74° (e) tan 172° (h) cot (— 84°) (k) cot (— 160°) 
(c) tan 98° (f) tan (— 40°) (i) tan (— 94°) (1) cot (— 174°) 
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128. Résumé of variation of functions——We have already 
seen (§121) that as the angle varies through the four quadrants, 
the sine varies from 0 to 1 in the first quadrant, then from 1 to — 1 
in the second and third quadrants, and finally from — 1 to O in 
the fourth quadrant. 

Similarly, we have seen (§123) that for the same variation of 
the angle the cosine varies from 1 to — 1 in the first and second 
quadrants and from — 1 to + 1 in the third and fourth quadrants. 
In the first quadrant the tangent varies from 0 to +0, in the 
second quadrant from —o to 0, in the third from 0 to +0, 
and in the fourth from — © to 0; while the cotangent varies from 
+o to 0 in the first quadrant, from 0 to —© in the second, 
from + © to 0 in the third, and from 0 to — © in the fourth. 

These variations are most clearly apparent from the graphs 
on pages 95, 96, and 99. 

The variations of the secant and cosecant have not been con- 
sidered in detail, partly because they are less important and 
partly because they can be derived directly from the relations 
sec x = 1/cos x and cse xz = 1/sin x when the variations of the 
sine and cosine are known. 





The variations of the four functions are shown schematically 
in the circles, each of which is divided into four quadrants. 

From sec x = 1/cos x it follows that as cos x varies from 1 to 0 
in the first quadrant, sec x varies from 1 to +o. For the same 
reason the secant varies from — oo to — 1 in the second quadrant, 
from — 1 to — © in the third, and from + to 1 in the fourth. 

In precisely the same manner it follows from ese x = 1/sin x 
and the known variation of the 
sine that the cosecant varies from 
+o to 1 in the first quadrant, 
from 1 to + © in the second, from 
— oo to — 1 in the third, and from 
— 1 to —o in the fourth. 
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129. Periodicity of functions.—It is at once obvious from the 
definitions of the trigonometric functions that adding 27 to an 





angle or subtracting 27 from it does not change the value of any 
of its functions. It follows that the variation of each function is 
exactly the same when the angle varies from 27 to 47 as it is 
when the angle varies from 0 to 27, and that the variation is also 
the same when the angle varies from — 27 to 0. 

It is evident that the same variation is repeated as the angle 
varies from 47 to 67, from 67 to 87, etc., and also as it varies 
from — 47 to — 2x, from — 62 to — 4m, etc. More generally, 
if the z-axis, the axis on which the angles are laid off, is divided 
into equal parts, each 27 in length, all the trigonometric functions 
will repeat their variation on each of these divisions. 

This is indicated in mathematical language by saying that 
these functions have a period of 27. 

By looking at the graph on page 99 it is further evident that 
the tangent and cotangent have a smaller period, namely a period 
of 7. That is, the tangent, for instance, goes through a certain 
variation as the angle varies from O to 7, and then repeats exactly 
the same variation as the angle varies from 7 to 27, from 27 to 37, 
etc., and also from — x to 0, from — 27 to — 7, etc. 

Similar remarks apply to the cotangent. Hence both tangent 
and cotangent have a smallest period 7. It is clear that this does 
not contradict the statement above that these functions also 
have a period 27. For the sine and cosine, and consequently also 
for the secant and cosecant, the smallest period is 27. 


EXERCISES 


1. Show that a curve representing the variation of the sine in the first 
quadrant may be used as a model for constructing the whole sine curve. 

2. Show how curves representing the variations of the cosine, the tan- 
gent, and the cotangent in the first quadrant may be used as models in con- 
structing the complete curves for these functions. 


102 PLANE TRIGONOMETRY 


130. Functions of large angles.—The tables give the functions 
of angles from 0 to 90°, and in some cases only from 0 to 45°. 
Hence it is of practical importance to find the values of functions 
of large angles in terms of functions of small angles. This problem 
we have already solved in part: 

(a) By means of the theorem (§8), that “the cofunctions of 
complementary angles are equal,” functions of angles between 
45° and 90° may always be found in terms of functions of angles 
between 0 and 45°. 

(b) By means of the theorem (§87), that ‘if two angles are 
supplementary their sines and also their cosecants are equal, 
while their cosines, tangents, cotangents, and secants are equal 
numerically, but opposite in sign,” functions of angles between 
90° and 180° may be found in terms of functions of angles between 
0 and 90°, and then by the use of (a) these may be found in terms 
of functions of angles between 0 and 45°. 

We will now study this problem more generally. From the 
periodicity of trigonometric functions it follows that in the case 
of the sine, cosine, secant, and cosecant any multiple of 27, which 
includes 27, 2-27, 3-27, etc. (that is, any multiple of 360°), may 
be added or subtracted without changing the value of the func- 
tions. This enables us to reduce any of these functions of any 
angle to the same function of an angle between 0 and 360°. 

Since the tangent and cotangent have a period 7, any multiple 
of « (that is, any multiple of 180°) may be added or subtracted 
without changing the value of the functions. This enables us to 
reduce either of these functions of any angle to the same function 
of an angle between 0 and 180°. 

It remains to reduce the sines and cosines (and in consequence 
the secants and cosecants) of angles in the third and fourth quad- 
rants to functions of angles in the first or second quadrants. 

This is done by means of the formulas 


sin:(x + +) = — sin x [58] and cos (@ 7) = —cosax_ [59] 


We will now attempt to collect these various formulas and if 
possible reduce them to a simpler form for practical use and for 
more easy memorizing. At best the result is somewhat complicated. 

131. The five-part theorem.—The following is a summary of the 
various steps that may be used in reducing a function of any 
angle to a function of an angle between 0 and 45°. 


x 
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(a) The tangent or cotangent of any angle (positive or negative) 
may be reduced to the tangent or cotangent of an angle between 0° 
and 180° by adding to or subtracting from the given angle a multiple 
of 180°. (§129.) 

(b) The sine, cosine, secant, or cosecant of any angle (positive 
or negative) may be reduced to the same function of an angle between 
0 and 360° by adding to or subtracting from the gwen angle a multrple 
of 360°. (§129.) 

(c) The sine, cosine, secant, or cosecant of an angle between 
180° and 360° may be reduced to the same function of an angle 
between 0 and 180° by subtracting 180° from the angle and changing 
the sign of the function. (§118). 

(d) A function of an angle between 90° and 180° may be reduced 
to the same function of an angle between 0 and 90° by subtracting 
the given angle from 180°, and changing the sign of the function, 
except in the case of the sine and cosecant which retain the same 
sign. (§87.) 

(e) A function of an angle between 45° and 90° may be reduced 
to a function of an angle between 0 and 45° by subtracting the given 
angle from 90° and taking the cofunction of the result. (§8.) 

The method of using this theorem is shown in the following: 


Example 1. Reduce tan (1248°) to a function of an angle between 0° 
and 45°. 
Solution: By (a) tan 1248° = tan (1248° — 6-180°) = tan 168°. 
By (d) tan 168° = — tan (180° — 168°) = — tan 12°. 
Example 2. Reduce sin (— 794°) to afunction of an angle between 0° and 45°. 
Solution: By (b) sin (— 794°) = sin (3-360° — 794°) = sin 286°. 
By (c) sin 286° = — sin (286° — 180°) = — sin 106°. 
By (d) — sin 106° = — sin (180° — 106°) = — sin 74°. 
By (e) — sin 74° = — cos (90° — 74°) = — cos 16°. 


EXERCISES 


Reduce each of the following to a function of an angle between 0 and 45°. 
Watch for opportunities to use short methods. 


Peesineoli7c 6. esc 786° 11. see (— 397°) 16. cos 1785° 
2. cos 408° 7. sin (— 812°) 12. csc (— 418°) 17. tan 894° 
3. tan 346° 8. cos (— 214°) 13. sin (— 1298°) 18. tan (— 894°) 
4. cot 594° 9. cot (— 987°) 14. sin 1298° 19. sin (— 564°) 
5. sec 493° 10. tan (— 1260°) 15. cos (— 1785°) 20. cos (— 564°) 


21. Show that any function of an even multiple of 90° 4+ 2, that is, of 
2n-90° + x, is equal to + the same function of z, the sign being determined by 
the quadrant in which the given angle falls. 
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132. Functions of special angles.—A short table of functions 
of special angles is given in §11, and functions of other angles are 
given in §§126-128. We will now arrange a larger table of func- 
tions of such angles, including in it all that have been given 
before. 


135° | 150° | 180° | 270% 
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From the sines and cosines for 30°, 45°, 60° the values for 120°, 135°, 150° 
are obtained from sin (180 — x) = sin x and cos (180 — x) = — cosz. The 
values of the other functions may be obtained from the relations 

OS x i 1 


sin £ Cc 
tan x = ——, cot = = , sec f= , csc Y = ——. 
cos x sin x cos x sin x 








The meaning of the special designation for cot 0, tan 90°, esc 0, 
etc. has already been considered ($126). 

Similar remarks apply to the other cases-where the values of 
functions are given as © (infinity). The real fact is that these 
functions have no values (do not exist, or are not defined) for these 
special angles. The values of these functions for 360° are clearly 
the same as for 0°. 

133. Extension of proof of identities.—In §§89-92 the following 
formulas were proved: 


sin (A + B) = sin A cos B+ cos A sin B 
sin (A — B) = sin A cos B— cos A sin B 
cos (A + B) = cos A cos B— sin A sin B 
cos (A — B) = cos A cos B+ sin A sin B 
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The proofs were made under the restriction that all angles 
involved were positive and that the sum of two angles involved 
should be less than 180°. That is, the formulas were proved for 
such angles as occur in triangles. It now remains to prove these 
formulas when A and B represent any angles whatever. 

The proof will be made by showing that these formulas hold 
when either angle is increased or decreased by 90°. If this is 
proved we shall find that the formulas hold when the given angles 
are increased or decreased by 90° any number of times and hence 
for any angles whatever. In the proof we need to make use of 
the following formulas: 


sin(A +90) = cosA_ [54] cos (A + 90) = —sin A_ [56] 
sin (A — 90) = — cosA_ [55] cos(A — 90) = sin A [57] 
which have been proved for all values of A. 


(1) Assuming sin (A + B) = sin A cos B + cos A sin B, which is known 

for positive acute angles, we will show that 

sin (A + 90° + B) = sin (A + 90°) cos B + cos (A + 90°) sin B. I 
Using [54], we have sin (A + 90° + B) =sin(A + B+ 90°) = cos(A + B), 
Hence the first member of equation I has been reduced to cos (A + B). 
Using [54] and [56] we have, 

sin (A + 90°) cos B + cos (A + 90°) sin B = cos A cos B — sin A sin B, 
which by [20] is equal to cos (A + B). 
Hence each member of I has been reduced to cos (A + 8B), and the identity 
is proved provided A and B are subject to the restrictions imposed in §89. 





That is we have shown that the formula for the sine of the 
sum of two angles holds when either angle is increased by 90°. 

(2) Assuming, sin (A + B) = sin A cos B+ cos A sin B, we will prove 
that 

sin (A — 90° + B) = sin (A — 90°) cos B + cos (A — 90°) sin B. II 
Using [55], 
sin (A — 90° + B) =sin (A + B — 90°) = — cos (A + B). 
Using [55] and [57], the second member of II reduces to 
— cos A cos B+sin A sin B = — cos (A + B). 


It follows as under (1) that the formula for sin (A + B) has been proved 
when either A or B is decreased by 90°. 
Hence we know that 


sin (A, + B;) = sin Ay cos B, + cos A; sin B, 


where A; and B, may be either 90° larger or smaller than A and B. 
It follows, therefore, that this formula holds for any angles whatever. 

It may be proved in exactly the same manner that the other three for- 
mulas hold for any angles whatever. 
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EXERCISES 

Prove the following identities: 

. sin (A + 90° — B) = sin (A + 90°) cos B — cos (A + 90°) sin B. 
. sin (A — B + 90°) = sin A cos (B + 90°) — cos A sin (B + 90°). 
. sin (A — B — 90°) = sin A cos (B — 90°) — cos A sin (B — 90°). 
. cos (A + 90° + B) = cos (A + 90°) cos B — sin (A + 90°) sin B. 
. cos (A — 90° + B) = cos (A — 90°) cos B — sin (A — 90°) sin B. 
. cos (A — B + 90°) = cos A cos (B + 90°) + sin A sin (B + 90°). 

134. Important trigonometric identities——Certain important 
trigonometric identities depend upon the formulas giving the 
sum of two functions as a product and the converse formulas 
giving the product of two functions as a sum. Replacing P and 
Q in the formulas of §98 by A and B we have 

sin A + sin B = 2 sin} (A+ B) cos} (A — B) [32] 

sin A — sin B= 2 cos 3 (A+ B) sin} LO B) [33] 

cos A + cos B = 2 cos 3 (4 + B) cos $ oe B) [34] 

cos A — cos B= — 2sin} (A+ B) sin} (A—B) [35] 
In §99 we have the formulas 


An kr WDN = 


sin A cos B = 3 sin (A+ B) +3 sin (A — B) [36] 
cos A sin B = 3 sin (A + B) — 3 sin (A — B) [37] 
cos A cos B = 4 cos (A + B) + 3 cos (A — B) [38] 
sin A sin B= —} cos (A+ B) +3 cos (A — B) [39] 


The use of these formulas is illustrated in the following examples: 
Example 1. Prove sin? 6 cos 6 = + cos 6 — 3 cos 3 8. 
Proof: Using 
sin 2 6 = 2 sin 6 cos 8, or sin 0 oo 6 = F sin 2 6, [22] 
sin? 6 cos 6 = sin 6 sin 6 cos 6 = 3 sin i sin 2 6, 
which by [39] is equal to 
+ (— cos 30+ cos 0) = 4 cos 0 — i cos 3 8. 
Example 2. If A+ B+C = 180°, prove sinA + sinB+sinC = 
cos 4 A cos 3 B cos 3 C. 
Proof: By [12], since C = 180° — (A + B), sinC = sin (A + B), and by [22] 
sin (A + B) = 2sin } (A+ B) cos# (A + B). 
By [32] 
sin A + sin B = 2 sin 3 (A + B) cos 3} (A — B), 
Hence, 
sin A + sin B + sin C = 2 sin 3 (A + B) [cos } (A — B) + cos $ (A + B)] 
= 4sin 3 (A+ B) cos} A cos (— 3 B). 
Since 
Gener) Cnet = 90°, sin } (A + B) = cos} C. 
Using cos (— 4 B) = cos 3 B [53], we es 
sin A + sin B+ sin C = 4 cos 3 A cos } Beos} C. 
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Example 3. Prove that sin 6 = »; (10 sind — 5 sin3 6+sin 5 8). 
Proof: By [24] sin’ 6 = (sin? 6)? sin 8 = (=SS ji sin 6 
= $ (1 — 2 cos 2 6 + cos? 2 6) sin @ 
Sa 2eos29-+ 1 tos 48) ae 
= + (38 —4 cos 26+ cos 4 6) sin 8 
= t+ (3 sin 6 — 4 cos 2 6 sin 6 + cos 4 @ sin 6) 
= 4% (8sind—2sn36+2sin6+4sin 50 — 
4 sin 3 @) 
= 75 (10 sing — 5sin36+sin 5 6). 
Example 4. Express as a product the sum of the series 
S, =sin A+sin(A + B)+sin(A+2B)+...+sin[A + (n —1) B]. 
Solution: Multiply each term of the series by sin } B. 
Then 
S, sn# B=sin Asin} B+...+sin [A +(n-—1) B] sin } B. 
By [89] 
sin A sin } B = } cos (A — } B) —}.cos (A + } B), 
sin (A + B) sin} B =} cos (A +} B) —}.cos(A+ $B), 
sin[A + (n—1) B] sin } B 
= 3 cos[A + } (2n— 3)B] —4cos[A + 3 (2n — 1) B]. 
Adding, we have, 
S, sin 4 B =} cos (A — } B) —$ cos[A + 3 (27 — 1) Bl. 
Applying [35] to the second member and dividing by sin } B, we have 
_ sin [A + 3 (n - 1) B] sin5B 


Sn 
sin 4B 





Example 5. Express as a product the sum of the series 
S, = cos A+cos (A+ B)+ cos (A+2 B)+...+cos[A+(n—1) B] 
Solution: Multiply each term of the series by sin } B. 
Then, 
S, sin} B=cos Asin} B+... -+cos[A + (n —1) B] sin 3 B. 
Using [37] and proceeding as in Example 4, we have 
cos A sin } B = isin (A + } B) —}sin (A — } B) 
cos (A + B) sin} B = }sin (A +3 B) —} sin (A + } B) 








diel ehee WRaCHe Oe ne (4 + 2n=*B)—4sin (44748). 
Adding and using [33], 
S, sin} B = —isin (A —} B)+34sin [A+ 3 (2-1) B] 
= cos [A + } (n —1) Bl sing B 
Hence, 
g _ cos [A +3 (n — 1) B] sin5B : 


n 


sn 3B 
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Note that the angles in the series in Examples 4 and 5 are the 
terms of an arithmetic progression in which the first term is A 
and the common difference is B. Note also that the method used 
for finding these sums has certain elements in common with the 
usual method for finding the sum of a geometric progression. 
The formulas fail when sin 4 B = 0, that is, when B is a multiple 
of 27. 

These formulas are important in certain applications in physics 
and in more advanced courses in mathematics where this subject 
is greatly extended. 


EXERCISES 
Group A 
Express each of the following as a function of an angle between 0° and 90°. 
. sin 198°. 7. sin 426°. “T3. sin (— 568°). 
- cos 216°. 8. cos (— 641°). vy 14. cos 617°. 
. tan (— 416°). 9. tan 194°. PF m—15. tan 562°. 
COUN —"320>)r 10° cot 2532. 16. cot 832°. 
. sec 417°. ri p~1l. sec (— 714°). 17. sec 312°. 
. ese 914°. ' i 2eCS Cee lace 18. csc 794°. 
. Using the method of page 105, prove sin (A — B) =sin A cos B — 


ConAnNhWN 


1 


cos A sin B for all values of A and B. 


Prove the following identities: 


20. 
21. 
22. 
23. 
-24. 


255 
“ 26. 
2a. 


28. 
29. 


sin (A + B) + sin (A — B) = 2sin A cos B 
sin (A + B) — sin (A — B) = 2 sin Bcos A 
cos (A + B) + cos (A — B) = 2 cos A cos B 
cos (A + B) — cos (A — B) = —2sin A sin B 
sin3 A =3sin A —4sin3 A 
sin A +cos A _ 1 

1+sin2d sinA+cosA 
cos 4A = cos! A — 6 cos? A sin? A + sin‘ A 
sin 8A cos3A _ 2 
cos A sn A tan 2A 


sin A sec A + sin B sec B = sin (A + B) sec A sec B. 











Grovur B 


Express each of the following as a function of an angle between 0° and 90°. 


1. 


An kt Wd 


tan 914°. \ VE ise Seve. 13. sec (— 325°). 
. sin 307°. 8. cos 241°. 14. sin (— 216°). 
. cos (— 874°). 9. esc 741°. 15. sin 867°. 
. cot 394°. 10. cot 956°. 16. cos 567°. 
- sec 274°, 11. esc (— 168°). 17. tan 241°, 
. cot (— 316°). 12. tan (— 416°). 18. csc 291°. 


19 
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. Using the method of page 105, prove 
cos (A + B) = cos A cos B — sin A sin B, for all values of A and B. 


Prove the following identities: 


20. 


cos (n —1) A cos A —sin (n —1) Asin A =cosn A 


. 2sin ( ~ A) cos (F +B) = cos (A — B) — sin (A +B) 








EP 22. cos A csc A + sin B sec B = cos (A — B) esc A sec B 
sin A sec A sin B sec B+ 1 
£3: 1—snAsecAsnBsecB °° ME) 
24. cos 3A = 4 cos? A —3 cos A 
1+cos2A _ : 
Z5e Rev IT Ee = cot? A 
: 3 tan A — tan? A 
Mea ree gra i 
27 Os Se OSD aan eee tan i (A — B) 
“ cos A + cos B zi 2 
28 sin (A+B) cot A+cot B 
“cos (A —B) 1+ cot A cot B 
29. cos A + cos 3A + cos 5A + cos 7A =4 cos A cos 2A cos 4A. 
Group C 
Express each of the following as a function of an angle between 0° and 90°: 
1. cot 294°. 7. tan (— 168°). 13. sin 580°. 
Zesine 1G 8. cot(— 717°). 14. ese 1240°. 
3. cos (— 264°). 9. cos 819°. 15. sec 850°. 
4. tan 316°. _-10. sec (— 275°). 16. cot 1064°. 
5. sec O12. 11. sin(— 220°). 17. cos 240°. 
6. ese 127°. 12. csce(— 271°). 18. tan 420°. 
19. Using the method of page 105, prove the formula 
cos (A — B) = cos A cos B+ sin A sin B for all values of A and B. 
Prove the following identities: 
20. sin (3A + 2B) + sin (3A — 2B) = 2 sin 8A cos 2B, 
21. sin (64 + B) — sin (6A — B) = 2 sin B cos 6A. 
/ 22. cos (4A + 3B) + cos (4A — 3B) = 2 cos 4A cos 3B. 


23. 
24. 


cos (A + 6B) — cos (A — 6B) = — 2 sin A sin 6B. 

sin (n — 2) A +sin (n A) 

Gi Aa 
cosAcscA+cosBescB __ | Altae 5 
cos A esc A — cos B ese B ee ee) 
. cos (A +B) +5in (A ~ B) =2sin(F +A) cos(F +B) 


cos 24 cos A — sin A 
“{+sn2A cosA+sinA 
cosA+sin A cosA—sinA 
*cosA—sinA cosA+sinA 








= 2 sin 2A sec 2A 
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EXERCISES 
Prove the following identities: 
; cot? A — 3 cot A 
£ 1. cot 3A = Ege ea 
2. sin 44 =4 sin A cos? A — 4 cos A sin? A 
3. cos 4A = 1 — 8 cos? A + 8 cos! A 
a + tan B+ tan C — tan A tan B tan C 
EU tia) — tan A tan B — tan B tan C — tan C tan A 
Si ARE His — cot B — cot C 
5, cota BC) ~ cot A cot B + cot B cot C + cot C cot A — 1 
: 1 1 1 1 o 
bane Tecanted Tapco ieee Ae 1+csc? A 
7. cos 3A csc A + sin 3A sec A = 2 cos 2A csc 2A 
8. sin 5A = 16 sin A — 20 sin? A+5sin A 
/-%. cos 5A = 16 cos’ A — 20 cos? A + 5 cos A 
_ 4tan A (1 — tan? A) 
Oe iG ne arnes 
By substituting in the series in examples 4 and 5 on page 107 find the sums 
of the following series: 














11. sin A +sin 24 +sin 34+... +sin (n A) 
12. cos A + cos 2A +cos34 +... + 00s (n A) 
13. sin A+sin 3A +sin54+...+sin (2n—1)A 
14. cos A+cos3A4+cos5A+...+cos(2n—1)A 


If A, B, C are angles of a triangle, prove each of the following: 

iSunpen eae Since A + B+C = 180°, we have, sin (A + B) =sin C [12], 
cos (A + B) = — cosC [13], and also sin 3 (A + B) = cos 3C [Il]. 

15.-sin A+sin B—sin C =4sin 3 Asin} Beos4C 

16. Contd Pega Brees Ga pea wit ea BsiniC 

17. cos A+cos B—cosC = —1+4cos4A cos} Bsin$C 

18. sin 2A +sin2B+sin 2C =4sin A sin BsinC 

19. sin? A + sin? B+ sin? C = 2 (1+ cos A cos B cos C) 

20. sin? A + sin? B — sin? C = 2 sin A sin B cos C 

21. cos? A + cos? B + cos? C = 1 — 2 cos A cos B cos C 

22. cos? A + cos? B — cos? C = 1 — 2 sin A sin B cos C 

23. tan A+ tan B+ tan C = tan A tan B tan C 


L CHAPTER X 
INVERSE FUNCTIONS AND TRIGONOMETRIC EQUATIONS 


IN THE courses in mathematics which precede trigonometry 
there occur several cases of what are called inverse operations. 
Thus subtraction is the inverse operation of addition, division is 
the inverse of multiplication, and finding a root is the inverse of 
raising to a power. In the course in trigonometry we have already 
encountered pairs of operations in which each one is the inverse 
of the other. 

Thus the two operations—(1) finding the sine of a given angle 
and, (2) finding an angle whose sine is given—are inverse, each 
of the other. Such operations lead to what are called inverse 
trigonometric functions which we now proceed to study. 

135. Inverse trigonometric functions and their notations.— 
The sine, cosine, tangent, cotangent, secant, and cosecant of an 
angle are all definitely fixed when the angle is given, and it is for 
this reason that, they are called functions of the angle. 

If an angle is known to be acute and if one of its functions is 
given, then the angle is definitely fixed. For this reason an angle 
is said to be a function of its sine, of its cosine, of its tangent, etc. 

Thus ‘‘the angle whose sine is y”’ is a function of y. This function 
of y is designated by the symbol sin“! y, which is read ‘‘the angle 
whose-sine is y,” or “the inverse sine y,”’ or “aresin y.” 

Similarly “‘the angle whose cosine is y’ is designated by the 
symbol cos~! y, which is also read ‘‘the inverse cosine y,’’ or 
“arecos y.” The symbols tan! y, cot—! y, sec~! y, and esc! y are 
“used to designate, respectively, “the angle whose tangent is y,”’ 
“the angle whose cotangent is y,” ‘the angle whose secant is 
y,’ and “the angle whose cosecant is y.” 

The six functions, sin! y, cos! y, tan—!y, cot“! y, sec“! y, ese! y, 
are inverse trigonometric functions of y. 


It should be noted with care that each of these symbols represents an angle, 
Thus the whole expression “‘sin~1!y’” represents an angle, and it gives the 
information that the sine of the angle is y. That is, y = sinzand zx =sin~ly 
represent the same fact. 
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In expressions like sin~! y the — is in no sense a negative exponent, but 
(one divided 


by the sine of the angle y), while sin ~-!'y means the angle whose sine is y.! 





Pee ; : ; ; 1 
indicates simply an inverse function. ‘Thus (sin y)~! means cau 


136. Simple examples involving inverse functions.—As was 
suggested on the preceding page, many of the examples already 
solved in this course really involve the use of inverse functions. 


We will now restate some of these, using the inverse notation. 
Example 1. Find sin~ 44, if it is given that the angle is acute. 
Solution: Since it is known that sin 30° = 3, it follows that 30° = sin~?! 4. 


This result may also be given in radians, namely, ~ €u sin v d. 


3 : : 
Example 2. Find cos ~! ue if it is given that the angle is acute. 


3 
Solution: aes = 57735. From the table of natural functions we find that 


the angle whose cosine is 0.57735 is 54° 44’. 
Hence 


3 
cos~ 1 xs = 54° 44’, 


Example 3. Find the value of tan ( sin71 3) if it is given that the angle is 


acute. 
Solution: This example was solved on page 15, where it was required to find 


: yer 
the functions (among them the tangent) of an angle whose sine is 3 We may 


now carry out the solution as follows: 
2 


PS : 
= lies =— 
Let x = sin 3 Then sin x 3 


4 1 
Roel Al ane 


Hence, 


Therefore, 


WI bo 


tan 7 = ———- = —=) or tan (sin- L 3) - —: 
a 3 
3 v3 ae Fi 


It should be understood clearly that the only new element introduced here 
in this problemiis the inverse notation. 

Example 4. Express each of the other five functions of sin~1w~in terms of u. 

This example is solved completely on page 16. The results are given in the 
first column of the table at the bottom of that page, sin A being used instead of wu. 


1 The symbol ™ is used for any inverse function out of analogy to the par- 
ticular case of division where this symbol is a negative exponent as well as an 
inverse symbol. 
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EXERCISES 


Find the value of z in each of the following, the angle being acute: 


' 2 3 

1. x =sin-13 2. 3. = ot 5. ¢ = tan™'—3--. 
: 3 3 
2. ¢ = tan-! 7/3. 4.2 ain 1 2. 6. « = cos-* F 


Find the values of the following: 


7. cos (sin). 10. tan (cot). 13. tan (cos~‘w). 
8. sin (cos). 11. sin (cscu). 14. cot (cos~!u). 
9. tan (sin). 12. cos (tan w). 15. sec (tan). 


137. Multiple values of inverse functions——For any definite 
value of x there is one and only one value of sin z. This is ex- 
pressed by saying that sin zx is a single-valued function of x. In 
the examples on finding the values of inverse functions that have 
been solved in this chapter it has been given that the angles are 
acute. With this restriction each inverse function is single- 
valued; but with the restriction removed inverse trigonometric 
functions have an unlimited number of values. 


Thus sin 3 has the value or 30°, if the angle is to be acute. Otherwise 


there is an unlimited number of angles whose sine is 3. 
From [12], sin — =n (= = *) Sein oe 
6 6 6 

That is, 


53 vg 
in“ 4 = — as well as — 
sin™ 3 = — as well as = 


Again from §129, sin («© + 2nr) = sin x for all integral values of n 
(positive or negative). 


Hence if sin x = 4, then 2 may have any of the values 5 + 2nm and also 


5 i 
any of the values - + 2n7, for all integral values of n. These are all values 


of sin! 4. 


In a similar manner it may be shown that each of the other 
inverse functions has an unlimited number of values. 

Hence inverse trigonometric functions are said to be multiple- 
valued. On the following pages we will study the problem of 
finding all angles which have a given value of one of its functions. 
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138. The principal values of inverse functions.—The smallest 
positive value of an inverse function is called its principal value. 


Thus a or 30°, is the principal value of sin-! $, since this is the 
ae ae es é 
smallest positive angle whose sine is 4. Again o or 270°,. is 
the principal value of sin-!( — 1), since this is the smallest positive 
angle whose sine is — 1. 
EXERCISES 


Find the principal value of each of the following, and also two other values 
of each one: 


1. sin®! 3: 13 sstanee I 2D: cot-1(- V3). 
2sins {— 4), 14. tan © 1). 26. cot (— +/3). 

, 2 = 
3. sin ve 15. tan— 1/3. 27. seeat 1. 

: 2 
4. sin (- ae . 16. tan (— +/3). 28. sec! (— 1). 

: 3 = 
5. sin7 1. 17., tan ve 29. sec! 4/2. 

; 3 e 
6. sin! (— 1). 18. tan (- 2) 30. sec +/3. 

2 ce 
7. cos 4. 19. tan we 31. sec (— +/2). 
2 
8. cos—! (— 3). 20. tan (- ae : 32. esc? 1. 
2 
9. cos a 21. cot 1. 33. csc (— 1). 
2 

10. cos (- a2 . 22 eCOb (1) 34. esc 1/3. 
11. cos 1. 23. cot7 e 35. ese! 1/5. 
12. cos“ (— 1). 24. cot1/3. 36. csc (— V3). 


139. Angles having the same sine.—Let c be a number between 
— 1 and + 1 (or possibly equal to — 1 or to + 1). 

If cis positive there is an angle A in the first quadrant such that 
sin A = c. If c is negative there is an angle in the third quadrant 
such that sin A =. 

In either case A is the principal value of sin-!c and by [12] | 
sin A = sin (x — A) for all values of A. 
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By § 129 

sin A =sin(A+2n7z)... (1) 
and 
sin (r — A) = sin (nm — A + 2nz) = sin [(2n + 1) r— A], (2) 


for all integral values of n. 
These may be written 


sin A = sin (nx t+ A) (3) and sin A = sin (n 7 — A) (4) 


with the provision that 7 shall be even in (3) and odd in (4). 

The expression sin [n 7+ (— 1)” A] includes both of these, 
since (— 1)" = 1 for even values of n and (— 1)” = — 1 for odd 
values of n. Hence we know that n 7+ (— 1)” A includes all 
angles whose sines are equal to sin A. 

That is, if sin x = sin A, then ® = n7+ (— 1)" A. 

Hence, 
sin A = sin [n t+ (— 1)" A] [62] 


Sight Work 


1. Find the values of nxr+(—1)"A for 
A 602 and? =O,7=1) 7 =2) n= 3, n= — I, 
n=-2,n=—-3. j 

2. Using the figure in the margin, point out / 
the angles A, s— A, 21 + A, -2r +A and ____{_. i 
show why their sines are equal. . Ne w / 

3. Construct a similar figure making A = \ “S74 , 
215° and show why the general formula gives aS Pa 
angles whose sines are equal to sin 215°. 





140. Angles having the same cosine.—By a study similar to 
that just made for the sine we find that 
cos A = cos (2n t + A) [63] 
for all integral values of n. 
That is, if cos x = cos A, then, x = 2n r+ A. 
141. Angles having the same secant and cosecant.—From the 
relations 





1 1 
sec A = oe and csc A = See 


it follows that 


sec A = sec (2n7+ 4) [64] 
and csc A = csc [n r + (— 1) A] [65] 
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142. Angles having the same tangent and cotangent.—The 
tangent is positive in the first and third quadrants, and negative 
in the second and fourth. 

Hence, if tan « = tan A, then x terminates either in the same 
quadrant as A (is coterminal with A), or it terminates in the op- 
posite quadrant from A. This is a direct consequence of the 
formula 


tan x = tan (+7). [60] 
From this formula it also follows that : 
tan A = tan (n z+ A) [66] 
where n takes all integral values, both positive and negative. 
Hence, if fan «= tan A, 
then, z=nrt+A. 
In exactly the same manner we obtain 
cot A = cot (n7z+ A). [67] 
Hence, if cot x = cot A, 
then, t=nrt+A. 
Formulas [62] . . . [67] may be verified readily from the graphs 


of the trigonometric functions. 





EXERCISES 


1. From the first graph find a series of angles whose sines are 3, and also 
a series whose sines are — $. How would you find from the graph a series 
whose sines are 4/7? whose sines are 1? whose sines are — 1? 

2. From the second graph find a series of angles whose cosines are a 
How would you find a series of angles whose cosines are — 3? 

3. From the third graph find a series of angles Thos tangents are 1. 


How would you find a series of angles whose tangents are — 5/6? 
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143. Identities involving inverse functions.—From the con- 
verse statement in §8 it follows that 


< wv 
sin! z+cos1z = 5 


' In this equation it is understood that x is positive and that 
sin z and cos~! x both represent principal values. 
Similarly, under the same restrictions, we have 


tan y + cot y = 3 
and 
sec! y + ese! y = * 


Example 1. Prove, sin (cos! u) = ~/1 — wu 
Proof: Let cos u = A. 








Then, 
cos A =u 
and 
sin A = 7/1 — w. 
That is, 
sin (cos! u) = +/1 — w. 
Wha =o) 
Example 2. Prove, tan uw + tan» = tan“ 7 —— 
Proof: Let tan u = A and tan v = B. 
Then, 
tan A = wand tan B =v 
and 
tan (A + B) = 2”. 
That is, | 
ute uty 








i as -1 -1 ay = -1 ; 
A+ B= tan haere tan u + tan v = tan Tare 
uto+tw— uw 
-1 -1 -1 2 ca le ee ae 

Example 3. Prove, tan! u+tan1v + tan w = tan eee 


Proof: Let tan u = A, tan v = B, tan w =C. 








Then, 
tan A =u, tan B =», tanC = w, 
and 
tan (A+B +0) = tan (A+ B40) = aa tin + 
v+w 
a metas GaP Ose = aD | 
ms v+w l—w—vww—wu 
1—wu 
1 — vw 
Hence, 


utov+w— ww 


tan u + tan »v + tan w = tan) ———_———___.. 
% 1 — w — vw — wu 
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Sight Work 
Find the values of the following: 
1. sin (cos 4). 7. tan (tan—! x — tan-! y). 
2. cos (sin 3). 8. tan (tan 2 — tan71 1). 
3. tan (tan 1 + tan 2). 9. cot (cot! 1 + cot 2). 
4. sin (cos 4 1/2). 10. cot (tan7! 4 4/3). 
5. tan (2 tan— a). 11. tan (cot 3). 
6. cot (2 cot z). 12. tan (tan a + tan 3 a). 
EXERCISES 


Prove the following: 

1. sin (sin? z+ sin y) =2vV/1—ytyVI1 — @& 
. tan (tan! 4 + tan 4) = 1. 
. tan (tan—! 1 + tan 2 + tan7 3) = 0. 


~~ WwW ND 


x : 
. tan-! —— = sin! zg. 


V/1 = # 
5. tan! x + cot“! (x + 1) = tan“ ats 
; —b y= c—a 
6. tan | tant + ix ap + tan ae + tan 173 |-0. 
7, sin (sin7! x + cos y) = zy + V1 — @--V1 — x. 
8 
9 








. tan (tan 4+ tan 4+ tan 4) = 12. 











as a 7—"|- 2e-1 
. tan [ tan ea | a4 ea) 
— | _@#+1 2x (x + 2) 
1 Be oN Ue reli 
10. tan [ tan = ee eee TG 


Find the values of the following: 
11. tan (tan 3? + tan $ + tan™ $). 
12. tan (tan 4 + tan! ++ tan} 


1 1 
-11 -1= -1 = ar 
13. tan (tan 3 + tan 5 + tan 7 Lo tan 3) 
14. tan [ tan poe ang "| 
z—1 x 


A5. sin (sin x + sin 2z). 
16. sin (sin! 4 + sin 4 4 sin™ $). 








| 17. sin (tan 3 4+ tan?4+ tan? ) 
onl. om “ijl 
18. cos { sin! 4 sin! 2 +4 sin Dp} 


19, tan (cos 5 4+ cos! + + cos™ 4), 


20 


1 1 1 

-1- =] =. ea Vs 

cos (tan 2» 5 + tan 10 + tan 5) 
21. sin (cot24 + cot 4 + cot }). 
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144. Trigonometric equations——A number of simple trigono- 
metric equations have already been solved (pages 112-116). 

Thus it was found that if sin x = sin A, thenz = na + (— 1)" A. 

If the equation is given in the form sin x = ¢ and if sin7! ¢ is 
taken to represent only the principal value, then one value of x 
is « = sin7! ¢, and all the values of x which satisfy the equation 
sin «= c are given by 

x=n7r+ (— 1)"sin“«. 
We will now consider the relation 
sing — V2 sina+i=0. (1) 


This equality is certainly not an identity, since it is not satis- 
fied for all values of x. It does not hold, for instance, for « = 0. 


Solving this equation for sin x we find 


sin x = 3 1/2. (2) 
vi 


Hence equation (1) is satisfied by x = q 
By [62], the set of all values of x which satisfy (2) is given by the expression 


nes 
4 
Therefore this expression gives all values of x which satisfy (1). 


x=na+(—1) 


145. Solving trigonometric equations.—Solving a trigonometric 
equation consists in finding all values of the unknown angle (or 
angles) which satisfy the equation. 


Example 1. Solve 4 sin x = csc x. 
Solution: We have 


: 1 ; 
4 sin © = —— or4sin?x = 1. 
sin x 


Hence, sin x = + j, 
and by [62], 


z=na+(-1@ and 2 = nm — (— 1)": 


Example 2. Solve 2 cos? z+ 7 sin « —5 =0. 
Solution: We have 
2 (1 —sin? x) +7sinz—5 =0, 
2sin?x—T7snx+3=0, 
7+ V/49 — 24 
= 8} oh 
4 
Since 3 cannot be the value of the sine of an angle, it follows that 4 is the 
only value of the sine which satisfies this equation. 
Hence by [62], 


sin f= 





z=nnr+(-l De 
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Example 3. Solve, tanz —6cotx+1=0. 
Solution: We have 





tan 7 — S +1=0, 
ta 


ma 
tan? «x —6+ tan z = 0. 
Hence 
tan x = 2 or — 3, 
and by [66], 
z=n7r+tan12, 2x=n7+ tan (— 3), 


tan-! 2 and tan! (— 3) being understood to represent principal values only. 
Example 4. Solve, cos 2x secx+secx+1 =0. 
Solution: We have 
2 — ain2 
(cos? x — sin? x) 1 rea, 
cos £ COs x 
cos? x — sin? «#+1+cos2=0, 
2 cos? x + cos x = 0, 
cos x (2 cosx+1) =0. 
Hence 


cos « = 0 and cos x = — . 


NIA 


But cos x = 0 does not satisfy the given equation, since this makes + = 


(or ai a ), and for this value of x the secantisnot defined. Fromcosz = — 3, 


n= nek 


No general rule can be given for solving trigonometric equations. 
It is usually convenient, however, first to reduce the equation so 
it will contain only one function of the same angle. In this respect 
note all the examples given above. 


EXERCISES 
Solve the following equations: 
1. cos x = cot? x. 14. 3cos7+5sinz = 4. 
Z.1C0S 24 = 2 sin xs 15. snzx+2cosz =1. 
Basin 201) 2 cose, 16. sec 2x = 2 cosx—1. 
4. sin x = cos 22. 17. 2 sin? x + sin? 2x = 2. 
5. sec @ = 2 csc @. ,A8. sin x sec 22 =1. 
6. cos 2x = — cos x. ~ 19. tan 2x tan x = 1. 
7. 2sin? x -+3 cos z = 0. 20. sin? x — cos? x = 0. 
8. sinz + cos 2 = V2. 21. cos x cos 3 x = — 3, 
9. cos 24 + cos x = — 1. 22. cos 22 = sin 4 x. 
10. ‘cos 2a = cos?'a. 23. tan? x + cot? x = 2. 
11. sin? ce —2cosx+}=0. (24. sec? x + 3 tan? x = 5, 
12. cos 2x + sinz = 1. (25. cos 3x + sin x = cos 2. 


13. tan 2x + 2sin z = 0. 26. sin z + sin 2x + sin 3x = 0. 
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146. Simultaneous trigonometric equations.—The examples 
given below illustrate the more important types of simultaneous 


trigonometric equations. 


Example 1. Scive for x and y the equations: 
sinz+siny =a 
cos x + cosy = b 
Solution: By [82], 
sin x + sin y = 2 sin 3 (x + y) cos } (x — y) =a, 
and by [84], 


cos x + cosy = 2 cos} (x + y) cos 3 (w@ — y) = 0. 


Dividing (3) by (4), 
tan } (x + y) = 
Therefore, 


sin $(2+y)=+ TitE 
Substituting (6) in (38), 
cos #(@—-y) =+4Va?+ 0% 


From (5), 
rt+y= 2 tan 5 
From (7), 
z—y =2cos2 (43 Vae+B). 
Hence, xz = tan-! : + cos! (+ 3 V/a?+ BY), 


y = tan7 — cos! (+ 3 Va? +b’). 


The general solution is: 


us 


z= 2n r+ tan ; + cos! (+ 4+/a2 + 2), 


y = 2n w+ tan“! 5 — cost (+ $-Va? + B) 


where the inverse functions represent principal values. 
Thus, if it is given that 


sin z+ sin y = 3, 
cos z+ cosy = : 
then, 


n= nxt tant + cos (£5 VI0 


y= 2n w+ tant g — cost (£5 VIO ). 


(1) 
(2) 


(3) 


(4) 


(5) 


(6) 


(7) 
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Example 2. Solve for r and x the system 


[resin x =<, (1) 
\r cos x = b. (2) 


Solution: Squaring both members of (1) and (2) and adding, 
r? (sin? z + cos? z) = a? + bY, or r = + Va? + B% 
Dividing (1) by (2), 
tania = 
and 
x = tan? 4 


The sign of +/a? + 6? must be so chosen that (1) and (2) will be satisfied. 
Thus, if 


rsin ¢ =4, 
r cos & = 6, 
Then, 


r=+2+/13 and ¢ = tan" 5: 


If the principal value of tan 3 Is taken, r must be positive. That is, in this 
case r = 2 V/13. 


Example 3. Solve for r, x, y the system 


r sin x cos y = 4, (1) 
(PLN Gy Ginn, 2) = (a). (2) 
r COS 2 =C. _ (8) 


Solution: Dividing (2) by (1), 
tan y = : and y = tan7! 2. 


Squaring (1), (2), (3) and adding 


r2 (sin? x cos? y + sin? z sin? y + cos? 2) = a2 + b? + c? 
= 7? [sin? x (cos? y + sin? y) + cos? a] 
= 7? (sin? x + cos? x) = 7°. 


Hence, 
rP=e+b+c? or r=4t4VP4+R +c. 
From (8) 
os 0 = 
a/ a2 + b2 +¢ 
or 


c 
x=cos?{ + ——— }. 
( ea 
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Hence the complete solution is 
r=tV8+R42¢ 


— = te. Oa le ae 
x 00 + aa) tn 


y = tan“ : + 2n x. 
The signs of 4 ~/a? + b? and of ~/a? + 6? + c? in Exs. 1 and 3 must be taken 
so that original equations will be satisfied. 


EXERCISES 


Solve the following systems of equations: 


1 
Se Te ak: ee: 


5 7 cos f = 2. 
cos % + Cos Y = 7° 


cos  — cos ¥ = 5 


cos £ + cos y =a 8. fees Ne 
cos2xz+cos2y=b. fee 


r sin 2 cos y = 2 rsin x cosy = ~W/5 
rsin x sin y =3 .4rsin sin y =+V/7 
rcos y = 4. rcosy = V 10. 


rsin x cos y = 8 rsin x cos y = 2 
5. jr sinzsin y = 10 .4rsin zsiny=~V/f5 
r cos y = 12. a r cos y = V7. 


4, 


1 
feoae le mee 


147. Equations stated in terms of inverse functions.—An 
equality of the form 
cos—! x + cos—! 2a = cos! 4 
is not an identity and hence presents a problem for solution. 


Example 1. Solve for z, cos“! x + cos“! 2x = cos“ 3. 
Solution: Let cos! x = A and cos! 2% = B. 


Then, 

cos A = 2 and cos B = 2z, 
Hence, 

sin A = +/1 —2, sin B = 1 — 43 
and 

cos (A + B) = cos A cos B — sin A sin B 
=2-We—-VJ1—a- V1 — 42%. 

That is, 


— Vina: V/1- a = 4 
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Then, 

(2a? — 4)? = (i — 2?) (1 — 42”) 
or 

44 — 27? + 4 = 1 — 5x? + 424, 
or 

322 = #£ and x = + 4. 


If cos A = 3, then A =3 and if 


Since in this case A + B = e 
satisfied. 
If cos A = —3, then A = 
aes ani 
3 


Since cos { 7 + 3 ) = cos > 


_ 


cos B = 1, then B =0. 


A Tv 5 ° A 
and since cos Gites 3, the given equation is 


» and if cos B = —1, then Reece and A+B 


3, the given equation is satisfied. 


Hence x = 3 and x = — 3 both satisfy the given equation. 




















Example 2. tan“ (x + 1) + tan (2 — 1) = tan }. 
Solution: Let tan («+ 1) = A and tan (x — 1) = B. 
Then, 
tan A =2+1 andtanB=27-1 
and 
_ tanA+tanB 2£+1+4+2-1 
Cee eel amar anys nyt hee Ce aah CSD 
22 
2-2 
Hence, 
2x Fi 
zp tands=-44 372. 
EXERCISES 
Solve the following equations: 
1. sin-! x = cos! x a a 37 
2. 2 sin x = 3 cos a. :. COUN OUR ar igs, 
3. tan™ 5 a oe 9. cos + cost V1 — 2 = cost 27/3. 
4, sin zt sing =i. 10.4anet oe mae Loe 
Ge 9 tan Pea pas maar 
ae Se w 
5. sin? a2-+sin™ 27 = 3 M1. 2 tents int 4 = sinch 
a Py 3a 
6. tan 1 +2 cot les a R12. tant 247 + ta na Potgeme test 
7. sin+2x+3cos!2 = z. 


CHAPTER XI 
DE MOIVRE’S THEOREM 


Tuis chapter contains the beginnings of a theory which uses 
trigonometric functions in the study of complex numbers. While 
at the outset this theory appears to be purely abstract and of no 
practical value, it eventually leads to important applications in 
various branches of mathematics and also in physics, mechanics, 
and in practical engineering. 

148. Real numbers.—The ordinary numbers of arithmetic 
indicate magnitude only, while the real number system of algebra 
includes both positive and negative numbers, and hence the 
numbers of algebra represent both magnitude and quality. 

The numerals + 1 and — 1 may be regarded as quality units, 
and any real number may be regarded as a multiple of one of these. 
Thus + 5 may be regarded as 5(+ 1) and — 5 as 5(—1). The 
multiplier 5 is a number which represents magnitude only, and is 
the kind of number which is used in elementary arithmetic. A 
real number therefore is the product of an arithmetic number 
and a quality unit. The arithmetic multiplier is called the arith- 
metic value or the absolute value of the real number. 

149. Imaginary numbers.—Since the square of any real number 
is positive whether the number itself is positive or negative, it 
follows that in the real number system there is no square root of a 
negative number. Thus there is no real number which is the 
root of an equation like x? = — 1, x? = — 2, or x? = — 25. 

Imaginary numbers were deliberately invented so that every 
algebraic equation might have a root. The essential element of 
this system is the imaginary unit, \/—1, also designated by 7, 
which has the property that 7? = — 1, or /— 1)?=—1. 

An imaginary number is a product of a real number and the 
imaginary unit. Thus 62, — 32, etc., are imaginary numbers. 

The square of an imaginary number is always a negative real 
number. Thus (62)? = 6%2 = 36 (— 1) = — 36, 

and (— 31)? = C= 3)? @)? =9 (—1) = — 9. 

Both imaginary and real numbers may be considered as special 

cases of the complex number which we now proceed to study. 
125 
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150. Complex numbers.—A number expressed in the form 
a-+ bi, where a and 6 are real numbers, is a complex number. 
Thus 2 + 32, 1/2 — 2i, and — 6+ 1/37 are complex numbers. 


The complex number a+ bi is thus seen to consist of the sum of a real 
number a and an imaginary number bi (or ib). The a is called the real part 
of the number and bi the imaginary part. 


151. Graphical representation of complex numbers.—Complex 
numbers admit of a convenient geometric representation by what 
is known as the Argand diagram. Use is made of ordinary square- 
ruled paper with a pair of mutually perpendicular axes. Real 
numbers are represented by line-segments extending from the 
origin to points on the horizontal axis, or axis of reals. As in the 
figures studied earlier in this course (see page 58 et seq.), distances 
to the right of the origin represent positive numbers and distances 
to the left represent negative numbers. 

Imaginary numbers are represented on the vertical axis, or the 
axis of imaginaries. Thus 27 is repre- 
sented by a point on this axis two units 
above the origin, and — 37 is represented 
by a point three units below the origin. 











number that has this property. 

To represent a complex number a + 67 
graphically, lay off a along the axis of es [el she Spa er ae 
reals beginning at the origin as described lake [Stes Laat eet. kc eae 
above, and from the extremity of this 
segment lay off b in the vertical direc- 
tion, reaching the point P in the figure. 
The line-segment from the origin to P 
is the graphic representation of the com- 
plex numbera+ bz. The point P itself 
may also be regarded as a representation 
of this number. 

In this manner every point in the plane is made to represent 
a complex number, and conversely, every complex number is 
represented by such a point 
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It should be noted that in a + bi, the real numbers a and b may have any 
values whatever including zero. It follows that real numbers and also pure 
imaginaries are special cases of the complex number. If b = 0, a + bi reduces 
to a+0-i%=a, and the corresponding point lies on the axis of reals. If 
a=0,a+bi = 0+ bi = bi, which is a pure imaginary, and the correspond- 
ing point lies on the axis of imaginaries. If a = 0 and b = 0, the correspond- 
ing point is in the origin. 








SIGHT WORK 


points A, B, C, D, E, in the figure? 
2. On a graph mark the points correspond- 
ingto 1+ 21, 3 — %,—2 — 27,2421, 2-7. 





























152. Equality of complex numbers.—Two complex numbers 
are equal only when their real parts are equal and also their 
imaginary parts. 

That is, a+ b¢ = c+ di if, and only if, a= cc and b = d. 

This is seen at once from the graphic representation of complex 
numbers. 

153. Type-forms of the complex number.—A complex number 
may also be regarded as an arithmetic mul- 
tiple of a complex unit. From the graphic 
representation the line segment which repre- 
sents the complex number a + 67 is seen to be 
/a? + b? in length. 

If we denote this quantity by r we have 


a+ bi= r( 24%) 
fe We 


In this expression r is called the modulus and =+ 1 : the complex 





unit. This is one of the type forms of the complex unit and 
(2 + 2s) is one of the type forms of the general complex number. 
Denoting by ¢ the angle X O P, we have 


as cos anaes = sin 
iy is ae Rig ae: 


128 PLANE TRIGONOMETRY 


Substituting 
“= cos g and ° sin ¢ in its type forms on page 127 gives 


cos ¢+isin g andr (cos ¢ +i sin ¢) 


which are the respective trigonometric type forms of the complex 
unit and of the general complex number. The angle ¢ is called 
the amplitude of the complex number. 

Notice that a line segment representing a complex unit is 
always of unit length, and that hence a point P representing a 
complex unit lies on a circle with radius unity and center at the 
origin. 

Since coterminal angles have equal functions it follows that 


cos y+ isin ¢ = cos (Qn 7+ ¢) +isin (Qn7+4 ¢). 


This latter form may be designated as the 


general trigonometric type form of the com- Ne 

plex unit. 7 & 
It should be noted that while the modulus 

of the complex unit is always equal to unity, 0 Cos ? 


the amplitude may be any angle whatever. That is, complex 
units are not equal in the ordinary sense. 


SIGHT WORK 


1. Show why the modulus of the number represented by P in the figure 
is 1/13. 

2. Find the sine and the cosine of the amplitude of 
the number represented by the point marked P in the 
figure. 

3. Find the modulus of the number 3 + 47. Also 
find the sine and cosine of its amplitude. 

4. Find the modulus of each of the following num- 
bersi1— 71, 544,54, —2— 70-3 — he 7.4030. 

5. Find the sine and cosine of the amplitude of each of the complex num- 
bers in Example 4. 





154. Arithmetic operations on complex numbers.—Two com- 
plex numbers such as a+ bi and c+ di are added by adding the 
real parts and also the complex parts. 

Thus, 


(a+ bi) + (c+ di) =a+ce+ (b+ ai. 
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The product of two complex numbers is found exactly like the 
product of two ordinary binomials, remembering that (7)? = — 1. 
Thus, 

(a+ bt) (c+ di) = ac+ adi + bei + bd(2)? 
ac — bd + (ad + be)i. 
Sight Work 

Find the products of 1. (8 + 22) (1 — 27), 2. (1 — 37) (2 — 7), 3. (2 — 72) 
(-1+2), 4. (-44+ 22) (8 — 27), 5. (-1+7) (1-2), 6. (2-7) (2+2), 
7. (-4+ 7) (-4—- 7). 

155. Multiplication of complex units.—We shall now consider 
more in detail the products of complex numbers, and in particular 
of complex units. 

Putting two complex units into the trigonometric type form 
and multiplying as above, we have: 


ll 


(cos g1 +7 sin 1) (cos g +7 sin g) “i 


= COS ¢1°COS go + 2 Sin g; Sin g~+7sin gy 
COS go + 7 SIN ge COS Gy 

COS ¥1°COS ¢2 — SIN ¢g; SIN gy + 7 (sin gy 
COS g2 + SIN g: COS ¢) 

cos (¢1 + gx) +7 sin (gi + ~). 


II 





Thus, it is seen that the product of two complex units is another 
complex unit whose amplitude is the sum of the amplitudes of the 
given units. In the figure these three numbers are represented 
by | Big le and IP. 

It follows that the product of three complex units cos g:+7sin ¢1, 
COS 2 +72 SIN ge, COS Y3-+ 2 SIN ¢g3 IS 

cos (¢1 + g2 + ¢3) + 72 sin (gi + v2 + 9s) 
and that the product of n complex units cos g; + 7 sin g1,..., 
COS Gn + 7 SIN gn, IS COS (Yi + got... + gn) +72 8In (G1 + Go + 
Peel lo we Gn)- 
Sight Work 

1. If it is given that sin 30° = 4, cos30° = 3 1/8, sin 45° = 4/2, cos 45° 
= 44/2, find sin 75° and cos 75°. 

Suggestion: (cos 30° + 7 sin 30°) (cos 45° +7 sin 45°) = cos 75° + 7 sin 75°. 

Substitute the given values in the first member and multiply. 

2. If it is given that sin (— 30°) = — 3 and cos (— 30°) =} +/3, find 
sin (— 60°) and cos (— 60°). 

3. If it is given that sin 30° = 7, cos 30° = 3 v/3, sin 60° = § v3, and 
cos 60° = 3, show by the method suggested above that sin 90° = 1 and cos 
90° = 0. 
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156. De Moivre’s theorem.—If a complex unit is multiplied 
by itself by the method of §155, we find that a complex unit may 
be squared by simply doubling its amplitude. 

That is, 
(cos ¢ +7 sin vg)? = (cos g +7 sin ¢) (cos g +7 sin ¢) 
= cos (p+ ¢) +7 sin (¢+ ¢) = cos 29 +7 sin 2¢. 

Similarly, a complex unit may be cubed by multiplying its 
amplitude by 3, may be raised to the fourth power by multiplying 
its amplitude by 4, and so on. 

These are special cases of the theorem known as De Moivre’s 
theorem: 

The nth power | of a complex unit is a complex unit whose ampli- 
tude 1s n times the amplitude of the base. 


In symbols, 


(cos p+isin ¢)"=cosny+isin No [68] 
. Proof: Case I. Let n be a positive integer k. 
Then 
(cos g +7 sin ¢)* = (cos g+7sin g) (cos¢+7sin gv)... tok factors. 


= cos (vy +¢y + to k terms) +7 sin (gy + ¢ + to k terms) 
=coskg+isink ¢. 


Case II. Let n be the fraction = r and s being positive integers, and : being 


in its lowest terms. 
By Case I it follows that 


ge a. @\8 sree 
cs = cos gp +2751 ¢. 


‘s 
Taking the sth root of each side, 


ees Chey OD) s 
cos + t sin® = (cos g +7 sin ¢) 


Raising each member to the rth power, 
A 


r Acai aif ee Ss 
cose +7 sin = g=(cos¢g+ising) . 


Case III Let n be any negative number — p. By actual multiplication 
[cos ¢ +7 sin g] [cos (— ¢) +7 sin (— ¢)] = cos0+i7sin0 = 1. 
Hence, 
1 


————=— = (cos 2 sin g)7. 
cosg+7sn¢g ( i ¢) 


cos (— g) +7 sin (— ¢) = 
That is, 


(cos ¢ +7 sin ¢)"! = cos (— ¢) +7 sin (— g). 


1The word “power” is used here to denote the result of affecting the 
number by an exponent , whether 7 is integral or fractional, positive or 
negative. 
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Raising both members to the power p, by Cases I and II, 
(cos gy +7 sin ¢)~? = [cos (— ¢) +7 sin (— ¢)]?. . 
= cos (— p g) + isin (— p g). 


This proves the theorem for any rational exponents. It may 
be extended to the case of irrational exponents by an argument 
involving the method of limits. 

157. Roots of complex units.—Since the square of a complex 
unit expressed in the form cos g + 7 sin g may be found by doubling 
its amplitude, it follows that the square root of such a unit may 
be found by dividing the amplitude by 2. . 


That is, from (cos ¢ + 7 sin vg)? = cos 29 + 7 sin 2e 
it follows that ~/cos ¢ + 7 sing = cos 5 + isin . 
Similarly, it follows that | 


V/cos gy +i sing = cos 5 + isin § 
vW/cos ¢ + 7 sin g = cos G+ isin 


and in general 
n TG r (2) jen 
V cosg+7sing = cose atk hia on 


We have seen (§153) that 

cos 9 +7 sin g = cos (kr + ¢) +7 sin (Qh + ¢) 
for all integral values of k. 
Hence we have, 


Veo oF ising = cos MET 4 j sin Mat ¥ 


for all integral values of k. 
This means, for instance, that each of the expressions 











? sae 2r+o .. 2r+e 
Cos'5 1 7 sin 2) cos 3 rhe BUN ae ) 
cos FFE 4 i sin ATE, cos FEF 4 § sin ETE, 


is a cube root of cos ¢ + 7 sin ¢. 
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However, this process gives only three distinct cube roots of a 
complex unit, since 











On Grpe eee Om ee v7 ee 
cos sa +2 sIn per tags cos’, + 7 sin 3 
Sr +o... Ser ei Qr+e... te 
cos 3 +72sin parce: cos wort + 72sIn = geo , 
alta shaver fe ttt D fpe ite re apa eal ir 
3 53 33 3 
Hence, 
ee oe ke vn te 2n+¢ 
C08 echt CO aoe + 7 sin 3 ’ 
cos Hes i sin ate are the cube roots of cos ¢ +7sin g 


obtained by this process. 
In the same manner we find four fourth roots of cos g + 7 sin ¢, 
and, if n is a positive integer, n nth roots of cos ¢ + 7 sin ¢. 


EXERCISES 


1. Show fully how to find the four fourth roots of cos ¢ + 7 sin ¢, and 
show why there are not more than four distinct fourth roots. 

2. In a similar manner show that cos ¢ +7sin ¢ has exactly five distinct 
fifth roots and exactly six sixth roots. 

3. Find the eight distinct eighth roots of unity. 


158. The roots of any number.—Since any complex number 
may be expressed in the form r (cos ¢ + 7sin ¢), where r and 9 
are positive real numbers, and since we have seen that there are 
n nth roots of cos g¢ +7 sin g, and since the positive real number 
r has one arithmetic nth root, it follows that r (cos g +7 sin ¢) 
has n distinct nth roots. That is, 


W/r(cos o + tain g) = 1 (cos ** +? 4 sin Rt O) [ 





69] 


for all integral values of k. As shown in §157 this gives rise to 
exactly n distinct roots. 
But any number, real or complex, may be expressed in the 
form r (cos g +7 sin ¢). 
Thus, ; 
2 = 2 (cos 0 +7 sin 0), 3 = 3 (cos 5 + isin 5) 


and 


3+ dt = VV 34 [ cos (tan 3) +7sin (ton 3) | 
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if » = tan7 then 3 + 5¢ = 7/34 (cos¢ +7 sin ¢). 
Hence it follows that every number (real, purely imaginary, or 
complex) has n distinct nth roots. 

Example. Find the six sixth roots of 1 + 3 7. 

SOLON aN eels Ol —aN/ LO andeor— tale ora /leno rod 


Hence, 
V1+5i= (/I0)' (cos ESTE Sask = eS +7 sin Ss = ~~) 


1 
= (10) (cos 11° 55’ 39” +7 sin 11° 55’ 39”) 


1 
= 10” [.9784 + 7 (.2066)], is one of the sixth roots of 1 + 37. 
From 








a aYave) ° , ” ° ° , ” 
108 (cos 360 any 33’ 54 sepia 360 Le 33’ 54 ) 


we obtain another sixth root, and so on. If it is desired to find a decimal 


1 
approximation of (10), logarithms should be used. 


Hence, the n nth roots of a number, n being a positive integer, 
may be obtained through the following steps: 

(a) Put the number into the general trigonometric type form of a 
complex number. 

(b) Apply De Movwvre’s theorem. 

(c) Assign to k the values 0,1, 2, ...,n—1. 


EXERCISES 
1. Find the five fifth roots of 1 + 7. 


Suggestion: 
1+7= V2 (cos | + isin F), 


1 Qha + 7 Qke + 5 
Sarees re or Phe . 
A/1 1% = 20 cos ——z__ + t sin Pas 


Hence, 





Assign the values 0, 1, 2, 3, 4 to & and find the roots. 

2. Find the three cube roots of unity and compare with the roots of 
es ()s 

3. Find the three cube roots of 7 and check by raising each to the third 
power. 

4. Find the four fourth roots of 7 and check by raising each to the fourth 
power. 
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159. Formulas for sine and cosine of multiple angles.—By 
using De Moivre’s theorem, formulas for the sine and cosine of 
multiple angles may be obtained as follows: 

(cos g+isin g)"=cosng+isnn g. 
Expanding the left member by the Binomial Theorem, we have 


(n — 1) 


cosng+isinng= cos” ¢+ ncos* o(7 sin ¢) + 5 


n (n— 1) (n — 2) 
2-3 


cos"? o 





(@ sin yg)? + Gos’=! o (7 sig) pee ae 


Noting that 2 = — 1, #@ = — 7, 74 = 1, etc., and collecting real 
and imaginary terms, we have 











cos n y+ 7sin n y= Cos” g— oo yg sin? ¢ 
+ ie) —_— we) COS'a- GO ell nee 
+74 [_n cos’! ysin g — — iss ee ae cos"”-3 gsin? g+ 
are DS! eRe UE cos? @ sin’ p< , 


Then by §152, 





COS N y= Cos” g — ee cos"? y sin? y+ 
= = ==3)) 
Mey) tee ae) cos” * gp sinto— ..... {70} 
n (n—1) (n—2) 





sinn ¢=ncos"! 9 sin g — cos”—3 » sin? + 


n (n— 1) (n— 2) (n— 3) (n— 4) 
2:-3-4°-5 
If n = 2, then by [70] 


2-3 





COS’. go SIN’ oi oe 


2 (2-1) 


cos 2 ~= cos? g— cos? ¢ sin? g = cos? y — sin? 
Qg 


and by [71], 


sin 2 ¢ = 2 cos?“! ¢ sin g = 2 cos ¢ sin ¢. 


Notice that in the formulas for cos n ¢ and sin n ¢ the third 
and second terms, respectively, and all terms that follow them, 
contain the factor n — 2, which equals zero when n = 2. Hence 
all these terms are zero for n = 2. Similarly, for n = 3 all terms 
after the third and second, respectively, disappear. 


CHAPTER XII 
EXPONENTIAL AND HYPERBOLIC FUNCTIONS 


In THE calculus the following series are developed. 
Cee 


sin z= x2— 31+ Bi mts (A) 
yd oe 75 

cos x= 1—-— ata at (B) 

e=1+5 — F+at+. (C) 


These are known as the sine, cosine, and exponential series, re- 
spectively. In series (A) and (B), x denotes the radian measure 
of the angle. In (C), the symbol e denotes the base of the Naperian 
logarithms. The notation n!, read “factorial n,”’ denotes the prod- 
uct of all the integers from 1 to n, inclusive. 

160. Exponential form of the complex unit——We now define 
sin (a+ bz), cos (a+ bz), e(+%), by replacing « by a+ bi in 
(A), (B), (C). 


Then, 








a q : 
sin (a + bt) =a+bi— (a le (a + bi) a + “a 











5! 7! 
. bz 2 b 4 b 6 
cos (a + 0) = 1- SE SI ae 
Geterbi). a4 by)? = (ae bit 
(atbi) — 
Oe leas (oe ee ott a ara 
If in (C) a is replaced by az, we have 
, (ar)? , (ar)? (i) 
iaBinreie me yet e ban 


Oy gi 
a(t tga ed AG cs 7ite--) 
The first parenthesis is exactly the right member of (B) and 


the second parenthesis is the right member of (A). 
Hence we have the equality 


et? = cosr+7sin 2. 


In other words, e** is a complex unit whose amplitude is x. 
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161. Exponential form of the sine and cosine.—If in the identity 


e* = cos7+1s5n x (1) 
x is replaced by — x we have 
é* = cos 4 — 1 sin & (2) 
Subtracting (2) from (1) and dividing by 21, 
wt ex 
i = —-2- 72 
sin x Pi [72] 
Similarly, adding (1) and (2) and dividing by 2, 
cos x = oe [73] 


These are known as Huler’s exponential values of sin x and cos 2. 

162. Hyperbolic functions.—Closely allied to Euler’s expo- 
nential values of sin x and cos x are the functions 

a - and —+* = 

which are called the hyperbolic sine of x and the hyperbolic cosine 
of x, respectively. These functions are denoted by sinh x and 
cosh x. 
That is, 





: be Sa ets BX 
sinh 4 = eg ope cosh a= 5 
The hyperbolic tangent (tanh), cotangent (coth), secant (sech), 


and cosecant (csch) are defined by the relations, 

















sinh x cosh x 
tanh x = ———, coth x= = 
cosh x sinh x 
sech 7 = ae esch x = : 
cosh x ~ sinh « 
From 
: ex 3 eos? p et — e-% 
sin 2 = ——~—— and sinh x = 
21 De 
it follows that 
é ’ Oe: le en iat et — et 
sin 22 = - = - 
22 21 
_t(e*—e) wee? 
OS 250 
and hence, 
sin 22 = 7 sinh zx. 
EXERCISES 
Show that cos 2 = cosh z, tan ai =itanh x, cot ai = —7coth z, sec 


xi = sech 2, esc x1 = — 7 esch 2. 
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163. Relations among hyperbolic functions.—From the defini- 
tions given in §162, tanh 2, coth x, sech x, and esch x may be ex- 
pressed in forms analogous to those given for sinh x and cosh zg. 
Thus, 





et — e-* 
re sinh x y e7 —e* 
cosha e*+e* e?+e* 
2 
Similarly, 
e*>+e* 2, 
coth « = ————, sech x = ———, and 
e*~—e* e*+e* 
2 
esch x = ————- 
e* — e-% 


Identities similar to those found for trigonometric functions may 
now be found for hyperbolic functions. 


Example 1. Prove, cosh? x — sinh? x = 1. 




















Proof: 
. alee 5 is ew~+tez cae ext — e-% 2 
cosh? x — sinh? x ( 5 ) 5 
_ CE sp Bae CO et —_ 24 e-% é. 
= z 7 = 
Example 2. Prove sinh 2x = 2 sinh x cosh z. 
Proof: 
‘ e2r <BR, e72t e= — et ez + ez 
sinh 2% = 5 2 5 : 5 
= 2 sinh x cosh 2. 
EXERCISES 
Show that the following identities hold among hyperbolic functions: 
1. sinh (— x) = — sinh z. 6. e? = cosh z + sinh z. 
. cosh (— x) = cosh z. Pettit, Ore 2 tanh x 
. cosh 2x = cosh? x + sinh? z. See es some etanhies 
coth? «+1 


. coth? « — esch? x = 1. 2cothz — 


2 
3 
. sech? tanh? 2 = 1. 
: I tae ti 8. coth 27 = 
9. sinh (« + y) = sinh z cosh y + cosh z sinh y. 


10. cosh (x + y) = cosh x cosh y + sinh 2 sinh y. 





11. sinh xz + sinh y = 2 sinh = 5 Y cosh ~—Y. 














2 
12. sinh x — sinh y = 2 cosh ~ a Y sinh 4. 
13. cosh x + cosh y = 2 cosh ~ s ¥ cosh = 5 Ls 
14. cosh x — cosh y = 2 sinh ~ + Y sinh 7 4. 








2 2 
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164. Inverse hyperbolic functions.—Functions similar to the 
inverse trigonometric functions (see Chapter X) are obtained for 


hyperbolic functions. 
thi 





then 
2 ye = e'* — I. 
Solving the quadratic in e* we have, 
eaytV/yt i. 
Since e? is positive, the negative sign is excluded. 


Hence, 
x= loge (ytvy +t 1). 

In general mathematical discussions logarithms are always 
taken to the base e. Hence in practice this base is frequently 
omitted and the above equation written 

x = log (y+V y+ 1). 
If y = sinh z, the notation sinh! z is used to indicate the inverse 
function, as is the case in trigonometric functions. That is, 


sinh y = log (y+Vy?+ 1). 
EXERCISES 


Prove the following identities: 
1. cosh 2 = log (a + ~/2? — 1). 

















1+2 
Shs =i ; 
74 UO Be + log ee 
3. coths' = tanh= z =i lo ss as _ 
a/ — 72 
4. sech! x = cosh : log es - a 
2 
bb Gr BS gia! I = log 1+Vi+t2 
x fe 
-1 -1 Be an & ry i 
6. tanh! « + tanh y = tanh Woes 
(oesinhe-scu—evanhiey = 
\ V if + ae 
8. tanh cidade 2 tanh. 





1+ 2? 


CHAPTER XIII 
MISCELLANEOUS SUPPLEMENTARY MATERIAL 


In THIs chapter are given some of the results obtained in more 
elementary courses in mathematics of which use is made in trigo- 
nometry, and also some applications which are of interest to many 
but which do not naturally form a part of the main body of the text. 

165. The quadratic equation and the sign of square roots.— 
The solution of the quadratic is shown in the following: 


Example. Solve az? + br +c =0. 
Multiplying both members of the equation by 4a, and transposing the last term, 
gives 
4a°x? + 4abx = — 4ac. 

Adding b? makes the left member a trinomial square, 

4a2x? + 4abx + b? = b? — 4ac. 
Taking square roots and dividing by 2a, 
—b + = doc 

2a 





This formula gives the solution of any quadratic which is reduced 
to the standard form given above. 

By actual substitution it can be shown that each of the results, 
een tae —~b —v/b? = 4ac 

2a ae ene 2a 

satisfies the original equation. In practical work, however, it is 
necessary to find by actual test whether one or both of these 
values gives an answer to the problem which is being solved by 
means of the quadratic. 

Thus on page 66 it was found that 


. A 1—cosA A /1+cos A 
sin. 9 =+ i ys [24], and cos 9 = == aro mee [25] 


Since the sine of an angle in the first and second quadrant is 
positive, the + sign must be taken in [24] if angle A is between 
0° and 360°. If the angle A is between 360° and 720°, or if it is 
negative and between 0° and — 360°, the negative sign must be 
taken. 


az 








a 
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Since the cosine of an angle is positive in the first quadrant 
and negative in the second, the positive sign must be taken in 
[25] if A is between 0° and 180°, and the negative sign if A is 
between 180° and 360°. 

In formulas [43], . . . , [46] only the positive square roots are 
given, since an angle of a triangle is always less than 180°, and 


aN : ; ; ve 
hence 5 in these formulas is acute and all its functions are positive. 


In formulas [49], [50], [51] only the positive roots are given, since 
the area of a triangle and the radius of a circle are always positive. 
166. Proving identities.—On page 17 the identity 


1 3 
eri bile set sin A cos A (1) 





was proved by operating on this equality precisely as is done in 
solving an ordinary algebraic equation and by substituting from 
known trigonometric identities. In this way were obtained the 
equalities 








1= tan A sin A cos A+ cot A sin A cos A, (2) 
sin A . cosA . 

J = eI sin A cos A + sin A 32 A cos A, (3) 

1 = sin? A + cos? A, (4) 


the last of which is a known identity. It was then inferred that 
(1) is an identity because (4) is. 

The validity of this argument depends upon the fact that each 
operation that has been used is reversible by means of a valid 
operation. That is, the operation used in passing from (8) to (4) 
may be reversed, thereby passing from (4) to (8). In this manner 
we may pass from (3) to (2) and from (2) to (1). 

This method of proving identities is always valid except as 
noted below. Among the operations used in solving algebraic 
equations there are two which may lead from an untrue to a true 
statement. One of these is squaring both members of an equation. 
This is due to the fact that the squares of negative and positive 
numbers with the same absolute value are equal. If this opera- 
tion is permitted we may pass from a statement that any two 
numbers are equal to a true statement. 


Thus suppose we write 28 = 4. Subtracting 16 from both members gives 
12 = — 12, and squaring gives 144 = 144. 
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The other of these two operations is multiplying both members 
by an expression which is identically equal to zero. 


Thus suppose we write the false statement cost = 2, and then multiply 
both members by sin’x + cos2% — 1, we obtain cosx sin’x + cos*x — cost = 
2 sin’x + 2 cos? x — 2, which is a true identity. 


It is necessary, therefore, to scrutinize proofs of identities with 
respect to these two operations. In practice this is a very simple 
matter and is just what must be done in solving algebraic equations. 

It should be remarked also that a true identity may be reduced 
to an untrue statement by dividing both members by an expression 
which is identically equal to zero. 

167. Theorems from geometry used in trigonometry.—The 
properties of similar triangles are used in defining the trigono- 
metric functions. (See page 2.) The theorems of which immediate 
use is made are: 

(1) If the angles of one triangle are equal, respectively, to the 
angles of another, the triangles are similar. 

(2) If two triangles are similar, the corresponding sides form a 
proportion. 


Phat is; if in two triangles ABC and A’B’C’, ZA = ZA ZB — ZB’ 
ZC = ZC’, then the triangles are similar and 


AB BC CA 
ERE BE Cae GAs 





It is this property of similar triangles which is used in showing 
that the trigonometric functions of an angle depend upon the 
angle only, and not upon the particular construction used in 
defining them. 

In finding the values of the functions of 30°, 45°, and 60° and 
in dealing with complementary angles, use is made of the following 
propositions either directly or indirectly. (See pages 6, 7, and 8.) 

(3) The sum of the acute angles of a right triangle is equal to one 
right angle. 

(4) If in a right triangle one angle is 30°, then the side opposite 
this angle is half the hypotenuse. 

(5) If two angles of a triangle are equal, the sides opposite them 
are equal. 

(6) The square of the hypotenuse of a right triangle is equal to the 
sum of the squares of the sides. 
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(7) The line from the vertex of an isosceles triangle to the middle 
point of the base is perpendicular to the base. 

In proving the addition (and subtraction) theorems in trigo- 
nometry (see page 64), use is made of the theorem: 

(8) If the two sides of an angle are perpendicular, respectively. 
to the two sides of another angle, then the angles are equal or supple- 
mentary. 

The law of cosines (see page 76) contains, besides the Pythag- 
orean proposition [(6) above], the following two theorems, though 
in the proof use is made only of the Pythagorean proposition. 

(9) The square of a side opposite an acute angle of a triangle is 
equal to the sum of the squares of the other two sides, minus twice 
the product of one of these sides and the projection of the other one 
upon it. 

(10) The square of a side opposite an obtuse angle of a triangle is 
equal to the sum of the squares of the other two sides plus twice the 
product of one of these sides and the projection of the other one upon tt. 

In finding formulas for the area of a triangle and in finding 
the radii of the inscribed and circumscribed circles the following 
theorems are used (see pages 82, 83). 

(11) The area of a triangle is equal to one-half of the product of 
its base and altitude. 

(12) A tangent to a circle is perpendicular to the radius drawn to 
the point of tangency. 

(13) An angle inscribed in a circle is measured by one-half the 
intercepted arc. 

In solving regular polygons (see page 52) use is made of the 
theorem: 

(14) A circle may be circumscribed about a regular polygon of 
any number of sides. 

Use is also made of the fact that the ratio of the circumference 
of a circle to its diameter, 7, is the same for all circles. 

168. Closeness of approximation in measuring.—In practical 
uses of trigonometry the great majority of the numbers that occur 
in the data of problems are the results of measurements, and these 
are always subject to certain errors. These errors are due to a 
variety of causes, among which the following are the most frequent 
in occurrence: 

(1) Measurements are always by means of instruments and no 
instrument is absolutely correct. This applies equally to the 
measurement of angles and of lines. 
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(2) Instruments, and especially steel tapes or chains used in 
measuring lengths, vary with the temperature and with the 
tension to which they are subjected. 

(3) In applying a chain or tape a number of times in measuring 
a length, it is difficult to start one application where the preceding 
one ended. 

(4) It is difficult to avoid “zigzagging’’ when a chain is used a 
number of times. 

(5) Reading angles closely even on a good instrument is very 
difficult. Thus the sum of the angles of a triangle, where these 
are obtained by measurement, may easily differ from 180° by 30’ 
or more. 


For these reasons all measurements are only approximately correct, 
though the greatest possible degree of error may be known for any 
particular measurement. 
The degree of possible error varies for different kinds of work. 
Thus, in a certain type of surveying it may be known that the error is 


not greater than five feet in the mile, while in another type of surveying it 
may be known that the error is not greater than one foot in the mile. 


The number of significant figures used to represent the result 
of a measurement indicates (or at least should indicate) the known 
closeness of approximation of the measurement. Thus if the 
length of a line is given as 97.6 feet, this should mean that the 
length is known to be between 97.55 feet and 97.65 feet; and if a 
line is given as 240,800 feet, this should indicate that the length is 
known to lie between 240,750 feet and 240,850 feet. If an angle 
is given as 25° 37’, this should indicate that the angle is known to 
lie between 25° 36’ 30’’ and 25° 37’ 307’. 

169. Approximate character of the tables.—As noted on page 
32, nearly all logarithms can be given only approximately by 
means of decimals (or any other kind of terminating fractions). 
This is equally true of natural trigonometric functions and of 
their logarithms. From the table we find, for instance, log 
2942 = 3.46864. This means that the logarithm lies between 
3.468635 and 3.468645, or may possibly equal the former. That is, 
this five-place logarithm may be too large or too small by .000005. 
It is evident that in adding or subtracting logarithms errors may be 
introduced in the last place. In such problems as occur in trigo- 
nometry this error in the last place is seldom greater than 1 and 
almost never greater than 2. 
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170. Rules for computing with approximate numbers.—A full 
treatment of the subject of possible errors in results of computa- 
tion due to errors in the data would be out of place here. We 
must therefore content ourselves with the following practical rules. 

(1) The greatest possible error in a sum or a difference is equal 
to the sum of the greatest possible errors in the numbers added or 
subtracted. 

(2) In a product the greatest possible per cent of error is equal 
to the sum of the greatest possible per cents of errors in the factors. 

(3) In a quotient the greatest possible per cent of error is the sum 
of the greatest possible errors in the dividend and divisor. 

(4) Results obtained from logarithmic computation are usually 
accurate to as many significant figures as there are places in the 
table, and are certainly accurate to one less significant figure. 

171. Sources of errors in computation.—The practical surveyor, 
engineer, or scientific worker must check his results so that he 
knows they are correct to the required degree of accuracy. To 
check intelligently so as to discover not only incorrect results 
but also the errors which led to them, it is necessary to know the 
principal sources of errors. 

Gross errors in trigonometric computation are likely to be due 
to one of the following: 

(1) Use of wrong formulas in solving the problem. 

(2) Misplacement of the decimal point or, what results in the 

same error, use of a wrong characteristic. 

(3) Wrong operation on logarithms, such as adding instead 
of subtracting. 

(4) Using a wrong column of trigonometric functions, as, 
for instance, using sines instead of cosines or tangents. 

(5) Reading a table of trigonometric functions from the top 
of the page instead of from the bottom or vice versa. 

(6) Incorrect addition or subtraction of logarithms near the 
left end of the numbers. 

If the errors are slight so that the checks such as are suggested 
on pages 72-75 are not quite satisfactory, the error is likely to be 
one of the following: 

(1) Incorrect interpolation. 

(2) Adding instead of subtracting in cnterpolation or vice versa. 

(3) Incorrect addition or subtraction of logarithms in the 
higher decimals. 
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172. Checking gross errors by geometric construction.—Suppose 
it is given that in a right triangle ABC, ZA = 42° 23’, a = 18.3 
and it is required to find 6 and c. 

Construction: Make construction on a large piece of paper. Construct a 
right-angle C. Lay off CB = 18.3, using a quarter-inch as a unit. With a 
protractor lay off an angle nearly 42° 23’ (about 423°) and complete the triangle. 
On measuring, it should then be found that AB is about 27 units (27.148) 
and AC is about 20 units (20.05). 

Again, suppose it is given that ZA = 68° 30’, ZB = 53° 18’, a = 58. 
First find ZC = 180° — (A + B) = 58° 12’. 

Construction. Using a convenient unit, possibly one-eighth of an inch, lay 
off BC = 58. At the ends of BC lay off angles as nearly as may be equal 
to 53° 18’ (58°) and 58° 12’ (58°), and complete the triangle. On measuring 
it should then be found that AB and AC are 53 units (52.98) and 50 units 
(49.98), respectively. 

If this check is used, the construction should be made before 
the work of computing is begun. 

173. Finding small angles in exceptional cases.—From the 
table we find that log cos0° to log cos0° 16’ are all given as 
0.00000, log cos 0° 17’ to log cos 0° 28’ are all given as 9.99999, 
log cos 0° 29’ to log cos 0° 36’ are all given as 9.99998, etc. It thus 
appears that the cosines of very small angles are not well adapted 
for computation. This applies for the same reason to the sines 
of angles near 90°. For this reason the cosines of small angles 
should be avoided, and also the sines of angles near 90°. It may 
occur, however, that the data given (or obtained from measure- 
ment) are such as to lead to the cosine of a small angle. 

Suppose that in the right triangle ABC, b and ¢ are given and 
it is required to find the angle A. We then proceed as follows: 
Construct the bisector of ZA and draw BE perpendicular to it. 

ae AE = ¢, CE =c-— b, ZHAD= ZCBE, 
an 


pO ee ee UT ae c—b 


BO Cie A areata, 


B 

That is, 
papieee c—b Z D 
a) ayy Z\ . Ao 


This equation should be used to find ZA. 
For angles near 90° a similar formula involving the cotangent 
should be used. 
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174. The slide rule.—The slide rule is a device by means of 
which products, quotients, and roots are read off directly to a 
very considerable degree of accuracy. The principles involved are 
the same as in logarithms, and the device consists of an adaptation 
of what is called the logarithmic scale. 

From a table of logarithms we find that 


log 1= 0.00 log 2 = 0.30 log 3 = 0.48 
log 4 = 0.60 log 5=0.70 ~“log6=0.78 
log 7 = 0.85 log 8 = 0.90 log 9 = 0.95 
log 10 = 1.00 


1 2 3 4 5 (he Oe OSE 


P Q 


From these numbers a logarithmic scale is constructed by taking 
a convenient segment PQ as a unit and laying off on it from the 
left end segments whose lengths are equal to the logarithms of 
the numbers written above the line. 


Thus the left end of the line is marked 1 because log 1 = 0. The distance 
from P to the point marked 2 is 0.30 because log 2 = 0.30, the distance from 
P to the point marked 3 is 0.48 because log 3 = 0.48, etc. This scale repre- 
sents the logarithms of numbers from 0 to 10. 


For practical use the scale is extended to twice this length, so 
as to give the logarithms of numbers from 1 to 100, but the prin- 
ciple used is the same as that of the scale given here. 


Suppose we have two logarithmic scales, exactly alike, and that they are 
placed side by side as shown in the figure, so that the numeral 1 in the lower 
scale B is exactly opposite the numeral 2 in the upper scale A. Then 2 on 


FRE TS GUL 


scale B is opposite 4 on scale A, 3 on scale B is opposite 6 on scale A, etc. 
This is due to the fact that placing 1 on scale B opposite 2 on scale A, moves 
scale B a distance to the right equal to log 2. By the theory of logarithms 
we know that adding log 2 to the logarithm of a number gives the logarithm 
of the product when that number is multiplied by 2. 

If 1 on scale B is placed opposite 3 on scale A, then 2 on B will be Sproat 
6 on A and 3 on B will be opposite to 9 on A. 

To divide 6 by 2 place 2 on scale B opposite 6 on A. Then 1 on B will 
be opposite 3 on A, and this is the required quotient. 
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The slide rule consists of a rule carrying two scales usually marked A 
and D and a slide carrying two scales marked B and C. Scales A and B 
are exactly alike and are used for finding products and quotients. 
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The two scales C and D are also just alike, but the distance from the end 
point to each number is twice as great as in scales A and B. It follows that 
on scale C each numeral falls exactly opposite its square on scale B. These 
two scales may therefore be used to find squares and square roots. 

Scales A and B are in direct contact and may be read easily. To compare 
scales B and C a device called a runner, is useful. 

Since scales C and D are alike, they may be used exactly the same as A 
and 8B to find products and quotients when the numbers involved are small. 

The slide may be pulled out entirely and inserted so as to show its reverse 
side, on which it carries a scale of logarithmic sines marked S, and a scale 
of logarithmic tangents marked 7’. These are used with scales A or D to 
find products and quotients when sines and tangents are involved. 

Effective use of the slide rule involves many details which cannot be given 
here. But mastery of the simple principles just stated will make the rest 
comparatively easy. Detailed rules for using this instrument are usually 
compiled by the manufacturers and presented to each purchaser. 

The results obtained from the ordinary slide rule are sufficiently accurate 
for many purposes and in all cases they constitute effective checks except for 
slight errors. Simple inexpensive rules, called students’ slide rules, may be 
obtained. These are useful in learning to use the instrument and for checking. 


175. Cumulative reviews.—It is a well-known fact that anything 
that has been learned, no matter how completely it is mastered at 
the time of first learning, will soon be forgotten so that complete 
reproduction is impossible. It may be relearned, however, with 
less effort than was required for the original learning. To secure 
comparatively permanent lodgment in the memory a series of 
relearnings of considerable length is necessary. To meet. this 
requirement a series of cumulative reviews are here provided. 
In these reviews the principal formules of trigonometry are made 
to appear so that each one will be reviewed in accordance with 
the latest information about the best spacing of such reviews. 
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Cumulative Review I 
(May be used after page 18 of the text) 


1. Make the necessary constructions and define the six trigonometric 
functions of an acute angle. 


2 ; : : 
Zelisinede— 3 (A being acute), find the other five functions of this angle, 


(a) by constructing a right triangle and reading the values of the functions 
directly from it, (b) by using the relations among the functions. 

3. Define cofunctions of an angle; state the relations between cofunctions 
of complementary angles. If the cofunctions of two acute angles are equal, 
what can be said of the angles? 


Find the value of A in each of the following. 


. sin 2A = cos 4A. 
. tan (A — 30°) = cot (A + 30°). 
. sec (8A — 15°) = esc (6A — 30°). 
. What trigonometric functions are reciprocals in pairs? 
. Give the values of tangent, cotangent, secant, and cosecant in terms 
of sine and cosine. 
9. Give a relation connecting the tangent and secant of an angle; also one 
connecting the cotangent and cosecant. 


ON aA UI > 


Cumulative Review II 
(May be used after page 28 of the text) 


1. If cos A = 3, find the values of the other functions of A. 

2. Express the other five functions of an angle in terms of the sine. 

3. Express the other five functions of an angle in terms of the secant. 

4. What trigonometric functions have their products equal to unity when 
tney are taken in pairs? 

5. Show that each function of an angle depends upon the angle and not 
upon the size of the triangle used in making the definition. 

6. Express each of the following as a function of an angle between 0° and 
45°: sin 64°, cos 80°, tan 74°, cot 85°, sec 67°, ese 71°. 

7. Express each of the following as a function of an angle between 45° 
and 90°: sin 15°, cos 27°, tan 8°, cot 41°, sec 31°, ese 39°. 


In each of the following find the value of z. 
8. cot (4% — 20°) = tan (87 + 10°). 
9. esc (22 + 40°) = sec (8x + 20°). 

10. cos (60° — 2x) = sin (4% — 10°). 


Prove the following identities: 





11. gone ="COs* ANcsc2nAl. 12: nee sin 2. 
tan? A sec x 
13. sin? x cot x = sin x cos &. 14. (sin A — cos A)? = 1 — 2sin A cos A. 
15. sin? A — cos? A 16. (tan? A +1) cos? A = 1. , 
= 1 — 2 cos? A. 


17. (cot? A +1) sin? A =1. 18. sin‘ A — cos! A = 2 sin? A —1, 
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Cumulative Review III 


(May be used after page 46 of the text) 
Prove the following identities: 

















; 1 1 
1. sn A = cae ZCostia— ak 
i sin A 
3. tan A = Fatal 4. tan A= seek 
ie cos A : 
= : 2 2 = 

5. cot A TAI 6. sin? A + cos? A = 1. 
7.sec? A = 1+ tan? A. 8. esc? A = 1-4 cot? A. 
9. tan A sin A + cos A = sec A. 
10 tan Asin A sin A 

ini ALS gin Al oe Al 
Ti eee = cos A cot A. 


“sec A + tan A 
ecA+1  cotA 
a icopeAmemcccrAle—n1) 
14. cot! A + cot? A = ese! A — esc? A. 


15 cot A—cos A cos A cs¢ A 


13. tan? A esc? A = 1-4 tan? A. 





cos? A 1+sin A 
16. tan A + (1 — 2 sin? A) sec A esc A = cot A. 
1 1 
2a eS 2 a 2 
We i ued sec? A. 18. 1 = rere | esc? A. 


19. Express each of the following as a function of an angle between 0° and 
45°: see 78°, esc 49°, sin 56°, cos 83°, tan 64°, cot 69°. 

20. In the right triangle ABC, ZC = 90°, and the sides are a, b, c. Give 
formulas for finding the remaining parts when the following parts are given: 
GOTO C10. Cs PAN Os ANID AL LC. 

21. Make a list of relations between the trigonometric functions. Give all 
functions in terms of sine and cosine. 


Cumulative Review IV 
(May be used after page 56 of the text) 


4 le : 
1) ii sm 2 = 9’ find the values of the remaining functions of z. 


. Express the other five functions of x in terms of cos a. 
. Find the six functions of each of the angles 30°, 45°, 60°. 
. Define logarithm, characteristic, mantissa, base. 
. Give rules for finding the logarithm of a product, of a quotient, of a 
power, of a root. State the laws of exponents upon which these rules are 
based. 

6. Multiply and also divide 2.84678 by 8. Find the sum of 1.81906, 
3.65270, 1.91645. 

Prove the following identities: 

tane—sinz simazsec zr 

sin? x ~ 1+cosz- 


hw hd 


uo 
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8. —— = ese © + cot @. 
esc © — cot & 
9. sect x (1 — sin‘ x) = sec? x + tan? z. 
1 1 

10. Th cone Weaos pene 
11. esc? « — 1 = 2 cot? x + cot! x. 

sin © sec & + sin y sec y cos x ese & + cos y csc y 
‘sinzsecx—sinysecy  cosxcsez—cosycscy 
13. sec* x — tan‘ x = sec? x + tan? x = 1+ 2 tan? z. 
_1—cos¢ 
~ 1+ cos x 
15. (tan x + cot x)? = sec? x + esc? x. 


16. cot? x — cos? x = cos? x cot? x. 





14. (ese x — cot x)? 


Cumulative Review V 


(May be used after page 62 of the text) 


Find the values of the following: 




















1, 79:4 X 1.27 x 0.079 2, (0.592) x (0.0276)* 
tn Sie Olio) | ae * 8.15 x (0.917)4 
3, V1917 x V/0.986 x V/2.46 4, 3-4 X tan (62° 41’) cos (39° 25’), 
: 3.59 x (0.426)3 ; : 9 sin (42° 16’ 20’) 
In each of the following find A. 
5. log sin A = 9.81426. 6. log tan A = 0.81914. 
19 sin 41° 47’ X cos 18° 51’ 
7. cos A = . 


24 cos 51° 32’ 


164 sin 61° 27’ cot 19° 12’ 


San t= a7 tan 509070407 





9. Define the projection of a segment upon a line; give formulas for 
finding the projections of a segment AB upon each of the mutually perpen- 
dicular axes O X and OY. 


10. Express each of the following as a function of an angle between 0° and 
45°: sin 49°, cos 56°, tan 62°, cot 57°, sec 74°, csc 46°. 


Prove the following identities: 


11. sin‘ 6 — cos‘ 6 = (sin 6 + cos 6) (sin @ — cos 6). 


1 . 
2. “ 9 
, cos 6 esc 6 + sin 6 sec 0 sin 6 cos 8 


1 + sin? @ sec? 6 





ee ae oe 1 : : 
13. 1 + cos? @ esc? 6 cae es 
tana + tan B _ 
14. cot a+ cot B pane 
[ee Ae en tee 


cot a—cotB 
tana+cotB  seca+esc B 


ne seca—cscB tana — cot Bp 
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Cumulative Review VI 


(May be used after page 69 of the text) 


1. Express each of the following as a function of an angle between 0° and 
90°: sin 98°, cos 174°, tan 135°, cot 127°, sec 149°, esc 164°. 

2. Express each of the following as a function of an angle between 0° and 
45°: sin 147°, cos 122°, tan 94°, cot 108°, sec 167°, ese 151°. 

3. Find the area of a regular twelve-sided polygon inscribed in a circle 
whose radius is 12 inches; also find the area of such a polygon circumscribed 
about such a circle. 

4. If x and y are the codrdinates of a point P on the terminal side of an 
angle which is placed as in §82, and if r is the distance from O to P, give the 
definitions of the six functions in terms of z, y, and r. 


Find the values of the following: 
31.6 cos 52° 18’ x sin 41° 12’ 
" 4/9.16 sin 67° 47’ X tan 62° 45’ 
(0.462)? « (1.94)2 x (0.067)4 
c 486 : 


Prove the following identities: 








6 





sin 9 sec @sin gsec gy +1 _ sin @ sec 6 + cosy cscg 

1 — sin 6 sec @ sin gsec y cosy cscy — sin 6 sec 0 

8. sin 6 sec 6+ sin g sec y = sin (8+ ¢) sec 6 sec ¢. 

9 sin x sec © + sin y sec y 

* sin x sec & — sin y sec y 

10. sin x sec & + cos y Cse ¥ 
cos y csc y — Sin x sec & 

11. sec? A + csc? A = tan? A + cot? A + 2. 

12. cos? A tan A + sin? A cos A tan A = sin A. 


7. 





= sin (x + y) ese ( — y). 





= cos (x — y) sec (uv + y). 





Cumulative Review VII 
(May be used after page 79 of the text) 


. If sin A = 3 and sin B = 3, find sin (A + B) and also cos (A + B). 
. If tan A = 2, find cot 2 A. 

. Express the other five functions of A in terms of tan A 

. Give the relations of functions of complementary angles. 

. Prove the relations of functions of supplementary angles. 

If A, B, C are the angles of a triangle, show that sin (A + B) = sin C, 
and also that sin 4 (A + B) = cos 30. 


AnPRWNE 


Prove the following identities: 
7. sin A +sin 2A = 2 sin = cos S 
8. sin 4A — sin 2A = 2sin A cos 3A. 
9. cos 2A + cos 6A = 2 cos 4A cos 2A. 
10. cos7A — cos A = — 2 sin 4A sin 3A. 


152 


pf 1 


* cos 184 — cos 9A — cos 5A + cos A 
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sin 75° + sin 15° 
* cos 75° — cos 15° 
sin 75° — sin 15° 
* cos 75° + cos 15° 
. sin 5A cos 3A = 3 (sin 8A + sin 2A). 
. sin 3A cos 5A = } (sin 8A — sin 2A). 


= — cot 30°. 


= tan 30°. 


ix] 


2 
. cos 5A cos 3A = # (cos 2A + cos 8A). 
. sin 5A sin 3A = 3 (cos 2A — cos 8A). 
. sin 60° cos 20° = 3 (sin 80° + sin 40°). 
. sin 20° cos 60° = # (sin 80° — sin 40°). 
. cos 60° cos 20° = 4 (cos 40° + cos 80°). 
. sin 60° sin 20° = 3 (cos 40° — cos 80°). 


sin 138A — sin 9A + sin 5A — sin A 





— cot 4A. 





. (sin 8A + sin A) sin A+ (cos 8A — cos A) cos A = 0. 
. 2 sin 2A cos A + 2 cos 4A sin A = sin 5A + sin A. 
. 2 cos 2A cos A — 2 sin 44 sin A = cos A + cos 5A. 


Cumulative Review VIII 
(May be used after page 90 of the text) 


. Express each of the following as a function of an angle between 0° 


~ and 45°. 
sin 172° 40’, cos 93° 35’, cot 139° 10’, tan 163° 50’, sec 171° 40’, esc 129° 20’. 


2 
3 


Pr 


we littana = tind bam 2a 
. Find cot (A + 45°) and cot (A — 45°). 


ove the following identities: 








4. cot x — tan x = 2 cot 2x. 
5. sin (A — B) cos B+ cos (A — B) sin B = sin A. 
6. cos (n — 1) A cos A — sin (n— 1) A sin A = cosn A. 
7. sin A sec A — sin B sec B = sin (A — B) sec A sec B. 
8. cos (A + B) cos A+ sin (A + B) sin A = cos B. 
9. (cos A + cos B)? + (sin A + sin B)? = 4 cos? —— 
2 3 ye 
10. (cos A — cos B)? + (sin A — sin B)? = 4 sin? 5 
sin 2A . 
1l. I + cos 2A = sin A sec AY 
12. csc A (1 — cos 2A) = 2sin A sec A. 


13: 


1+ sin A + cos A es ae 
{ian Ate A. Oo: 











tan A — tan B 
cD ST reragi: “ua (A — B) tan A. 
15. tan (A +B+(C) = tan A + tan B + tan C — tan A tan B tan C 





1 — tan-A tan B — tan B tan C — tan C tan A 
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APPLICATION OF LOGARITHMS TO PROBLEMS IN 
BUSINESS 


Certain problems related to investments are almost impossible 
of solution without logarithms unless other special tables are used. 

176. Simple interest——The amount S of a principal P at 
simple interest at r per cent per year for n years is given by the 
formula 


SO = ba hyp] Poe a), 


This formula may be used to obtain the value of P when S, 
n, and r are given; also to find n or r when the remaining quantities 
are given. 


Example. Find what principal will produce $250 in 2 years at 6% simple 
interest. 


Solution: 

_ 250 250 
eT 0G) ~ ae 
log 250 = 2.39794 

log 1.12 = 0.04922 


log P = 2.34872 
P = $223.22 


IE 








This problem could of course be solved without logarithms by a 
simple division. 

177. Compound interest.—The amount S of P dollars invested 
for n years at 7 per cent per annum compounded yearly is easily 
seen to be 


S=PGd+7) 
From this equality, 
P=S(1+i%)™. 


Example 1. Find the amount of $367.50 at 6% interest compounded 
annually for 12 years. 


Solution: 
SS = 367.50 (1.06)? 


log 367.50 = 2.56526 
12 log 1.06 = 0.30372 


log S = 2.86898 
S = $739.57 





154 PLANE TRIGONOMETRY 


Example 2. Find the principal which will produce $1500 in 15 yc 
interest being 4% compounded annually. 
Solution: 
P = 1500 (1.04)* 
log 1500 = 3.17609 
15 log 1.04 = 0.25545 
log P = 2.92064 
P = $832.98 





Example 3. How long must $585 be invested at 7% compounded annually 
to make the amount $1,000? 


Solution: 
585 (1.07)” = 1000 
1000 
(1.07)" = —— 
585 


n (log 1.07) = log 1000 — log 585 
se log 1000 — log 585 
i log 1.07 





log 1,000 = 3.00000 0.23284 : 
log 585 = 2.76716 9.02038 7 7.93 (years) = 7 yrs. 11 mo. approximately. 


numerator = 0.23284 








log 1.07 = 0.02988 This last process may be performed by long division. 


178. Annuities.—Certain problems in annuities lead to formulas 
which are not adapted as a whole to logarithmic computation, 
but logarithms are convenient and sometimes necessary in carry- 
ing out the computations unless special annuity tables are used. 

The amount at the end of » years in a fund into which R is 
paid at the end of each year at 7 per cent compounded annually is 





The use of logarithms in solving an example of this type is shown 
in the following: 


Example 1. Find the amount which will be accumulated at the end of 10 
years by payments of $100 at the end of each year, interest at 5% compounded 
annually. 

Solution: ¢ 
(1.05)29 — 1 

05 
log 1.05!° = 10 log 1.05 = 0.21190 
“. 1.05! = 1.6289 
_ 1.6289-—1  .6289 


S = ——pg—— = —o5- = 1257.40 (approximately). 


S = 100 
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Example 2. How long will it take for the fund in example 1 to amount to 
$2500? 
Solution: 
A “(1.05)” —1 
2500 = 100 erat ere 
25 X .05 = (1.05)" — 1 
(1.05)" = 25 « .05 + 1 = 2.25 
n log (1.05) = log 2.25 
ny = 1082-25 _ 0.35218 
~ log 1.05 0.02119 





= 16.6 (years). 


Inasmuch as the payments are made at the end of each year, we conclude that 
n = 17 (years) with a certain surplus at the end of the last year. 


EXERCISES 


1. Find the amount of $750 in 6 years at 4.5% compounded annually. 

2. Find the amount of $500 in 3 years at 8% compounded semi-annually. 

3. In how many years will a sum of money double itself at 6% compounded 
annually ? 

4. Find the amount at the end of 7 years of an annuity in which payments 
of $300 are made at the end of each year, interest being at the rate of 7% 
compounded annually. 

5. Find the amount at the end of 4 years of an annuity in which payments 
of $200 are made at the end of each six months, interest at 6% compounded 
semi-annually. 


Surveying 


Some of the simplest and most common applications of trigo- 
nometry are found in ordinary surveying. 

While the earth’s surface is almost a perfect sphere, small parts 
of it are so nearly flat that no appreciable errors are introduced 
by assuming that the figures which are measured are plane. 

179. Finding length of course in surveying.—The distances 
that are used in giving the dimensions of a piece of land are hori- 
zontal distances. Thus if a city lot is said to be fifty feet wide, 
this means that it is fifty feet wide after it has been graded level. 

The horizontal distance between two points is called the course 
terminated by these points. Thus if the B 
points A and B are on a hillside, and if pe | 
ABC is a right triangle with the side AC a C 
horizontal and the side BC vertical, then the length of AC is the 
“course” AB. It is the horizontal distances between points that 
are shown on maps. 
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In practice a line of the type AC cannot be measured directly, 
and is found by measuring AB and the angle CAB and then 
computing AC by the formula AC = AB cos A. 

The angle which the measured line AB makes with the hori- 
zontal is called the incline of that line. The vertical distance 
CB of B above or below the point A is called the rise or fall of 
AB. CB is computed from the formula CB = AB sin A. 

In practice it may be necessary to find the length of course 
and also the rise or fall between C D 
two points A and D when the 4~~——-+>»—<———---- ip’ 
ground is such that a broken line as B 
shown in the figure must be measured. The surveyor’s field 
——— | novesa ay contam. tne: entries 















Line Spee Incline shown at the left. 
‘ The inclines are marked + and 
AB 261 age — according as the measured line 
rises or falls. From these data 
BC 384 Peer s0. : 4 
Ee ay a the course (the line AD’) and 
CD 408 + 5°45’! the rise or fall (D’D) are easily 











computed. 

180. Bearing, latitude, and departure of a course.—Suppose 
that in the figure, the line AB’ runs directly north from 
A to B’, and suppose the angle A is 20°, the line AB 
extending in a direction 20° east of north. The angle A 
is indicated by N 20° E, and is said to be the bearing of 
the line AB. This means that if one is standing at A 
and looking north and then turns through an angle of 20° 
to the east, he will be looking along the line AB. The 
expressions N 30° W, S 25° W, S 40° E now have obvious 4 
meanings. 

In going from A to B one passes a certain distance northward 
(or southward). This distance is called the latitude of the course. 
If the end of the course is north of the beginning, the latitude is 
positive, and if south, the latitude is negative. 

In going from A to B one passes a certain distance eastward 
(or westward). This distance is the departure of the course. If 
the end of the course is east of the beginning, the departure is 
positive, and if west the departure is negative. 

When the bearing and length of a course are given, the latitude 
and departure are easily computed, the formulas being 
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latitude = length of course x cosine of bearing. 
departure = length of course xX sine of bearing. 


181. Finding the closing course of a survey.—It may be neces- 
sary to find the latitude and 
departure of a course such as 
AG in the figure by measuring 
the courses, AB, BC, CD, DE, 
EF,FG. The length and bear- z 
ing of each of these courses are 
measured and entered in the 
field notes as shown below. 








The latitude and departure of 
































Course | Bearing Length each course is computed and the 

AB N 17° W 693 net latitude and net departure of 

AG are found. The bearing and 

BE Nae Oe length of AG are then easily com- 

CD N 83° E 439 puted. The course AG is called 

DE 5 79° 314 the closing course of the survey 
from A to G. 

oe ees 182. Finding the area of aclosed 

FG S 79°E 398 survey.—The area of a polygonal 

figure may be computed when the 





length and bearing of each side are known. The method 
used in practice is called the double-meridian-distance (D.M.D.) 
method. We will now give a brief description of this method. 


Suppose it is required to find the area of a 
quadrilateral ABCD shown in the figure. 
Let, SN be a line through one vertex of the fig- 
ure and meeting it at no other point. For con- 
venience SN is taken as the north and south 
line (the meridian) through the most western 
vertex.!. The lines BB’, CC’, and DD’ are 
drawn perpendicular to SN. Then we have 
two triangles AB’B and AD’D, and two 
trapezoids B’BCC’ and C’CDD’. Clearly 
the required area is equal to B’BCC’ + 
C’CDD’ — AB’B — AD'D. The method 
consists in finding the area of each of these 
and then the area of the figure. 

1In practice this line is determined by the compass and therefore does not 
run exactly north and south. But the direction of the compass line is essen- 
tially the same at all vertices of the figure. 
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The D.M.D. of a course is the sum of the distances of its end 
points from the meridian line SN. Thus the D. M. D. of AB is 
B'B, of BC is B'B + C’C, etc. It is easily seen that the D. M. D. 
of a course multiplied by its latitude gives twice the area of 
the corresponding triangle or trapezoid. The D. M. D.’s of the 
courses are found in order around the figure, the D. M. D. of any 
course being found by means of the rule: 

The D. M. D. of a course is equal to the D. M. D. of the preceding 
course, plus the departure of the preceding course, plus the departure 
of the course itself. 

The proof of this rule is left to the student. 

This rule must be used, having regard to the sign of the depar- 
ture of each course. That is, the addition is algebraic. When the 
figure is taken as suggested above, the D. M. D. of every course 
is positive. 


Example 1. Find the area of the figure ABCD, using the data given 
in the first three columns below. 


























— 
Course} Bearing | Length Lat. Dept. | D.M.D. see 
AB |S 41°30’ E} 683.2 | — 511.69 452.70 452.7 |— 231,650 
BC |N 57° 20’ E| 847.8 457.60 713.69 | 1619.1 |+ 740,900 
CD |\N 21° 50’ W| 1084.0 1006.2 | — 403.15 | 1929.6 |+ 1,941,600 
DA |S 88° 45’ W| 1220.5 | — 951.84] — 763.94] 762.51/— 725,790 























The double areas are found by multiplying the D. M. D.’s by 
the latitudes. Each result is carried to only five significant figures, 
for reasons given on page 143. The net area is found by taking 
the algebraic sum of the double areas and then dividing by 2. If 
the dimensions are given in feet, find the number of acres by divid- 
ing by 43,560, the number of square feet in an acre. 


Note that in this example the sums of the positive latitudes and longitudes 
are almost exactly equal to the sums of the negative latitudes and longitudes. 
This would be exactly the case if the measurements were exact. In practice 
these are usually not equal, however, due to inaccuracy of measuring, and 
certain corrections, called balancing the survey, are necessary. 

This will not be considered here, but information about it may be obtained 
from any of the standard works on surveying. 
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EXERCISES 


In each of the following the courses have the same bearing. Find the 
length of the course connecting the first and the last point in each example, 
and also the net rise or fall: 

















1 2 
Course Incline ae Course Incline 
AB + 3° 40’ 398.4 AB + 8° 20’ 
BC — 12° 10’ 122270 BC + 138° 10’ 
CD + 6° 20’ 1784.0 CD Ae BO 
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Measured 


Length 


$16.3 
513.7 


1481.0 


























Course Incline eee Course Incline ee 
AB — 4° 45’ 186.7 AB + 7 20’ 1983 .0 
BC — 7° 40’ 482.3 BC + 9° 40’ 784.2 
CD —.11° 50’ W225 CD = 3 00! 1167.0 





In each of the following find the bearing and the length of the closing course: 























S 6 
Course Bearing Me oo Course Bearing a Gi 
AB N 49° 30’ W 493.7 AB Se 837.6 
BC N 67° 20’ W 2067 .0 BC S 81° 30’ E 928 .2 
CD |S 12°20'W| 964.2 cD | N 16° W 727.9 
DA ? fe DA i ? 



















































Course Bearing ee Course Bearing Ate 
AB S 54° 40’ W 128.6 AB N 37° 10’ E 2862.0 
BC S 12° 3’ W 84.7 BC S 42° 20’ & 1363.0 
CN Se align Es 917.2 CDW S58 250 5 5916 
DE | N 8° E 346.3 DC 


EA 


? 


2 









EA 


S 21° 40’ W 


? 


3815.0 


2 
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Find the area in acres in each of the following, the lengths of the courses 
being given in feet. In each case it is necessary to find first the length and 
bearing of the closing course, using the method of §181. 


9 10 















: 5 h 
Course Bearing Lee @ Course Bearing a fap bs 
AB S 18° 20’ E Siivn2 AB S 49° E 176.4 








BC S 83° 10’ E 1262.0 BD | N 64° 20'E 854.6 








CD ING LS BLOA WY: 631.7 


CD N 6° 50’ W | 2281.0 








DA 








12 














Course Bearing pee Course Bearing Reece. 
AB S 19° 20’ E 217.8 AB 8 61° E 1984.0 











BC S 68° 30’ E 884.3 
CD N 23° 50’ E 527.6 


BC S 48° 50’ E 729.6 





CD N 8°10’W | 2162.0 
DE N 29° W 317.2 





DE N 53° 10’ W 391.7 
EA 




















In practice the length and bearing of the closing course are measured 
directly when that is convenient, since this affords an excellent check on the 
whole survey. There may, however, be difficulties in measuring this course, 
such as are suggested in Hx. 3, p. 87. In such cases the method suggested 
here must be used. 


Problems in Physics 


183. Components of force.—If a force F Cc 
is acting along a line AB and if AC makes 
an angle a with AB, then there is a com- & 
ponent of F acting along AC which is equal A B 
to F cos a. 


Thus if a weight resting on a horizontal table is subject to a pull of 50 lbs. 
in a direction making an angle of 25° with the surface 
of the table, then there is a force of 50 cos 25° tending 
to drag the weight along the surface of the table, 
while there is a force of 50 cos 65° tending to lift the Peay agree 
weight vertically. 


Ke 
1 C50 
( ah 
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EXERCISES 


1. If an automobile weighing 3500 lbs. is standing 
on a road which slopes 15°, what force tends to 
pull it down the hill? 





2. Two forces a and 6 act in the di- 
rections AB and AC and are represented C D 


in magnitude by these segments. Complete b 
the parallelogram ABDC and prove that the 
sum of the components of a and b along the ,4 ‘A 


diagonal AD is equal to AD. 4 

3. A weight of 340 pounds rests on an inclined plane which makes an angle 
of 7° with the horizontal. What is the force acting at 
right angles to this plane? 

4. A guy-rope with a breaking strength of 6000 
pounds makes an angle of 53° with a post at the point A. 
What part of this strength can be used to withstand a 
force acting at right angles to the post at this point and 
in the direction opposite to the side on which the rope is 
fastened ? 

5. In the figure the points A and B are in 
the same horizontalline. If the ropes AC and 
BC, supporting a weight of 150 lbs., are 8 feet 
and 6 feet long, respectively, and if AB = 9 
feet, what is the strain on each rope? 

Suggestion. The horizontal component of 
the two forces must be equal 









6. Using the dimensions and the weight indi- 
cated in the figure, what is the strain on each of the 
ropes AC and BC? If the distance AB is 7 feet, 
how much force must be added to the line pulling 
along BC to move the weight one foot to the right? 
In that case what would be the pull along AC? 


7. A weight of 250 Ibs. rests on a horizontal table, and it is found that a pull 
of 75 lbs. in the direction AB is sufficient 
to overcome the friction between the 
weight and the table and start the weight 
moving. How many pounds of this force 
are pulling along the line AC which is pa- 
rallel to the table? How many pounds act 
vertically upward so as to diminish weight resting on the table? 
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184. Reflection of light—The path of a ray of light passing 
through a homogeneous medium is a straight 4 B 










: : 2 \V 
line. When such a ray strikes a polished sur- 
face, such as a mirror, it is reflected according : 

to the law that cane. 
! 


the angle of incidence is equal to the angle of 
reflection. 
In the figure the ray AQ strikes the reflecting surface at Q and is 
reflected in the direction QB. If NQ is perpendicular to the 
surface (NQ is called the normal to the surface), then the law of 
reflection may be stated by saying that AQ and BQ make equal 
angles with NQ. The angles AQN and BQW are called, re- 
spectively, the angle of incidence (7) and the angle of reflection (r). 


EXERCISES 


1. Prove that if a mirror is rotated through an angle a, then a reflected ray 
is rotated through an angle 2a. 

2. A light is placed at a point in the perpendicular to the center of a circular 
mirror and at a distance of 6 feet from it. If the mirror is 10 inches in diam- 
eter, find the angle between an incident and reflected ray at the edge of the 
mirror. 


3. In an experiment a mirror is placed at B so \ ee 
that an object at A is seen at C. If AB = 8.92, Se / 
BC = 9.34, and AC = 10.63, find the angle which \ “f 
the surface of the mirror makes with the line AB. Se / 

4. In the figure, AB represents a _horizon- \ / 
tal reflecting surface (the surface of a smooth Ne , 
lake), C represents the eye of an observer at a Nees 
vertical distance a above the lake, D represents the \ 7 
top of a mountain, and # the reflection of the b 
mountain in the lake as seen from C. The 
light from D striking the lake at F is re- eee 
flected to C and C, F, EF are in a straight tee oe 
line. At C the angle of elevation of D is Crees 
a and the angle of depression of £ is 8. ims Aer ew | 

ri q . a, Vv i : 

Find in terms of a, «, and 8 the distances 4 4_>.<7 sp | 
from C' to the mountain. Le 

5. The mirror AB in a dresser swings are | 
about a support at C. This mirror is a 7 
tipped back through an angle @ so that <a 
the line AD is perpendicular to it. The NE 


lines CC’ and CA and the angle a are measured and it is required to 
develop a formula in terms of these quantities giving the length of the line 
CAD: 

If CC’ is 6.84 feet, CA = 1.8 feet, and a = 11°30’, find C’D. 
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Suggestion: 
AVA 10 Cat O Chea OG rA Grsin va 
and 
C’D = C'A' + A'D =C"A+ AA’ tana 
= CA cos a+ (CC’ + AC sin a) tan a. 
6. Find a in the preceding example, if it 
is given that CC’ = 6.84, AC = 1.8 and C’D 
= 4°36. 


Suggestion: Let C’D =a, AC = b, and CC’ =c. 
Then a = bcosa+ (c+ Osin a) tana 


Ord = b/ i ema © Lbgina)— 
V1 — sin?a 
Then a 1/1 —sin?a =b—bsin2tatcsna+bsin?ta=b+csina. 
Solve for sin a and substitute values of a, }, ¢. 

185. Refraction of light—When light passes from one trans- 
parent medium into another, it does 
not generally continue in a straight line, 
but changes its direction. 

Thusif aray of light is passing through 
air and meets a glass surface at Q, then | 
that part of the light which is not re- 
flected passes through the glass in the 
direction QB. If the line NQWN’ is per- 
pendicular to the glass at Q, then 
ZAQN (2) is the angle of incidence and BQN’ (r) is the angle of 
refraction. 

It has been shown by a large number of experiments that for 
any particular kind of glass, the ratio 

sin 7 

sin r 
is the same for all different values of 7. This means that no matter 
how the angle 7 is changed, the angle r will change in such a way 
that this ratio will remain unchanged. 

This ratio is called the index of refraction of one substance with 
respect to another. For certain kinds of glass and air the value 
of this index is about 1.5, while for water and air it is about 1.33. 
That is, the index of refraction of a certain kind of glass with 
respect to air is 1.5, and of water with respect to air is 1.33. 

It has been found by very careful experimentation that if a 
ray passes through a plate of glass whose sides are parallel, then 
after emerging from the glass the path of the ray will be parallel 
to its path before entering the glass, that is, in the figure, BC is 
parallel to AQ. 








N A 


B 





lary’ 
C N 
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EXERCISES 


1. In finding the index of refraction of a certain kind of glass with respect 
to air, 7 and r were found to be 40° and 24° 42’ respectively. What was 
the index? 

2. Denoting the index of refraction by n, show how 
to find each one of the quantities 7, 7, n when the other 
two are given. 

3. A ray of light passes through a glass plate 3 of an 
inch thick. Find the amount by which this ray is dis- 
placed if 7 = 35° 40’ and the index of refraction is 1.49. 

4. A ray of light is passed through a triangular prism 
as shown in the figure. What must be the angle of inci- 
dence of the ray AB if the index of refraction is 1.5, if a 
cross-section of the prism is an equilateral triangle, 
and if BC is parallel to one side of the prism? 
Under these same conditions find the angle 
through which the ray is turned in passing through 4 B 
the prism. 

5. A stick partly submerged in water appears 
to change its direction at the point where it enters the water. What is the 
apparent direction of the stick under water if its real inclination to the surface 
is 47° and if the index of refraction of water with respect to air is 1.33? 





+<21.95°40" 
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MISCELLANEOUS THEOREMS AND PROBLEMS 


1. The line AB lies in a horizontal plane 
and P represents a mountain peak visible ae 
from both A and B. To find the height of P 
above the plane of AB and the horizontal 
distance from A to P, the following measure- 
ments are made: AB=a, ZOAB=a, 
ZABO = 8, and ZOAP=~y. Find formu- 
las giving AO and OP in terms of a, a, B, 

Note that while O represents a point in 
the same horizontal plane with AB and lies 
inside the mountain, angles a, 8, and y can be measured directly. 

2. Two parts of the roof of a house have their ridges at right angles to each 
other and meet, forming a valley. If each part of the roof has an incline of 
45°, what is the incline of the line of intersection of these parts of the roof 
(the valley)? 

3. A vertical wall is a feet high and stands on a horizontal plane. If a is 
the altitude of the sun and if the sun is in the same vertical plane with a line 
at right angles to the wall, what is the width of the shadow? 

4. What is the width of the shadow in Example 3 if the sun is in theseane 
vertical plane with a horizontal line which makes an angle 8 with the wall? 
5. A mountain slope makes an angle @ with a horizontal plane. Find the 
incline of a path up the slope if its projection on the horizontal plane makes an 
angle 8 with the intersection of the slope and the horizontal plane at its foot. 


v 


\ 
\ 
acl 





SoS Se 
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6. In the preceding example what is the angle between the path and the 
intersection of the slope with the horizontal plane? 

7. In general field-work in geology, and in particular in mining geology, 
there is a problem of frequent occurrence which amounts to the following: 


A surveyor is standing at a point A. B 
Along a line AX there is level ground, and A NX 
somewhat to the right of this line there is a y 


deep canyon in which a point D is visible. 
The points A, X, D determine a plane and 
he wishes to find the angle which this plane D 
makes with the horizontal. To do this he measures the angle X AY so that 
the line AY is vertically above D. Then he measures the angle YAD. If 
ZXAY =aand DAY = &, find a formula giving tan CBD, the plane DCB 
being perpendicular to the line AX. 

8. A pyramid with a square base of sides a has its apex a distance b above 
the base. Find the angle between the base and a line running from the 
apex to a corner of the base. 

9. The legs of a tripod are 53 feet long and open so that the distance 
between two legs where they meet the ground is 43 feet. Find the angle 
which each leg makes with a plumb line from the apex of the tripod. The 
tripod is assumed to stand on level ground and the legs are assumed to come 
together at the apex. 


10. In the figure, AB and BC repre- 
sent the connecting-rod and dish-crank, 
respectively, of a steam engine. The 
angle which the dish-crank makes with A 
the line AC is represented by a. Derive 
a formula giving the length of AC in 
terms of a, AB, and BC. 


11. In the figure, C; and C, are the cen- 

ters of two pulleys with radii r; and 7». 

Find in terms of 71, 72 and C, C, the length 

of the belt required. 
12. Using the same data as in Example | 

11, find the length of the belt if it is to’ 

cross over as shown in the second figure. <f 
13. Two straight stretches of railway, 

if extended, would meet at a point P, 


making an angle a. These two stretches are 
to be connected by means of a circular are AB. 
If the radius of this are is r, what is the distance 
fromeP to A? 

14. The length of a degree of fonuthvde on 
the equator is 60 nautical miles. What is the 
length of a degree of longitude at latitude a, 
assuming the earth to be spherical ? 
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15. Assuming the earth to be a sphere with radius r, derive a formula 
giving the distance from a point the distance h above the surface to the farthest 
point that can be seen on the surface (the horizon). If the radius of the earth 
is 3960 miles, how far out at sea can a mountain be seen if it is 15,000 feet high? 

16. Three points, A, B, C, are known to B 
be at distances a, b, c from each other as 
indicated in the figure. From a point D 
these points subtend angles a and £ as 
indicated. The problem is to find the dis- \ JQ 
tances from D to each of the points A, B, 
and C. (This is called Pothenot’s prob- ‘ 
lem.) \ 

Suggestion: Since the distances a, b, c are Ye 
known, the angles of the triangle ABC may \ 
be found and we may regard these as known. ~~ 
Denote the angles DCB and DAB by P and \ 
Q, respectively. If these angles can be 
found, the problem is solved, for then the triangles DCB and DAB can be 
solved. 

By the law of sines we have, 
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| 

| 

| 
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Bey ee 
sin @ sin B 
Hence, 
sin P c sing 
sin Q a sin B 
and 


sin P—sinQ_ csina—asin B 

sinP+sinQ csina+asin Bp 
By proceeding as in §105 we obtain 

tan4(P—Q) _csina—a sinB 

tani (P+Q) csna+asing 








(1) 


But 
P+Q4+B+a+6=4right Zs 
and 
2 (P+ Q) = 180°- 3(B+a+ 8). 
Hence 3(P + Q) can be found. 
Substituting this value in (1), }(P — Q) is found. 
Since $(P + Q) and 4(P — Q) can be found, P and Q may be found and the 
problem is solved. 

17. If in the preceding example a = 248.6, b = 381.2, c = 306.3, a = 21° 35’, 
B = 19° 25’, find DA, DB, DC. 

18. If a projectile is fired at an initial velocity vp and at an angle a with 
the horizontal plane, then, neglecting atmospheric resistance, y = vof sin a — 
2 gf? and x = vst cos a, where y is the vertical component of the motion, 
zx the horizontal component, and ¢ the time in seconds from the instant of 
firing. Find the distance from the gun to the point where the projectile 
strikes the ground, the plane on which the firing takes place being horizontal. 


Suggestion: If y =0, then ¢ = = sin a. 


. . . . 2 . 
Substitute this value of t in x = wt cos a and obtain x = 7 sin 2a, 
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What is the value of @ which gives the maximum range? 
19. Prove that in any triangle 
a40 eos 3 (A —B) a—b sin F(A — B) 
Ca sna Ce” cs Vhecose OC 
sin A b sn B 
sin C an 
a+b snA+sinB_ 2sin 4 (A +B) cos3 (A — B) 
ie = sin C i sin C 


sin C = sin (A + B) = 2 sin} (A+B) cos} (A+B). 

Substituting this value of sin C and canceling, 

a+b _ cos; (A — B) cos 4 (A — B) 

é cos SCAB) su FO 

The second equality may be found in a similar manner. These formulas are 
called Mollweide’s equations. Since all six elements of a triangle are involved 
in a single equation, these formulas are often used as checks in computing 
triangles. 


20. A second proof of the law of tangents. 


Let ABC be any triangle in which c is greater than b. With A as a center 
and c as radius, construct a semicircle meeting 








Suggestion: From - = , we have, by adding, 








But 











AC produced in Dand #. Join B to Dand E. nas 
Then ne 
EC =BA +b=c+b, Pf 
CD = AD—b=c~—b. Ve 
Since AB = AD, ZABD = ZADB E 
and 
ZABD+ ZADB =180°—- ZA= ZB+ ZC. 
Hence, 


ZADB = ZABD=}(B+0), 
and 
ZCBD = ZABD— ZB =(B--C) = ZB =4(6 — B). 
But ZEBD is a right angle. 
Hence, 
ZCEB = 90° — ZCDB = 90° — 3(C + B), sin CEB = cos 3(C + B). 
Similarly, 
sin HBC = cos 3(C — B). 
By the law of sines we have in the triangle CBD, 
c—b_ sinCBD sin 3 (C — B) 
a sinCDB ~ sin (C + B) 
Similarly from triangle ECB, 
c+b_ sin EBC cos 4 (C — B) 
a  sinCEB cos} (C+B) 








Hence by division, 
c—b_ tan 3 (C—B) 
c+b tan }(C+B) 





CHAPTER XIV 
SPHERICAL TRIGONOMETRY 


Spherical trigonometry deals with figures which lie on the surface 
of a sphere. The purpose of this chapter is to study the solution 
of certain problems related to spherical triangles. 

186. Preliminary definitions and theorems.—The following 
definitions and theorems, which are developed in solid geometry, are 
given here for convenient reference. They are simple enough to be 
understood readily by a student who reads them for the first time. 

The intersection of a plane with the surface of a sphere is a 
circle. If the plane passes through the center of the sphere, the 
circle is a great circle of the sphere; otherwise the circle is a small 
circle of the sphere. 

A diameter of the sphere perpendicular to the plane of a circle is 
called the axis of the circle. The points 
in which the axis of a circle meets the 
sphere are called the poles of the circle. 
In the figure P’ and P are poles of each 
of the circles c’ and c. 

The angle between two arcs is meas- 
ured by the angle between tangents to 
the ares at a point of intersection. 

Thus in the second figure, Z APB is 
measured by ZRPT. 

A spherical triangle is a figure on the 
surface of a sphere formed by three arcs 
of three great circles. 

Thus in the figure, APB is a spherical 
triangle. 

Since the sides of such a triangle are 
arcs, they are measured in degrees or 
radians, as are also the angles of the tri- 
angle. 

The sum of the sides of a spherical triangle is less than 360°. ° 

The sum of the angles of a spherical triangle is greater than 180° 
and less than 540°. 
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187. The spherical triangle and its trihedral angle-—The planes 
determined by the three sides of a spherical triangle form a tri- 
hedral angle whose vertex is at the center 
of the sphere. If we designate the angles 
of the spherical triangle by A, B, and C, 
and the sides opposite them by a, b, and c¢, 
as we have done in plane trigonometry, 
then, O being the center of the sphere, it 
is evident from the figure that Z AOB=c, 
ZBOC=a, ZCOA=b. Likewise the measure of the dihedral angle 
A-OB-C is equal to that of angle B; and similarly B-OC-A = C and 
C-OA-B = A. 

188. Polar triangles——Using the vertices of a spherical triangle 
ABC as poles, construct three great 
circles of the sphere. Denote by A’ that 
point of intersection of the arcs whose 
poles are B and C which is on the same 
side of BC as A. Determine B’ and C’ 
in a similar way. Then A’B’C’ is the 
polar triangle of ABC. 

The following theorems are proved 
in solid geometry. 

If one spherical triangle is the polar 
triangle of a second, then the second is the polar triangle of the first. 

An angle of any spherical triangle is the supplement of the opposite 
side in the polar triangle. 


A 








BX: Vc 
D E 


Thus if ABC and A’B’'C’ are 
polar triangles and a, b,c anda’, D 
b’, c’ are the corresponding sides, then 

A = 180° — a’ A’ = 180° -—a 
B= 180° — 0’ B’ = 180° — b 
C = 180° — ¢’ C’ = 180° —c¢ 
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189. Duality in spherical trigonometry.—Suppose that any 
proposition has been proved for a spherical triangle ABC. Then 
this same proposition holds of the polar triangle A’B’C’ of ABC. 
Hence from the relations stated in §188, using §187, a proposition 
is deduced for ABC which corresponds to the original proposi- 
tion except that “angle” and “side” are interchanged. This 
principle, known as duality, will be used frequently in the following 
pages. ; 

190. Solving a spherical triangle ——It will appear in this chapter 
that if three of the six parts of a spherical triangle are given, the 
triangle is determined. Solving a spherical triangle is the process 
of finding the three unknown parts when three parts are known. 

If the actual lengths of the sides are required, the radius of the 
sphere must be known. The determination of such length is then 
a simple process. A problem in spherical trigonometry is regarded 
as solved when the values of the sides and angles are found in 
circular measure. 


191. Right spherical triangles——lIf one of the angles of a spheri- 
cal triangle is 90°, the triangle is designated as a right spherical 
triangle. In order to solve such a triangle two parts besides the 
right angle must be given. From the five parts, two known and 
three unknown, ten combinations of three may be formed. Each 
of the ten necessary formulas will contain three parts of the tri- 
angle. Obviously if any two of these parts are known, the third 
may be found. 


192. Formulas for solving right spherical triangles—Let ABC 
be a right spherical triangle whose right 
angle is at C. Let O be the center of its 
sphere, the radius of which is unity. Let 

. both a and 6 be less than 90°. Draw 

BDLOC and DELOA. Then BE is 
ee SEY. 
Note that in writing, as below, equa- 
EA tions like ZDOB = a and ZEOB =c 
we mean to state that the radian 
measures of the angles and the arcs are the same. 


j=) 
> 


SPHERICAL TRIGONOMETRY 171 


In the figure 
ZDEB =A, LDOBI= Ta; ZEOB =c 
DB =sin a, OD = cos a, EB = sin ¢, OE = cosc 


Then, HD = DB cot A = sinacot A (1), HD = EBcosA =sinecosA (2) 

ED = OD sin b = cos a sin b (3), ED = OF tan b = cos ¢ tan 5b (4) 

Equating in pairs these values of ED, we obtain the required ten formulas 
as follows. 


From (1) and (2), sin a cot A = sinc cos A, 


and hence sin a = sin A sinc [74] 
Then by symmetry, sin b = sin B sinc [74’] 
From (1) and (3), sin a cot A = cosa sin b, 

and hence sin b = tan acot A [75] 
Then by symmetry, sin a = tan b cot B [75’] 
From (1) and (4), sin a cot A = cosc tan b, 

and hence COsici— SHU SACOE 

tan b 


Substituting from [75’], 
tan b cot B cot A 


cos ¢ = —————_——_——) 
tan b 
and hence, cosc = cot AcotB [76] 
From (2) and (8), sinc cos A = cosa sin b, 
and therefore cos A = oe = = io 
sin ¢ 
Substituting from [74’], 
cos A= sin Bcosa [77] 
and by symmetry cos B = sin A cos b [77’] 
From (2) and (4), sin c cos A = cos c tan b, 
or cos A= cot c tan b [78] 
and by symmetry, cos B = cotc tana [78’] 
From (3) and (4), cos a sin b = cos ¢ tan b, 
and hence cos c = cos acos b [79] 
EXERCISES 


1. Consider a right spherical triangle ABC in which the sides a and 6 are 
both greater than 90°, C being a right angle. 
Complete the lune CAC’B as shown in 


the figure. Then in the triangle ABC’ Ren 

the sides about the right angle are less TN 
than 90° and the formulas of §192 are YC! 
known to hold. Using the relations of C ye 
trigonometric functions for supplemen- pee 

tary angles given in §87 prove these ten A 


formulas for the triangle ABC. 
2. Construct the figure and prove these propositions for the case when 
a<90° and b>90°. 
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193. Napier’s rules of circular parts——Two rules devised by 
Napier help in remembering the ten formulas stated in §192. 
In a right spherical triangle ABC, with sides a, b, c, let C be the 
right angle. The so- 
called circular parts of 
this triangle are the sides 
a and b, and the comple- 
ments of the angles A 
and B and of the side c. 
Denote these comple- 
ments by Co-A, Co-B 
and Co-c_ respectively 
and arrange the circular parts in order as indicated in the circle. 

Corresponding to any one of the circular parts there are two 
adjacent parts and two others which are referred to as opposite 
parts. 

Then Napier’s rules are: 

(1) The sine of any circular part ts equal to the product of the 
tangents of the two adjacents circular parts. 

(2) The sine of any circular part is equal to the product of the 
cosines of the two opposite circular parts. 

Applying rule (1) to the circular part 6, for example, we have 

sin b = tan (Co-A) tan a 
or sin 6 = tan a cot A. 
From rule (2), 





sin b = cos (Co-c) cos (Co-B) j 
or sin b = sinc sin B. 
These are formulas [75] and [74]. 


The repetition of a in the words tangent and adjacent, and of o 
in cosine and opposite, will be a further aid to the memory. 

Exercise: Develop each of the formulas of §192 by using Napier’s 
rules. 

194. Species.—If each of two parts of a spherical triangle is less 
than 90°, or each greater than 90°, then the parts are said to be 
of the same species. Formulas [74] to [79] taken as a whole 
determine whether a part found is in the first or second quadrant, 
but in an individual case, a part found from its sine is indeterminate. 
The following rules determine the question of quadrant for all 
cases in right triangles except one. This case, the ambiguous case, 
is considered in the next paragraph. 
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Rule I: The hypotenuse is less than 90° when the sides about the 
right angle are of the same species, otherwise the hypotenuse 1s greater 
than 90° and conversely. 

For by [79], cos c = cosa cos b. Hence, when a and 6 are in the 
same quadrant, cos ¢ is positive; otherwise it is negative. Con- 
versely if cos ¢ is positive, a and 6 are of the same species. 

Rule Il: An oblique angle and its opposite side are always of the 
same species. 

For by [77’], sin A = cos B/cos b. Hence cos B and cos 6 are of 
like sign; that is, B and 6 are of the same species. 


195. The ambiguous case.—If the parts given are a side and 
its opposite angle, the remaining parts Bese 180% 4 
are found from their sines. Hence 


B ! 
there are two supplementary values e 


for each. The relation of the two tri- AY 1306 
angles is shown in the figure for the case in which B and b are the 
given parts. Band B’ are equal, BB’ being a lune. 


EXERCISE 


Form the equations to be used in solving the spherical triangle, ABC, b, B, 
and C ( = 90°) being given. 

196. Use of logarithms.—The formulas developed for solving 
spherical triangles are all suitable for logarithmic computation 
and the computation is carried out as in plane trigonometry. The 
following should be noted: 

When negative values occur, the numerical results may still be 
found by using logarithms, the quality being determined by the 
number of negative factors. In such cases, the letter n may well 
be placed after any logarithm, the antilogarithm of which is 
negative. The quality of the result is then immediately determin- 
able. In the solution of Example 3 on page 175 a suitable form is 
shown. 

When the characteristic of a logarithm is negative, — 10 may 
be written after the mantissa. In this work there is seldom any 
ambiguity in such cases. It is therefore possible to omit the — 10 
in all cases. In the examples worked out in the following pages 
this procedure has been adopted. 
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197. Solving right triangles.—If two parts of a spherical triangle 
are given, formulas involving each of the unknown parts with both 
of the known parts can be formed by the use of Napier’s rules. 
From these the unknown parts may be found, and then as a check 
on these, the formula involving all three of them may be applied. 
The quadrant in which each magnitude lies may be determined 
by the principles of §194 if the formula used leaves any ambiguity. 
The form of the work will be clear from illustrative examples. 


Example 1. Solve the spherical triangle ABC given: C = 90°, c = 78° 25’, 
Ar= 36° 42/30". 

Solution: Using formulas from §192 (or Napier’s rules), sin a = sin A sinc 
from [74], tan b =cos A tan c from [78], cot B = cos c tan A from [76], 
sin a = tan b cot B from [75’] as a check. 


log sin A = 9.77652 
log sin c = 9.99106 
log sin a = 9.76758 


log cos c = 9.380275 
log tan A = 9.87251 


log cot B = 9.17526 


Say BU Si B= 81° 29' 6” 
or 144° 9/ 23” 
log cos A = 9.90401 check 


log tan c = 0.68832 
log tan 6b = 0.59233 
b = 75° 39’ 31” 


log tan b = 0.59233 
log cot B = 9.17526 
log sin a = 9.76759 





Since c<90° and 6<90°, a<90°. Hence the unknown parts in the triangle 
ATEN —VSOrNO0. Oa, eb) =) Sle29 96s bi Doo ole / 


Example 2. Solve the right spherical triangle ABC, given the following: 
CF = COE, = MB ay, 18? = UO? Gal”. 


Solution. The formulas to be used are 


sin a = tanb cot B 
sin c =sin b/sin B 


sin A = cos B/cos b 
(check) sin a = sin A sinc 


log tan 6 = 9.97598 
log cot B = 9.49474 
log sin a = 9.47072 
ops WA? Ne AO 
or, 162° 48’ 20” 
log sin 6 = 9.83715 
log sin B = 9.97978 
log sin c = 9.85737 
c = 46° 3/35” 
of 188° 56’ 25” 





log cos B = 9.47452 
log cos 6 = 9.86116 


log sin A = 9.61336 
AV es HO a OA 
or 155° 45’ 39” 
check 
log sin A = 9.61336 
log sin c = 9.85737 
log sin a = 9.47073 
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When the smaller value of ¢ is used then a and 6 are of the same species; 


when the larger value is used, a and 6 are of different species. 


In both cases 


A must be of the same species as a. Hence the results are 


‘G = 46° 3’ 35” 
ay = 162° 48" 202 
Example 3. 

A = 36° 42’ 30”. 
Solution: 

sin a =sin A since 
cot B =cosc tan A 

log sin A = 9.77652 

log sin c = 9.96588 

log sin a = 9.74240 
@= 33032 417 
or 146° 27’ 19” 





and 


A; = 155° 45’ 39” 
Solve the right spherical triangle ABC given c = 112° 


133° 56’ 25” 
he sla aay 
24° 14’ 21” 


C2 


a2 
Ay 


25’, 


tan 6 =cos A tanc 


(check) sin a = tan b cot B 


By §194, the former is not admissible. 


log cos c = 9.58131 
log tan A = 9.87251 





(n) 


log cot B = 9.45382 (n) 


B = 105° 52’ 19” 


log cos A = 9.90401 
log tan c = 0.388456 (n) 


log tan 6 = 0.28857 (n) 
b= 622467 19% 


check 
log tan 6 = 0.28857 


log cot B = 9.45382 
log sin a = 9.74239 


9 b= 111? 33) 
* [A = 49° 9’ 


EXERCISES 
Solve the following triangles, C in each case being 90°. 
Group A 

1 a = 28° 41’ 5 b = 29° 55’ 
"NB = 7? Sy WBS = 4B TRY 
2 a = 81° 44’ 6 c = 82° 38’ 
TN = 2OR 1bY * |A = 36° 11’ 

oe ° , = ° Us 

i A= 2il ve : 7. b Le ot 
6 = 112° 15 Ca SOmaS 
qe = TIPO ZY 8 B = 20° 58’ 
* \e = 50° 29’ * |e = 45° 13’ 

Group B 

f= og ss ° , 
pa 5, [6 = 120 18 
c =77° 42 B = 67° 48 
[B =61° 21’ a = 48° 47’ 

2. \q = 76° 14 Pe Aye ie 
= ° , = ° , 
15 cori vo x ager 
4 b = 387° 40’ Pd as 28° 45’ 
* |A = 77° 24’ " |A = 64° 20’ 





a ° , 

Sh eee 
Tero 
a ° , 

eo ey 
a ie = 53° 15’ 
Gh ge als 

As ° , 
teers 
= ° , 
ee 
= or 

ee eer 
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198. Quadrantal and isosceles triangles.—A quadrantal spheri- 
cal triangle is one which has a side equal to 90°. Hence the 
polar triangle of a quadrantal triangle is a right triangle. Thus, 
in order to solve a quadrantal triangle, the polar triangle may be 
solved, and the values of the unknown parts of the quadrantal 
triangle are then known immediately. 

An isosceles spherical triangle has two sides equal The arc 
drawn from the vertex perpendicular to the base bisects the base 
and the vertical angle, forming two equal right spherical triangles. 
If three parts of the isosceles triangle are given, three parts of the 
right triangles are known, hence the remaining parts may all be 
found. 


EXERCISES 


Solve the triangles of which parts are given. 





G = Moet B = 18° 50’ = 53° 55’ 

b = 63° 20’ B. 30 = 48° 29’ = 77° 50’ 

Ca— O00 c = 90° c = 90° 

@ = 38° 41’ B = 65° 11’ = 37° 35/ 
2.3 Be TT AS 6. 4A = 85° 22! ye 

c = 90° lc = 90° ¢ =90° 

b = 82° 25’ 6 = 71° 12’ = 119° 30’ 
3. <+C = 68° 35’ 7,4A = 118° 30’ = 45° 40’ 

c = 90° c = 90° c = 90° 

b = 96° 45’ @ = 112° = 100° 40’ 
Ass B = 68017" 8. 4b = 90° 3 = 112° 19’ 

ec = 90° ce = 902 c = 90° 


IsoscELEsS TRIANGLES 


In the following As, a = 6 and A = B. Find the parts not given. 


1,15 = 28 48! 5, {@ = 72° 50’ 9, (@ = 58° 27’ 
* |B = 39° 22’ * |A = 56° 50’ * |B = 26° 43’ 
, Wa = 82° 15’ 6 b = 19° 42’ : = 48° 49’ 
" \C = 130° 24’ * |e = 46° 20’ = 108° 18’ 
tee 18’ pe Oe 19’ a = 72° 19’ 
* |B = 98° 36’ " (C = 69° 29’ = 55° 267 
A fa = 16° 38’ g. (¢ = 99° 10 = 7 = 42° 38 
"le =30° 46’ > SVG as 78°24! = 59° 21’ 
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199. Solution of general spherical triangles.—For spherical tri- 
angles in general three parts must be given to determine the 
triangle. Formulas for finding the remaining parts when any 
three parts are given will be developed in the following paragraphs. 


200. The law of sines.—The sines of the sides of a spherical 
triangle are proportional to the sines of the opposite angles. 


In symbols, ——— 2 ee [80] 


C C 
a Ne 
6 
\ 
b A 
B ‘ 
A yeau 
A Cc D c wa 


Proof: In the triangle ABC (either figure) drop the perpendicular 
h from the vertex C to the opposite side AB (extended, if neces- 
sary). 

Then by Napier’s rules or [74], in the right triangle ADC, 


sin h = sin b sin A, 
and in triangle CDB, 

sinh = sina sin B. 
Hence sin b sin A = sina sin B, 


or 








Similarly we may prove 


sina sinc sinb sine 
5 =i an ; =e : 
sin A sin C sin B sinC 








This law may be used for finding one of the remaining parts of 
any spherical triangle when two opposite parts of the triangle are 
among the three that are known. 
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201. The law of cosines.—(a) The cosine of any side of a spherical 
triangle is equal to the product of the cosines of the other two sides plus 
the product of the sines of these two sides and the cosine of their 
included angle, and 

(b) The cosine of any angle of a spherical triangle is equal to 
minus the product of the cosines of the other two angles plus the 
product of the sines of these two angles and the cosine of their included 
side. 


C C 
a Ne 
b 
Nh 
b \ 
B ‘ 
A _o7D 
A 7 D Cc 2 


Proof of (a): It is evident from the figure that when direction is 
considered 
c= AD+ DB, or DB =c-— AD. 
From Napier’s rules, or [78], 
cos A = tan AD cot b 





and hence tan AD = tan b cos A. 
Similarly cos b = cos h cos AD 
and hence cos AD = et 
cos h 
But sin AD = tan AD cos AD 
= tan b cos A cos b/cos h. 
Also cos a = cosh cos DB 


cos h cos (c — AD) 
cos h cos c cos AD + cosh sincsin AD. 


Substituting in this last equation for cos AD and sin AD, 


cosh cosccosb coshsinctan b cos A cos b 
cos @ = te 


cos h cos h 
or cos a= cos bcos c+ sin b since cos A [81] 
Similarly, 
ccs b= cosccosa+ sinc sina cos B [81’] 
cos c= cosacos b+ sina sin bcos C [81”] 


This is the law of cosines for sides. 
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Proof of (b): If A’B’C’ is the polar triangle of any given triangle 
ABC, then formulas [81] hold for A’B’C’. 


That is, cos a’ = cos b’ cos c’ + sin b’ sin c’ cos A’. 


But cos a’ = — cos A, cos b’ = — cos B, cos c’ = — cos C, 
sin 6’ = sin B, sin C’ = sin C, and cos A’ = — cos a. 
Hence cos A= — cos Bcos C+ sin B sin C cos a [82] 
Similarly, cos B = — cos Ccos A+ sin C sin A cos b [827] 
cos C = — cos A cos B + sin A sin B cos c [82’’] 


This is the law of cosines for angles. 
202. The half-angle formulas.—From [81], 


cos a — cos 6 cos c¢ 








cos A = 
sin b sin ¢ 
Hence 1—cosA = sin 6 sin ¢ Ex [2s vis cos b cos ¢ 
sin 6 sinc 
= Seen er 
sin 6 sin ¢ 
_ 2sin 2 (a+ ve pez (a—b+c) by [35] 
sin 6 sin ¢ 


If we leta+b+ c= 2s, so that} (a+ b—c)=s—c,} (a+c-—b) 
= s— band 3 (b+ c— a) = s — a, we have 


1— cos A a zai fs = 5) sin (8 — 0), 





sin 6 sin c 


sin b sin c+ cos a — cos 6 cos € 


Similarly 1+ cos A ; : 
sin 6 sin ¢ 


cos a — cos (b+ c) 
sin 6 sin ¢ 
2sin 4 (a+6+4+ cc) sin} (6+c—a) 
= sin 6 sin ¢ 
2 sin s sin (s— a) 
5 sin b sin ¢ 


A 1-—cosA A 1+cosA 
FE a ea aa pie cee i 09 
But — sin 5 5 and cos 5 5 (§109) 
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Hence, 
sin™! zs sin (s i b) — (s — c) (1) 
2 sin b sin ¢ 
ae cost fe sin : sin © — a) (2) 
2 sin 6 sin ¢ 
By dividing these, 
A ~— sin (s — b) sin (s. — ec) 
Cat : : 
ye sin s sin (s — a) 
A sin (s — b) sin (s — c) 
and tan = = 
2 sin s sin (s — a) 








Eh (s — a) sin (s — Db) sin (s — Cc) 
sin 3 — a) sin s 


If we now denote this radical by 7, we obtain 











Bate aet [83] 
2 sin (s—a) 
eee B i: ; 
Similarly tan 2 ain (65) [83 
C r F 
and tan 5. SNA [83] 
{/ sin (s — a) sin (s — b) sin (s — o) 
where f= : ; 
sin s 


From these formulas, the three angles may be found when the 
three sides are given. 

203. The half-side formulas.—If A’, B’, C’, a’, b’, c’ are the 
parts of the polar triangle of ABC, then by [83] 


yr’ 


1 Pd ea EEL 
tang A SCO) (1) 


; /2 (s’ — a’) sin (s’ — b’) sin (s’ — c’) 

where 7’ = a 
2 sin § 

and s2=4(@+0'4+c’). 
Then s’ = 3 (180° — A + 180° — B+ 180° — C) = 270°— 2 (A+ 
B+ C) = 270° — 8, . 
where S=37(A+B+C). 
Then s’ — a’ = 270° — S — 180° + A = 90° — (S — A), 
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and similar relations for b’ and c’. Then we have 


af VS (S — A) cos (S — B) cos (S — C) 


— cos S 





which we will denote by = 








Furthermore, 
a a 
APS ee ane a ais 
tan 43 tan (00 5) cot 9 
Substituting in (1) above, 
cot 3a : 
* > Reieos(Si =A) 
or tan 4 a= Rcos (S — A) [84] 
Similarly tan 4 b= Roos (S — B) [84’] 
and tan 3 c= Roos (S— C) [84’7] 
—cosS 
h = pe eee 
patie Z = (S — A) cos (S — B) cos (S — C) 


In this expression, cos S is negative since S is always greater 
than 90° and less than 270°. 
Since a’ <b’+ ¢’, 
180° — A<180° — B+ 180° — C 


and B+C—A<180° so that S — A<90°. 
But Bee OA 180, 
so that S—A> — 90°. 


Hence cos (S — A) is positive. In a similar way it is seen that 
cos (S — B) and cos (S — C) are also positive. The value of F is 
accordingly real in all cases. 

Formulas [84] to [84’’] are sufficient for finding the three sides 
when the three angles are given. 


: bee A De 
204. Napier’s analogies.— Dividing tan 3 by tan 3 in [83] and 


[83’], 
A 
ae 2 sin (sb) 
eB ain (s — a) 
tan = 


2 
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Taking this proportion by composition and division, 
t is +t B 
an—-+tan—  ; : 
2 2 sin (s— 6) + sin (s— a). 
B sin (s — b) — sin (s — a) 
2 


Substituting for tangent in terms of sine and cosine, and applying 
formulas [32] and [33] to the right member, 


Tegan 
aH OL est er iret al 
2 


. A B : 

ieee Deo ro eee oa sin 3 (2s — a — b) cos (a — 6) 
ner ee A B “cos? Gs— o.— bd) sn 3 @— 5) 
Bo. a Bo ea 


2 
That is, 





c 
t =< 
sin} (A+B) 2 


sin} (A— B) tan 4(a— b) is 


: coe A oe 
Again, multiplying tan 5 by tan 3 2 [83] and [837], 


tan zs tan Z = pun eeett) 
2 D sin s 
A B 
cae ag we sin (s — c) 
or A B sins 
COs 9 COS 9 


Then taking the proportion by division and composition and 
applying [32] and [33], 
: ao 
OS ne a 2 sin s — sin (s — ¢) 
ences epebn ger ree Smee ey 
2 2 2 2 
cos 4 (2s — c) sin 2 


sin 3 (2s — c) cos 2 


That is, 
ane 
cos$(A+B) 2 
cos }(4—B) tan} (a+ b) is 
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; b 
By using the values of tan : and tan 5 from [84] and [84’], and 


proceeding in a similar manner we obtain 


dj cot — 
sin 4 (a+ b) > [85 
sin} (a—b) tan 34 (A-—B) 
cos 4 (a+ b) oo: 2 
open e [86" 


cos3(a—b) tan 3 (A+B) 


The details of the proof of these two formulas is left to the 
student. 

Formulas [84], [86], [85’], and [86’] are known as Napier’s 
analogies. From these, the third side and third angle can be found 
when two sides and the angles opposite are known. 

205. Gauss’s equations, or Delambre’s analogies.—From (1) 
and (2) of §202 we obtain 


A B sin (s — b) sin s sin (s — c) 





sin — cos — = = : : 
2 2 sin ¢c sin a sin 6 
sin (s — b) € 
= —— cos — 
sin ¢ 2 


A 3B “sin (¢ —a) sin s sin (s — c) 
and cos — sin — = eet Se 


2 2 sin ¢ sin a sin 6 
sin (s — a) Gc 
= ——— cos — 
sin ¢ 2 


Adding and applying [18] and [33] we have, 


. A+B © sin (s—a)+ sin (s — BD) C. 
si. = 


2 sin ¢ Cet 
myiasis oe a) C 
2 sin ~ cos < ‘ 
2 2 
_ 2sin 3 ¢ cos 3 (a — b) C 
2 


Cc C 
yD iw 5 
OP oe > 
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Hence 
Leg 
SnD 3 Ose Oe 187] 
2 c i 
cos — 
z, 
Similarly, 
7 SP ee 
ad eo yw (87’| 
aC 2 
sin — 
iz 
B 1 
2 c 2 
cos — 
2 
AB in 1 
and cos oe ALagsy) ete [87/”] 
Zz waTC Zz 
sin -- 
2 


These formulas are known as Gauss’s equations or Delambre’s 
analogies. 


EXERCISE 
Show in detail the derivation of the last three of the above formulas. 


206. Rules of species for general triangles.—It will be seen that 
formulas [83] to [86] suffice for the solution of spherical triangles 
whenever sufficient parts are given to determine the triangle. From 
them certain rules of species may be deduced for application in 
case a particular formula leaves ambiguity. 

From the law of cosines, formula [81], 


cos a — cos 6 cos ¢ 





cos A= : : 
sin b sin ¢ 
The denominator of this fraction is always positive. In the numer- 
ator, cos a is greater arithmetically than cos 6 cos ¢ if a differs 
more from 90° than does either b or c. In that case, cos A has the 
same sign as does cos a. Similarly from [82], 


cos A + cos B cos C 


cos a= : ; 
sin B sin C 
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Thus cos a has the same sign as cos A if A differs more from 90° 
than does either B or C. That is, 

Any side (angle) of a spherical triangle is of the same species as 
its opposite angle (side) when that side (angle) differs more from 90° 
than does either of the two other sides (angles). 

This rule will in general give unambiguous results for two sides 
of the triangle and the angles opposite them. A further rule is 
therefore necessary. This is deduced from the second of the four 
Napier analogies, according to which 


c 
ft — 
cos 3 (A+ B) | rime 
cos 2:(A — B) tan + (a0) 
ul 


In this formula 3 (A — B) and , are always less than 90°, hence 


cos 4 (A — B) and tan : are always positive. Then cos } (A + B) 


and tan 4 (a+ b) are of the same sign. That is, half the sum of any 
two angles of a spherical triangle is of the same species as half the 
sum of the two opposite sides. 

207. Solution of general triangles.—In the solution of general 
spherical triangles we consider six cases according to the parts 
given. 

Case I Three sides. 

Case II Three angles. 

Case III Two sides and their included angle. 

Case IV Two angles and their included side. 

Case V_ Two sides and the angle opposite one of them. 

Case VI Two angles and the side opposite one of them. 

Case I. If the three sides of a triangle are given, the angles may 
be found by using formulas [83] to [83’’]. No ambiguity of sign 
can arise in this case. The solutions obtained can be checked 
readily by the sine law. The method of solution will be shown by 
an example. 


Example. Find the angles of the triangle ABC, given: 
@ = 48° 55’, b = 78° 21’, c = 81° 38’ 


Solution: ae / sin (60) sin (=) isin (e = 0)! 


sin s 
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: A r t B r A G ii 
an — = —————,, tan — = ————_, =— = —— 
2 sin (s — a)’ 2 sin (s — db) ae aay (s — c) 
a= 48° 55’ log sin (s — a) = 9.90254 
b= 73° 21’ log sin (¢. — 6) = 9.68006 
c= 81° 38’ log sin (s — c) = 9.54059 
2s = 202° 114’ colog sin s = 0.00952 
s=101° 57’ log r? = 9.13271 
s—a= 53° 2 log r = 9.56636 
8—b= 28° 36’ log tan 4 A = 9.66382 
$—¢= 20° 19’ log tan 3 B = 9.88630 
s=101° 57’ log tan 4 C = 0.02577 
A B 
Therefore, ice 24°45/20", oe BeBe = 46°41/55” 
and A = 49°30'40’, B = 74°10'4’’, C = 93°23'50”. 
sna sinb_ sinc 
Check. = = 
‘ sine As sines= sin, 
log sina = 9.87723 log sin b = 9.98140 log sine = 9.99535 
log sin A = 9.88112 log sin B = 9.98528 log sin C = 9.99923 
9.99611 9.99612 9.99612 


Case IT. If the three angles are given, the procedure is very 
similar to that shown above, but on the basis of formulas [84] to 
[84’’]; viz., 


ee — cos S 
i cos (S — A) cos (S — B) cos (S — C) 


b 
tan 5 = Rcos (S— A), ta 5 = R cos (S— B), tan = core Cr 


EXERCISES 
Find parts not given in the following: 
@ = 38° 18’ Qe (ie 21" ‘A = 55° 40’ 
b = 46° 28’ 5 be 84> 19° 9.:, B-= 69° 22’ 
c = 69° 44’ c = 20° 50’ C = 75° 10’ 
@ = 112° 257 = 36° 30’ @ = 126° 35’ 
b = 96° 20’ B Syl scaiy 10. (6 = 75° 5’ 
c = 28°35’ = 78° 35/ c = 79° 40’ 
= 70° 32! = 88° 55/ ‘A = 84° 26’ 
= 62° 48’ 2 = 53° 25/ 11. {B = 56° 46’ 
= 48° 34’ = 61° 20’ C = 95° 24’ 
= 68° 10’ @ = 116° 30’ G@- = 38° 18’ 
z = 76° 18’ » = 36° 24’ 12. \b =46° 25’ 
= 154° 36’ = 82° 6’ ce = 59° 41’ 
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Case III. When two sides and the included angle are given, 
the sum and difference of the two unknown angles can be found 
by formulas [85’] and [86’], and hence the values of the angles 
determined. Then by [85] the unknown side can be found and 
[86] furnishes a check for the computation. An illustrative 
example will be shown. 


Example. Solve the spherical triangle ABC, given: b = 118° 12’, c = 52°41’, 
A = 78° 36’. 

Solution: 
sin 4 (6 — c) 


tA. 4 (B — C) = —————- cot 3 A. 
3 tan 3 ( ) APO ee 


cos 4 (6 — c) 


ire b aC) = 
oo eres: 


log cos 4 (b —c) = 9.92477 log sin 4 (6—c) = 9.73328 
log cot 3 A = 0.08699 log cot 3 A = 0.08699 
colog cos # (b—c) = 1.09977 colog sin 3 (b—c) =0.00137 
log tan 4 (B — C) = 1.11153 log tan 4 (B — C) = 9.83716 
+ (B — C) = 85° 34’ 37” + (B’— C) = 51° 13’ 46” 
a sin#(B+C) a cos3#(B+C) 
tan = = ——>——— tan } (b- 0). = = ——-——"— tan } 
an 5 sin} (BC) an 4 (6 —c) tan > pO) et a 
log sin 4 (B + C) = 9.99871 log cos $ (B + C) = 8.88716 
log tan 4 (6—c) = 9.80850 log tan 3 (b+ c) = 1.09840 
colog sin 4 (B — C) = 0.25752 colog cos 3 (B — C) = 0.07915 
log tan — = 0.06473 log tan 3 = 0.06471 
a 
5 = 49° 15’ 14” a = 98° 30’ 28” 


In this case, after the two angles have been found the law of sines may be 
used to find the remaining side, and a check is furnished by using the other 
parts in the law of sines. If this procedure is used, the rules for species given 
in §206 must be used to determine whether the final side is greater than, 
or less than, 90°. 


Case IV. When two angles and the included side are given, 
the procedure is similar to that in case III. The formulas used 
are [85] and [86] to find the unknown sides, [85’] to find the remain- 
ing angle and then [86] may be used as a check. As before, the 
law of sines may be applied after the two unknown sides have 
been found. 


188 PLANE TRIGONOMETRY 


EXERCISES 
Solve the following triangles. 

a = 44° 50’ A = 29° 35’ a = 96° 34’ 
1.46 = 29° 10’ gM Ch: 10 7. 4c = 63° 46’ 

C = 75° 16’ b = 57° 44’ Ba wylee Aa 

A = 49° 26’ a = 12° 26’ B = 38° 42’ 
2. \B = 67° 38’ 5. 4b = 32° 44’ 8..,C0 = 59° 56’ 

¢ = 55° 22’ C = 98° 30’ a = 118° 30’ 

B = 78° 31’ b = 124° 12’ a =117° 58’ 
3. 4C = 62° 15’ 6. jc = 83° 40’ 9.46 = 82° 12’ 

a = 50° 32’ A = 76° 26’ (C = 57° 36/ 








Case V. When two sides and the angle opposite one of them 
are given, a second angle may be found by the law of sines. 


If A, b and a are given, then 
sin b sin A 
oe 
sin a 
If sin a<sin } sin A, then sin B>1 and no triangle exists for the given data. 
If sin a = sin 6 sin A, sin B = 1 and the triangle is a right triangle. 
If sin a>sin 6 sin A, two supplementary values of B are possible. If b<a 
then B<A, and if b>a then B>A. If both values of 6 satisfy this, there 
are two triangles which satisfy the data of the problem; otherwise only one. 


A Bg 
By D 


The figure shows the relation of two such triangles. Arc CD is perpendicular 
to are AB. From Napier’s rules, §193, sin CD = sin b sin A. 

When two sides and the angles opposite them are known, the remaining 
side may be found from formula [85], the remaining angle from [85’]. These 
two parts and the given opposite parts may then be used in the law of sines 
as a check on the work. 

Example. Solve the spherical triangle ABC, given a = 72° 35’, b = 51° 6’, 
153 = ate” DSM 


\ sin a sin B 


Solution: sin A = 


sin b 

C sin # (a+b) 
2° sin § (a —b) 
sin 4 (A + B) 


Cc 
epee cesta: ak ase 7 Ps Wy ee 8 
a Te Mel Sn 


co tan 3 (A — B) 


tan 
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log sin a = 9.97962 
log sm B = 9.79383 
colog sin 6 = 0.10888 
log sin A = 9.88233 


(a) Using the smaller value of A. 
a+b = 123° 41’ 








b 
ot? _ 61°50’ 30” 
2 
a—b= 21°29’ 
G@—0 
= 10° 44’ 30” 
2 


log sin 4 (a—b) = 9.94530 
log tan 4 (A — B) = 8.99271 


colog sin 3 (a—b) = 0.72960 
C: 
log cot 5 = 9.66761 
G ODS alas 
2 
Gi = 1302 67267 
Check. ae = aude 


sin B sin C 

log sin 6 = 9.89112 

log sin B = 9.79383 
0.09729 

(b) Using the larger value of A: 

A+B = 168° 46’ 5” 

A+B 





= 84° 23’ 3” 


loon ab = 9.94830 
ikea (A — BY = 0.01301 


colog sin 4 (a—b) =0.72960 
@ 
log cot é = 0.68881 
C; 
= SSG HE TY 
2 
@ SOB YO 
Check. log sin c = 9.69168 


log sin C = 9.59439 





0.09729, as above. 


Av= A9UAI7 55:4 
or 130° 18’ 5” 
both of which are possible. 


A+ B= 88° 9! 55” 
Ageia 

2 
A — B = 11° 13’ 55” 
A-—B 





= 44° 4’ 58” 





5° 36 587 
2 
log sin 4 (A — B) = 9.84242 
log tan $ (a—b) = 9.27808 
colog sin 3 (A — B) = 1.00938 


ll 


log tan 0.12988 


= 53° 26’ 


ie) lo Nolo 


= 106° 53’ 


log sin c = 9.98087 
log sin C = 9.88357 


0.09730 





A — B = 91° 50’ 8” 
AB 
5 = 45° 55’ 3” 


log sin 4 (A — B) = 9.99791 
log tan } (a—b) = 9.27808 
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oe Ue 


67 


colog sin } (A — B) = 0.14367 


log tan 5 = 9.41966 
z = 14° 43/ 32” 
; if 
c = 29°27" 4” 
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Case VI. When two angles and the side opposite one of them 
are given, the side opposite the second given side may be found 
by use of the law of sines, and the remaining parts by [86] and [86’]. 


Solve the following triangles. 


: = 37° 50’ 
Ue = 63° 10’ 
- = 70° 18’ 
2 = 75° 28’ 
ae = 83° 21’ 
C = 40° 33’ 
a = 49° 45’ 
3. 4A = 58° 26’ 
C = 32° 20’ 
A = 78° 12’ 
4. +B = 63° 48’ 
a = 50° 27’ 
a = 78° 20’ 
1.46 = 59° 18’ 
A = 68° 16’ 
B = 87° 30’ 
2a Ce s7le 22% 
b = 75° 45’ 
aq =e wl 
3. 4c = 47° 34’ 
A = 62° 12’ 
b = 82° 42’ 
4. 4c = 110° 33’ 
C = 85° 50’ 


6. 


7. 


EXERCISES 


Group A 


a@ = 68° 18’ 
: = 56° 32’ 
= 32° 55’ 


@ = 82°6’ 
i = 69° 15’ 


= 118° 20’ 
= 78° 36’ 
= 84° 16’ 
c = 66° 42’ 
= 96° 47’ 
= 105° 52’ 
Cn (oes 
Group B 
= 51° 28’ 
= 67° 32’ 
} = 70° 40’ 
= 103° 30’ 
= 58° 8 
c = 47° 13/ 
@ = 70° 32’ 
2 = 72° 16’ 
= 81° 7’ 
4 = 85° 10’ 
= 82° 19’ 
a = 56° 35’ 


10. 
i 


12. 


10. 
Mile 


12. 








a = 65° 26’ 
e = 53° 14’ 
A = 85° 28’ 
= 50° 20’ 
c = 58° 46’ 
B = 98° 10’ 
A = 70° 23’ 
B = 88° 13’ 
b = 81° 34’ 
B = 62° 37’ 
CaS 73° 2 
b = 49° 41’ 
B = 60° 50’ 
OF 485971 
c = 27° 48’ 
a = 74° 14’ 
C= 822 Mie 
C = 107° 20’ 
A = 93° 11’ 
B = 81° 13’ 
a = 73° 40’ 
b = 105° 25’ 
c = 116° 32’ 
B = 48° 44’ 
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CHAPTER AV 


HISTORICAL SKETCH 


The principal sources used in compiling this historical sketch are: 

(1) Moritz Cantor, Vorlesungen viber Geschichte der Mathematik, fourth 
edition, 1906. 

(2) Florian Cajori, A History of Mathematics, second edition, 1924. 

(3) W. W. Rouse Ball, A Short Account of the History of Mathematics, 1893. 

(4) Heinrich Wieleitner, Geschichte der Mathematik, (Sammlung Schubert, 
LXIV) 1921. 


Tue historical development of any science, or even of culture as 
a whole, often appears piecemeal and illogical. Parts which later 
are closely connected by apparently inevitable logical relations 
appear at great intervals of time and in widely separated geograph- 
ical regions. Nor do these parts necessarily appear in the order of 
their simplicity, when simplicity is measured by the comparative 
difficulty of understanding, once the discovery has been made. A 
submerged continent is rising out of the sea: an island, a chain of 
islands, and then a whole region appear; later other islands and 
regions arise in distant places, and in time these are all connected 
as the continent emerges. The early spots give little promise of 
the final unit, and their significance is apparent only when the 
event has been consummated. 

But the figure is not wholly fortunate. The beginnings of a 
science are often developed as parts of other and more general 
sciences. The epoch-making events in the history of science are 
the discovery of new methods of attack and new general theories 
and points of view, quite as much as the discovery of new facts. 
Until these appear, investigations by means of the older methods 
are frequently pushed to their very limit. Great intellects achieve 
surprising results, while that which at a later time appears simple 
and obvious remains unnoticed. The history of the development 
of trigonometry furnished numerous instances. Many of its more 
difficult theorems were stated and proved long before the invention 


of the system of numerals which we now study in our grade schools. 
192 
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GREEK TRIGONOMETRY 


Elementary trigonometry is essentially a combination of geom- 
etry and methods of computation, with a rather slight admixture 
of algebra. The geometry derives from the Greeks, the system of 
numerals and the algebra from the Hindus and Arabs, and some of 
the methods and means of computation, notably logarithms, from 
more recent European times. It is nevertheless true that trigonom- 
etry originated with the Greeks. To understand what they con- 
tributed to this science, and what they failed to contribute, we 
must know what was the main field of Greek work in mathematics, 
and also something about the limitations under which they labored. 

Beyond any reasonable comparison the greatest mathematical 
work of the Greeks was in geometry. Using methods with which 
we are in part familiar from our study in the secondary schools, 
they pushed their investigations farther than any subsequent 
workers who were limited as they were. The whole geometric basis 
for trigonometry was perfected by them. But they were cramped 
by certain shortcomings which made it impossible for them to 
develop the science as we know it today, though to us it is vastly 
simpler than the results in pure geometry obtained by such trans- 
cendent geniuses as Archimedes and Apollonius. 

The three theorems (8), (9), (10), on page 142, which contain the 
substance of the cosine formula, a? = 6? + c? — 2bccosA, are found 
in Euclid’s Elements, but there is a vast gap between these theorems 
and the complete formula as we understand it. Greek geometry 
made little use of numbers. With them, for instance, the product 
of two lines (or the square of a line) was a rectangle, while with us 
it is the product of two numbers representing the lengths of the 
lines. With the Greeks the idea of number was essentially limited 
to positive (or unsigned) integers. Fractions caused them great 
trouble and they were wholly ignorant of our decimal notation. In 
Euclid’s Elements a complete theory of proportion is developed on 
a purely geometric basis with no reference to numbers. Apparently 
it did not occur to them that the same relations exist between 
numbers. With such limitations it is evident that they could not 
develop in its entirety what is now to a large extent a computa- 
tional science. But they did a great deal. 


The sine formula, ee eae which is the fundamental 
sinA = sinB 
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theorem in the computational part of trigonometry, was not stated 
explicitly, but was contained implicitly in other theorems. If the 
Greeks had stated this theorem it would run in substance thus: 
The sides of a triangle are in the same ratio as the chords of twice the 
opposite angles. This is at once evident 
from the adjoining figure. The side BC is 
the chord of the angle BOC (the Greeks 
thought of it as the chord of the arc BC) 
which is twice the angle A. Tables of 
chords which are thus seen to be essentially 
equivalent to tables of natural sines were 
constructed and used. MHipparchus, the 
most eminent of Greek astronomers, who 
lived in the second century before Christ, is generally regarded as 
the creator of the subject of trigonometry. He is known to have 
constructed a table of chords, but we do not know what methods 
he used. 

Ptolemy of Alexandria, who flourished about the middle of the 
second century A.D., collected and organized the then existing 
science of astronomy in his great work, the Almagest. It is not 
known how much of this work was original with Ptolemy, though 
it is certain that a large part of it was due to Hipparchus and other 
investigators. 

The Almagest is divided into thirteen books. In the first book 
he gives (along with other matter) an account of trigonometry, 
including a table of chords and the method used in computing 
them. Use was made of the following fundamental theorem, the 
so-called Ptolemaic theorem: 

If a quadrilateral 1s inscribed in a circle, then the product of its 
diagonals is equal to the sum of the products of the two pairs of opposite 
sides. 


B 


Thus in the figure AC x DB = ABxX A 
DC + BC x AD. By means of this theorem IN 
the chords of the sum or of the difference B 


also the chord of half an are or twice an 
are. 

Thus suppose the chords AB and BC are 
known, and it is required to find the chord AC. 


of two ares may be found when the chords 
of the arcs themselves are known, as may ea | 
a 
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Let DB be a diameter of known length. 


AB x DC + BC x AD 
DB 


Since DCB and DAB are right angles, 
DC = ~/DB? — BC? and AD = ~/ DB? — AB’, 


ABV DB? — BC? + BC VW DB — AB’ 
AC DB 


Then AC = 








and 


By similar constructions, the chord of the difference of two arcs 
and the chord of half an are are found. 

By beginning with ares of known chords such as 60° and 72°, 
through successive halving, subtracting, and adding of arcs, 
Ptolemy obtained the chords of a series of arcs such as 30°, 15°, 
716°, 12°, 6°, 3°, 114°, etc. Ptolemy gives the chords of arcs at 30 
minute intervals. To do this it was necessary to find the chord of 
one degree. This was done by means of a method of approximation 
based on an ingenious theorem. 

The Greeks from Hipparchus on divided the circle into 360°, one 
degree into 60’, and one minute into 60’. That is, they used the 
sexagesimal system in dealing with arcs and angles, while their 
general number system was decimal, as ours is. It is fairly certain 
that this system was borrowed from the Babylonians who used it 
in general. It is not known, however, why the Babylonians came 
to divide the circle into 360 parts, though many conjectures have 
been made. Perhaps the most plausible of these conjectures is 
that one of the equal angles of an equilateral triangle was regarded 
as a unit angle. Using sexagesimal division then gives 60° in such 
an angle, or 360° in the whole circle. 

The form which the Greeks used in constructing their tables is 
interesting. The radius of the circle was divided into 60 equal 
parts, and the chords were given in terms of one of these parts as 
aunit. To get closer approximations this unit was divided into 60 
parts, called minute parts, and one of these minute parts was again 
divided into 60 parts, called second minute parts. So a chord was 
given as so many parts, so many minute parts, and so many 
second minute parts. Thus the chord of the are of 20°30’ is given 


DA 2\\ 12 
° / ‘} eS) bd * 
as 21°21/12”. This means that this chord is 60 + 3600 ar 316000 


of the radius. It is interesting that the number of each of these 
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parts was given in the decimal number system, but of course in a 
system of numerals very different from ours—a system which was 
much like that of the Romans, though somewhat clumsier. When 
translated into Latin these smaller parts were written partes 
minute and partes minute secunde. Hence we have our minutes 
and seconds. 

A table of proportional parts was given for interpolation between 
each successive half-degree of arc, the assumption being that within 
these narrow limits the chords change in proportion to the are. 
This is precisely the assumption which we have made for the much 
narrower limit of one minute of arc. As in the main table, so also 
in the table of proportional parts, the sexagesimal system is used 


both for ares and for chords. 
30 


; - 8 

The value of z used by Ptolemy is 3 8 30” = 3+ 60 + 3600 > 
3.141666, the radius being unity. 

Heron of Alexandria, who lived in the latter part of the second 
century B.c., discovered the formula A = ~/s(s — a) (s — b) (s — ¢) 
giving the area of the triangle (see page 82). He illustrated the 
use of this formula by finding the area of a triangle whose sides 
are 13, 14, 15. In finding this formula, Heron departed from the 
ways of the Greeks. Ball says of him: 





Hero [Heron] did nothing to extend a knowledge of abstract mathematics; 
. . . he was interested in science only on account of its practical applications, 
and so long as his results were true he cared nothing for the logical accuracy 
of the process by which he arrived at them. Thus in finding the area of a 
triangle he took the square root of the product of four lines. The classical 
Greek geometricians permitted the use of the square or the cube of a line 
[or the product of any two or three lines] because these could be represented 
geometrically, but a figure of four dimensions is inconceivable, and certainly 
they would have rejected a proof involving such a conception. 


It is to be noted that the astronomers and not the mathemati- 
cians developed trigonometry in Greece. Hipparchus and Ptolemy 
were astronomers. For this reason spherical trigonometry was 
developed more fully than plane. 

This account of Greek contribution to trigonometry may be 
closed appropriately with the following quotation from Cantor: 


The ancients did not make use of trigonometry either in their theory of 
plane areas or in their practice in surveying, with the single exception of 
the numerical formulas of Heron for the areas of regular polygons. This fact 
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may appear surprising at first sight, but an explanation does not appear 
difficult. 

Trigonometric expressions are not thinkable as a basis upon which to build 
other species of magnitudes so long as there is not available an organized 
system of mathematical symbols. In the absence of such a symbolism, 
trigonometric expressions expressed in tables of lines give only approximately 
correct results. But the scientific geometrician was not inclined to be satisfied 
with mere approximations no matter how close these might be. The practical 
surveyor on the other hand was disinclined to master the science which was 
indispensable in order to employ trigonometric computation. So it came 
about that they left the disrespected or feared methods of trigonometry to 
the astronomer who, being less highly critical than the geometrician and 
intellectually less indolent than the surveyor, made cheerful use of their 
approximate results. 


Hinpu Anp ARAB CONTRIBUTIONS TO TRIGONOMETRY 


The earliest known Hindu writings containing elements of 
trigonometry date from the fifth or sixth century of our era, and 
the latest Arab contributions were made about the year 1250. 
From intrinsic evidence in their writings, as well as from general 
probability, it is safe to assume that these Eastern peoples had 
learned from the Greeks. But the science was largely transformed, 
if not greatly extended, in their hands. As the Greeks were masters 
in dealing with purely geometric problems, so the particular genius 
of the Hindus and Arabs was in dealing with numbers and in 
computation, including the more general computation of algebra. 
Even Greek algebra was geometric in character. The unknown 
was a line if of the first degree, and its square represented an area. 
With the Hindus and the Arabs these were pure numbers, as they 
are with us. The system of numerals which we now use had been 
invented in India, the essential element of this system being the 
principle of place value. As a consequence trigonometric functions 
came to be used as symbols representing numerical values and 
practical computation was greatly facilitated. 

One of the most far-reaching innovations made by the Hindus 
was the replacing of the chord of an are by half the chord of double 
the arc—that is by its sine as we now have it. Their method of 
computing also differed somewhat from that of the Greeks. Like 
the Greeks, and before them the Babylonians, the Hindus divided 
the circle into 360 degrees and these into minutes and seconds. 
But here a difference arises. The 3860 degrees in the circle equal 
21,600 minutes. While the Greeks divided the radius into 60 equal 
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parts, the Hindus raised the question as to the number of these 
minutes of arc which was equal in length to the radius. Using 
3.1416 as the value of z, they found this number to be 3,438 when 
taken to the nearest unit. That is, using the length of a minute 
of arc as a unit they wrote r = 3438. Aryabhata (born 476 A.D.) 


proceeds as follows to find sin 5 when sin a is known. In the 


figure let arc AB = a and AE = a 


Then (using the Hindu definition of sine) 
sin a = CA and sin = DA. 

But AB? = AC?+ CB = (r+ OC) (r- 
OC) + (r — OC)? = 2r? — 2r-OC. 








2) mie 
Hence sin’ 5 a ae =5 (r — OC), 
and 
sin$ = ° (r — OC). 


If OC is denoted by cos a and r = 3488, we have 
sin 5 = /1719 (3438 — cos a) 





But it was known that sin? + cos? = r? and cos could be computed. 


With this formula [or its equivalent], says Cajori, and with the sines of 
90°, 60°, 45°, and 30° as starting-points, they reckoned the sines of half the 
angles [ares?], thus obtaining the sines of 22°30, 15°, 11°15, 7°30, 3°45. They 
now figured out the sines of the complements of these angles [arcs?], namely, 
the sines of 86°15, 82°30, 78°45, 75°, 67°30; then they calculated the sines of 
half these angles [arcs?]; then of their complements; then, again, of half 
their complements; and so on. By this very simple process they got the 
sines of angles [arcs?] at intervals of 3°45. 


Values of sin 15°, sin 7°30, sin 3°45 contained in the earliest 
known Hindu writings on mathematics were probably obtained by 
this method. , 


But [to quote from Cantor], Bhaskara [born 1114] was not satisfied with 
these tables. He computed sines and cosines as fractions of the radius: sin 


100 466, 10 6568 Wes 
225 = 529’ ©°8 225)— 467° sin ts = 573’ 008 Pe 6569 when each fraction is 


a fraction of the radius. 
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As a final estimate of Hindu contribution to trigonometry Cantor 
says: 


Trigonometry as the computation of parts of any triangle by means of 
functions of angles did not exist for the Hindus. By them all problems on 
triangles were reduced to problems on right triangles, and then they were 
able to solve the problems that appeared. 

As essential progress of trigonometry in India there remains therefore the 
table of sines. Chords were permanently displaced by the half chords [sines]. 

It is safe to say that this exceptionally fortunate throw of the Hindus was 
achieved quite by accident, since they did not understand the far-reaching 
importance of this step. This was reserved for their followers, the Arabs. 


There is not space to sketch even in outline the story of the rise 
of the Arabs. When the eastern branch of the Mohammedans had 
organized their capital in Bagdad, their rulers began to seek the 
aid of scholars among the many peoples they had subdued or 
rather absorbed into their own faith. A period of translation 
ensued. Natives of Syria, Persia, Greece, and India, residing at 
Bagdad, translated literary and scientific treasures from their own 
vernaculars. So it came about that before the end of the ninth 
century Arab scholars had at their disposal practically all the 
science that had existed up to that time. Like the Greeks and the 
Hindus, they accepted the sexagesimal division of the angle, but 
they used the Hindu table of sines instead of the chords of the 
Greeks. 

As was the case with the Greeks and the Hindus, Arab trig- 
onometry, with one notable exception, was developed as a part of 
astronomy; but important advances were made. All the trig- 
onometric functions that are now used were introduced. AlI- 
Battani (877-929) used ares with unit radius and in reality regarded 
the functions as ratios. He was the first to prepare a table of 
cotangents and he probably knew the law of sines. 

Abw’l Wefa (940-98) introduced all the present functions and 
constructed tables of tangents and cotangents. In considering the 
shadow triangle he used the secant and cosecant. 


He invented a method for computing a table of sines which gives the sine 
of half a degree to nine decimal places. [Cajori.] 


The history of the origin of the word szne is interesting. 


The work of Al-Battani, De scientia stellarum, was translated into Latin 
by Plato Tiburtinus, in the twelfth century. Out of this translation sprang 
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the word “sinus,” as the name of a trigonometric function. The Arabic 
word for “sine,” jiba was derived from the Sanskrit jiva, and resembled the 
Arabic word jaib, meaning an indentation or gulf. Hence the Latin “‘sinus.” 


It remains to mention Nasir-Eddin (1200-74), who more than 
any of his predecessors dissociated trigonometry from astronomy 
and who seems to have been the first to state explicitly the sine 
formula for plane triangles in practically its present form. To 
quote Cajori: 


During the supremacy of Hulagu, lived Nasir-Eddin, a man of broad 
culture and an able astronomer. He persuaded Hulagu to build him and his 
associates a large observatory at Maraga. ‘Treatises on algebra, geometry, 
arithmetic, and a translation of Euclid’s Elements, were prepared by him. 
He for the first time elaborated trigonometry independently of astronomy 
and to such great perfection that, had his work been known, Europeans of 
the fifteenth century might have spared their labors. 


It must be admitted that the contributions of the Arabs were 
in no sense revolutionary. They elaborated and amplified, but 
they were commentators rather than creators of new theories and 
methods. Ball expresses himself as follows: 


The general impression left on my mind is that the Arabs were quick to 
appreciate the work of others—notably the Greek masters and of the Hindoo 
mathematicians—but, like the ancient Chinese and Egyptians, they were 
unable to systematically develop a subject to any considerable extent. Their 
schools may be taken to have lasted in all for about 650 years, and if the work 
produced be compared with that of Greek or modern European writers it is as 
a whole second-rate both in quantity and quality. 


TRIGONOMETRY IN MopernN EUROPE 


In what respect did the trigonometry of Nasir-Eddin differ from 
the elementary parts of the modern science? This question is best 
answered by enumerating those parts of the subject contained in 
a text such as the present which were not in the Arab treatise. 

There was still wanting the algebraic notation which we now 
have. None of the present symbols of operation was in existence. 
The smoothness of modern algebraic operations, due very largely to 
a perfected notation, was impossible. There was also lacking an 
effective set of symbols to represent the trigonometric functions. 
For these reasons the derivation of formulas was much more diffi- 
cult than at present. 

Logarithms had not been invented and all computations were 
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made by the ordinary processes of elementary arithmetic. Formu- 
las specially adapted to logarithmic computation, such as the 
tangent formula, were of course wanting. 

There was no system of codrdinates such as we now use in giving 
general definitions of the trigonometric functions, the existence of 
negative numbers was scarcely realized, and consequently general 
definitions of the functions were impossible. Another three 
hundred years passed before the formula a? = b?+ c? — 2bc cosA 
could be stated with its present complete meaning, though 
the facts which it represents were formulated into rigorously 
proved theorems by the Greeks. 

The periodicity of the functions, as considered in Chapter IX, 
was obviously not recognized because of the restrictions on the 
definitions. Inverse functions in the more general sense and the 
multiplicity of solutions of trigonometric equations, the represen- 
tation of the functions by means of infinite series, and such special 
developments as De Moivre’s theorem were wholly lacking. 

While a general decimal system of notation was in use, fractions 
continued to be written in the sexagesimal base until about 1620. 
Thus Leonardo of Pisa in the year 1225 wrote 1.3688081075 as 
te AD 8a VAY AONE, 

The trigonometry of Nasir-Eddin would enable a competent 
mathematician to solve all problems in this text involving men- 
suration, but the work would be extremely laborious. Tables of 
natural trigonometric functions could be constructed, but the proc- 
ess was much more tedious than it is when series are available. 

The use of trigonometry in higher mathematics and its appli- 
cations in science were of course wanting—the mathematics and 
the science were not in existence. 

The story of the further development of algebra and of the in- 
vention of a system of codrdinates will not be considered in this 
chapter. We will confine ourselves to the remaining elements 
which are now parts of an introductory course such as the present. 

The Arabs guarded their scientific treasures jealously, es- 
pecially from the Christians. But little by little they were “‘smug- 
gled” into Christian Europe. There were adventurous spirits, such 
as Adelhard of Bath, who about 1120 attended lectures at Cordova 
under the guise of a Mohammedan student; learned Jewish rabbis 
left Spain for Christian Europe; there was considerable commercial 
intercourse between Italy and the Arabs both west and east. So 
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by a gradual process the principal manuscripts that had been 
translated into Arabic, or which had been created by the Arabs 
themselves, came into the hands of European scholars. (The work 
of Nasir-Eddin seems to be an exception.) Upon the basis of this 
body of knowledge the contributions of Europe were made. 

The earliest European writings on trigonometry are due to 
Thomas Bradwardine (1290-1349), Archbishop of Canterbury. He 
speaks of tangent (umbra versa) and cotangent (umbra recta). 
Regiomontanus (John Mueller) (1435-76) studied trigonometry 
at Vienna. He translated the Almagest and constructed a table of 
tangents. Immediately after the time of Regiomontanus, the 
Germans calculated many tables, some of them very extensive. 
One of these calculators of tables, generally called Raetius, was 
the first to construct the right triangle and make use of it in de- 
fining the functions. That is, he made them depend upon the 
angle and not upon the arc, as had been done up to this time. 

Logarithms were invented by John Napier, Baron of Merchiston, 
Scotland, and a table was published in 1614. Napier’s logarithms 
were made to depend upon a correspondence between an arithmetic 
and a geometric series, and were in no way related to exponents. 
The latter came into use many years later. It was only in the time 
of Euler, about 1750, that logarithms came to be regarded as 
exponents. 

Napier’s tables differed in many respects from those we now use. 
His friend Briggs constructed a table using the base 10, the general 
plan for the Briggsian table being the joint product of Napier and 
Briggs. Napier died in 1617, but Briggs in 1624 published his 
Arithmetica logarithmica containing 14-place logarithms of numbers 
from 1 to 20,000 and from 90,000 to 100,000. The gap was filled 
by Adrian Vlacq, who was born in Holland and lived in London 
and Paris. In 1628 he published the complete table up to 100,000, 
70,000 of which were computed by himself. Says Cajori: 


Briggs and Vlacq published four fundamental works, the results of which 
have not been superseded by any subsequent calculations until very recently. 

The word ‘characteristic’, as used in logarithms, first occurs in Briggs’ 
Arithmetica logarithmica, 1624; the word “mantissa” was introduced by 
John Wallis, 1693. 

Briggs divided a degree into 100 parts, as was done also by N. Roe in 1633, 
W. Oughtred in 1657, and John Newton in 1658, but owing to the publication 
by Vlacq of trigonometrical tables constructed on the old sexagesimal division, 
Briggs’ innovation did not prevail. 
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Edmund Gunter of London found the logarithmic sines and 
tangents for every minute to seven places. He was the inventor 
of the words cosine and cotangent. 

Abraham de Moivre (1667-1754), the author of the theorem 
known by his name (page 130), was of French descent and lived 
in London, where he enjoyed the high respects of the mathemati- 
cians of his time. 


Newton himself, in the later years of his life, used to reply to inquiries 
respecting mathematics, even respecting his Principia: ‘‘Go to Mr. De Moivre: 
he knows these things better than I do.” . . . Shortly before his death he 
declared it necessary for him to sleep ten or twenty minutes longer every day. 
The day after he had reached the total of over twenty-three hours, he slept 
exactly twenty-four hours and then passed away in his sleep. [Cajori.] 


Oughtred invented the slide rule (1621), Daniel Bernouli (1729) 
used AS to represent aresine (sin~!), and Leonard Euler (1736) 
used At for arctangent. The theorem now known as Mollweide’s 
theorem (Ex. 19, page 167) was first published by Simpson (1748), 
and in part by Newton in his Universal Arithmetic (1707). Moll- 
weide rediscovered this theorem a century after Newton’s original 
discovery. 

The exponential forms given in Chapter XII, and infinite series 
used in computing trigonometric functions, were by-products of 
extensive investigations in many fields of mathematics in the 
eighteenth century. The series resulted from the work of Taylor 
and Maclaurin and the exponential forms are due mainly to Euler. 
The geometric representation of the imaginary, ~/ — 1, is due to 
Wessel (1797), to Argand (1806), and to Gauss, who published a 
fuller exposition in 1831. The systematic use of A, B, C, a, b, e to 
represent the angles and sides of a triangle was first adopted by 
Euler, but was used at times in earlier writings. The periodicity of 
the trigonometric functions was known by Cotes (1682-1716), but 
was developed later by Euler. 
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acute angles, 3 
defined for any angle, 60 
graphic representation of, 116 
inverse, 111 
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PREFACE 


ANOTHER set of five-place tables of logarithms and trigonometric 
functions requires justification. Such justification, we believe, is 
to be found in the exceptionally convenient form of these tables, 
in the attractiveness and general excellence of the typography, 
and in a degree of accuracy which is known to be almost, if not 
entirely, absolute. 

The type is of good size and body, all numerals are of the same 
height, and the general result is such as to make continued use 
particularly easy. In every case, that part of a number which is 
to be prefixed to the numerals given is found by looking above 
in the same column. This avoids the use of asterisks and the 
looking across the page each time a logarithm is to be found. The 
result is a real advantage both in elementary instruction and in 
practical use. 

An accurate set of five-place tables is perhaps not as common 
as one might expect. The set from which the original copy for 
these tables was made had several scores of errors. Our random 
selection for this purpose may have been unfortunate. 

_ The manuscript of logarithms of numbers and of logarithmic 
functions was corrected by reading against Bremiker’s edition of 
Vega’s seven-place tables. No table of natural functions of known 
reliability being available, this part of the table was recomputed 
completely. For this purpose the logarithms of these functions 
were found in Schroén’s seven-place table and the numbers finally 
determined by using the tables of the U. 8. Coast and Geodetic 
Survey. Schr6én’s table, using a system indicating plus or minus 
after the last figure, gives each logarithm to within 5 in the eighth 
place. This left no doubt as to the figure in the fifth place of 
the numbers except in about a half-dozen cases where the correct 
value is almost exactly half way between two consecutive five- 
place numbers. It is possible that in some of these cases accuracy 
might be improved by changing the figure in the fifth place, but 
we know that the maximum improvement that is thus possible 
is one unit in the seventh place. 
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The cast proof of the tables of logarithms and logarithmic func- 
tions was read by separate teams against the Schrén and the 
Bruhn tables, this reading disclosing in all five errors. In every 
case the final figure was decided upon by using the Schrén table 
with its final plus and minus marking. The logarithms of num- 
bers were also read against the ten-place table of the U. S. Coast 
and Geodetic Survey. No discrepancies between these tables were 
detected except one error in a heading in the Bruhn table. 

The cast proof of the table of natural functions was read against 
Loomis’ six-place table, which however fails to decide the last 
figure in our table, in about seven hundred cases. These were 
recomputed. In this reading and recomputing of the cast table 
of natural functions one error was found. Also one error was 
found in the Loomis table which gives cot 32° 24’ = 1.57555 
instead of 1.57575. If the very high degree of accuracy of the 
Loomis table had been known to us we could have spared our- 
selves much computing, though it would still remain to settle 
cases of doubtful last figures. 

The tables of differences were computed directly from the 
columns of logarithms and this provided an additional check 
against gross errors in the tables of logarithms and logarithmic 
functions. 

As an introduction, when the tables are bound separately, the 
chapter on logarithms in our trigonometry has been used. This 
affords the most convenient arrangement for the initial study of 
the use of the tables that has come to our attention. For in- 
stance, on page XII (in Plane Trigonometry, p. 34) there is the 
first study of finding logarithms of numbers and this refers solely 
to the table on the page opposite. Finding antilogarithms is 
introduced on page XIV (p. 36) and the page of table opposite 
contains all of the logarithms that are used. A similar arrange- 
ment is made on pages XXII and XXIII (pp. 44 and 45) for 
learning to use the table of logarithmic functions. Appropriate 
exercises are given at each step so that the table may be used 
readily in the class room for practice in the use of logarithms 
without arranging additional material. 


N. J. Lennes 
A. 8S. MERRILL - 
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Numbers 100-150 Logs 00000-17869 


0 
00 000 


1 
00 043 


2 
00 087 


3 


00 130,00 173 


4 


5 
(00 217 


6 7 
00 260,00 303 


00 346 


00 389 





432 
800 
01 284 


703 
5 02 119 
531 
938 
03 342 
743 


475 
903 
01 326 


745 
02 160 
572 
979 
03 383 
782 


518 
945 
01 368 
787 
02 202 
612 
03 019 
423 
822 


561 
988 
01 410 
828 
02 243 
653 
03 060 
463 
862 


604 
01 030 
452 
870 
|(02 284 
694, 
03 100 
503 
902 


647 
01 072 
494 
912 
02 325 
735 
03 141 
543 
941 


639] 732 
01 115|01 157 
536| 578 


953) 995 
02 366,02 407 
776| 816 
03 181)03 222 
583} 623 
981/04 021 


775 
01 199 
620 


/02 036 
449 
857 

03 262 
663 

04 060 


817 
01 242 
662 


02 078 
490 
898 

03 302 
703 

04 100 





04 139 


04 179 


04 218 


04 258 


04 297 


04 336 


04 376)04 415 


04 454 


04 493 





32 
922 
05 308 


690 
5 06 070 
446 
819 
07 188 
555 


571 
961 
05 346 
729 
06 108 
483 
856 
07 225 
591 


610 
999 
05 385 
767 
06 145 
521 
893 
07 262 
628 


650 
05 038 
423 
805 
06 183 
558 
930 
07 298 
664 


689 
05 077 
461 


843 
06 221 
595 
967 
07 335) 
700 


727 
OSiialS 
500 


881 
06 258 
633 
07 004 
372 
737 


766} 805 
05 154/05 192 
538] 576 


918} 956 
06 296/06 333 
670| 707 
07 041)07 078 
408} 445 
M3 Sa8O9 


844 
05 231 
614 


994 
06 371 
744 
07 115 
482 
846 


883 
05 269 
“652 


06 032 
408 
781 

07 151 
518 
882 


|| Cena RON H| 


39 


4.0] 3.9 


7.8 
11.7 
15.6 
19.5 
23.4 
27.3 
Se) 
35.1 





07 954 


07 990 


08 027 


08 063 


08 099 


08 207 


08 243 





12007 918 
08 279 


11 059 


08 314 
672 
09 026 
377 
726 
10.072 
415 
755 
11.093 


08 350 
707 
09 061 


412 
760 
10 106 
449 
789 
11 126 


386 
743 
09 096 
447 
795 
10 140 
483 
823 
11 160 


10 175 
517 
857 

11 193 


458 
814 
09 167 
517 
864 
10 209 
S51 
890 
Pe 


08 135/08 171 


493) 529 
849} 884 
09 202/09 237 
552| 587 
899| 934 
10 243/10 278 
585} 619 
924} 958 
11.261|11 294 


565 
920 
09 272 
621 
968 
10 312 
653 
992 
S27, 


600 
955 
09 307 
656 
10 003 
346 
687 
11025 
361 


36 


7| 3.6 


dee 
10.8 
14.4 
18.0 
21.6; 


25.2|2¢ 


28.8 
32.4 





11 394 


11 428 


11 461 


11 494 


11 528 


11 561 


11 594/11 628 


11 661 


11.694 





727 
12 057 
385 


710 
13 033 
354 
672 
988 
14 301 


760 
12 090 
418 
743 
13 066 
386 
704 
14.019 
333 


793 
eS 
450 
775 
13 098 
418 
735 
14051 
364 


826 
12 156 
483 
808 
13 130 
450 
767 
14 082 
395 


860 
12 189 
516 
840 
13 162 
481 
799 
14 114 
426 


893 
12 222 
548 
872 
13 194 
513 
830 
14 145 
457 


926) 959 
12 254/12 287 
581} 613 
905} 937 
13 226/13 258 
545) 577 
862} 893 
14 176\14 208 
489} 520 


992 
12 320 
646 
969 
13 290 
609 
925 
14 239 
551 


12 024 
352 
678 

13 001 
322 
640 
956 

14 270 
582 


[JC mIrAn Rw | 
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33 


4) 33 


6.6 
oO 
132 





14 613 


14 644 


14 675 


14 706 


14 737 


14 768 


14 799|14 829 


14 860 


14.891 





922 
15 229 
534 
836 
16 137 
435 
732 
17 026 
319 


953 
15 259 
564 
866 
16 167 
465 
761 
17 056 
348 


983 
15 290 
594 


897 
16.197 
495 
791 
17 085 
377 


15014 
320 
625 
927 

16 227 
524 
820 

17 114 
406 


15 045 
351 
655 
957 

16 256 
554 
850 

17 143 
435 


15 076 
381 
685 


987 
16 286 
584 
879 
17 173 
464 


15 106)15 137 
412}. 442 
715) 746 


16 017|16 047 
316) 346 
613} 643 
909| 938 

17 202|17 231 
493| 522 


16 077 
376 
673 
967 

17 260 
Soll 


15 198 
503 
806 


16 107 





17 609 


17 638 


17 840 














0 





1 





17 667 
2 


17 696 
3 
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4 








17 754 
5 





17 782/17 811 
6 7 
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Numbers 150-200 Logs 17609-30298 
0 | a2 3 4 See 6 i 8 9 P.P. 


17 60917 638|17 667|17 696|17 725/17 754|17 782|17 811|17 840/17 869 
898} 926] 955] 984/18 013/18 041/18 07018 099/18 127/18 156 
18 184/18 213|18 241/18 270 298] 327| 355 384) 412] 441 
469| 498} 526] 554) 583] 611} 639] 667| 696] 724 
752| 780/ 9808] 837} 865] 893] 921} 949] 977/19 005 
19 033/19 061/19 089|19 117/19 14519 173/19 201/19 229/19 257| 235 
312} 340] 368/ 396] 424] 451) 479| 507| 535] 502 
590} 618] 645] 673] 700] 728] 756] 783| 811] 838 
866| 893} 921} 948] 976/20 003/20 030/20 058|20 085/20 112 
20 140|20 167|20 194/20 222/20 249] 276] 303 330/358} 385 
20 412|20 43920 466|20 493/20 520]20 548]20 575|20 602/20 629|20 656 
683} 710] 737| 763] 790] 817| 844] 871; 898| 925 
952} 978/21 005/21 032\21 059)21 085/21 112)21 139|21 105/21 192 
21 219/21 245, 272 299] 325) 352) 378} 405| 431) 458 
484} 511} 537) 564] 590] 617} 643] 669] 696] 722] 
748| 775| 801; 827] 854] 880] 906] 932] 958] 985 
22 011/22 037/22 063/22 089|22 115]22 141/22 167|22 194/22 220/22 246 
272| 298| 324| 350] 376] 401] 427] 453| 479 
531] 557| 583] 608| 634] 660] 686] 712| 737 
780] 814| 840] 866] 891], 917|_ 943] _968| 9942: 
23 045/23 070/23 096|23 121/23 147|23 172/23 198]23 223/23 249 
300 325} 350| 376] 401] 426| 452) 477) 502 
553| 578| 603/ 629| 654 679] 704| 729] 754 
805} 330] 355] 880 905] 930} 955} 980/24 005|24 030 
24 055|24 080/24 105|24 130|24 155]24 180/24 204/24 229] 254) 279 
304 329] 353/ 373 403) 428) 452) 477] so2| 527 
5511 576] 601] 625} 650) 674| 699; 7241 748] 773 
797| $22| 846] 871] 895] 920] 944] 969] 993/25 018 
25 042/25 066]25 091/25 115|25 13925 16425 188/25 212/25 237| 261 
285| 310| 334| 358} 382] 406] 431| 455! 479] 503 
25 527/25 551/25 575|25 600|25 624]25 648)25 672/25 696/25 720|25 744 
768] 792| 816} 840| 864] 888] 912| 935 983 
26 007|26 031/26 055|26 079|26 102]26 126/26 150/26 174/26 198|26 221 
245} 269] 293| 316] 340) 364/ 387) 411 458 
482} 505} 529] 553] S76] 600| 623) 647 694 
(U7 Tad 764), 798)eS1il) S34) $58). et 928 
951| 975) 998)27 021/27 045]27 068/27 091|27 114127 138/27 161 
27 184|27 207|27 231] 254} 277) 300] 323} 346| 370] 393 
416] 439) 462| 485| sos] 531} 554} 577| 600| 623 
646| _669| _692| 715] 738] 761) 784) _807| _830|__ 852 
27 875|27 898|27 921|27 944/27 967/27 989|28 012/28 035/28 058/28 081 


28 103/28 126/28 149|28 171/28 19428 217; 240) 262] 285] 307 
330] 353} 375] 398) 421] 443) 466] 488] 511] 533 
556] 578! 601] 623] 646] 668) 691] 713] 735] 758 

_. 780} 803) 825} 847} 870) 892} 914] 937] 959] 981 

29 003|29 026]29 048/29 070/29 092/29 115/29 137/29 159|29 181|29 203 
226] 248} 270) 292) 3141 336) 358] 380! 403) 425 
447) 469} 491] 513) 535] 557] 579] 601} 623] 645 
667| 688! 710) 732) 754. 776] 798) 8201 . 842) 863 
885|__907|__929| 951) _973]__ 99430 016|30°038}30 060/30 081 

30 103/30 125/30 146/30 168|30 190)30 211130 233/30 255/30 276130 298 
0 1 4 3 4 5 6 of 8 9 














































































































Numbers 200-250 Logs 30103-39950 
0 1 Z 3 4 7 


30 103/30 125/30 146/30 168/30 190/30 211/30 233/30 255|30 276)30 298 


320} 341) 363} 384 406) 428) 449; 471) 492) 514) 
535] 557; 578] 600; 621} 643} 664) 685) 707) 728 
750| 771) 792} 814) 835} 856) 878) 899) 920) 942 


963} 984/31 006|31 027|31 048]31 069/31 091/31 112/31 133)/31 154) 
SI Zo\SL 197 218) 239 281 323} 345] 366 
387| 408) 429) 450 492 534, 555) 576 


597| 618] 639} 660 702 744| 765| 785 
806} 827] 848] 869 911 952} 973] 994 
132 015/32 035/32 056)32 077/32 098|32 118/32 139/32 160|32 181|32 201 
32 222/32 243/32 263/32 284/32 305]32 325/32 346/32 366|32 387/32 408 
428} 449] 469} 490] S10] 531] 552| 572 613 
634) 654 675) 695] 715] 736| 756| 777 818 
838] 858] 879] 899} 919] 940) 960; 980 33 021 
33 041/33 062/33 082/33 102/33 122/33 143/33 163/33 183 22 
264} 284| 304 325] 345| 365 425 
465| 486) 506] 526] 546] 566 626 
666 686] 706] 726] 746 766 6] 826 
866] 885] 905} 925] 945) 965 34 025 
34 064/34 084|34 104|34 124134 143]34 163|34 183 223 
34 242/34 262/34 282/34 301/34 321/34 341/34 361/34 380/34 400/34 420 




















439} 459) 479) 498) 518} 537} 557) 577) 596} 616 
635, 655! 674) 694) 713) 733} 753) 772) 792) 811 
830} 850) 869) 889} 908) 928) 947) 967) 986/35 005 


35 025/35 044/35 064/35 083/35 102/35 122/35 141/35 160/35 180) 199 


218) 238) 257| 276) 295] 315) 334 372) 392 
411) 430) 449) 468) 488) 507) 526 564, 583 
603) 622) 641) 660) 679] 698) 717 (RSE: 
793) 813} 832) 851] 870] 889} 908 946) 965 
934/36 003/36 021'36 040/36 059/36 078/36 097|36 116)36 135/36 154! 
36 173|36 192|36 211)36 229|36 248]]36 267/36 286|36 305|36 324/36 342 
361; 380) 399) 418) 436) 455) 474) 493) 511! 530 
549} 568} 586) 605) 624) 642! 661) 680) 698) 717 
736| 754) 773) 791) 810) 829} 847} 866) 884) 903 
922) 940) 959} 977) 996/37 014/37 033/37 051/37 070/37 088 
37 107|37 125/37 144137 162/37 181] 199} 218) 236) 254; 273 
291} 310) 328) 346) 365! 383} 401; 420) 438) 457 
475| 493} 511} 530} 548] 566} 585) 603] 621| 639 
658} 676) 694) 712) 731} 749} 767| 785] 803) 822 
840/858) __ 876) 894) 912) +931) 949) —967|__ 985/38 003 
38 021/38 039)38 057/38 075/38 093/38 112/38 130)38 148/38 166/38 184 


202) 220; 238; 256) 274] 292) 310] 328) 346) 364 
382) 399; 417} 435) 453] 471] 480} 507; 525] 543 
561} 578 596} 614} 632i 650) 668) 686; 703) 721 
739 757) +775) 792} 810] 828! 846] 863] 881) 899 
| 917) 934) 952) 970} 987/39 005/39 023/39 041/39 058/39 07 
39 09439 111/39 129/39 146/39 164] 182} 199) 217| 235] 252 
287 322} 340) 358) 375) 393} 410) 428 
463 498; 515} 533] 550) 568} 585} 602 
637 672) 690) 707) 724) ~=742) ~=759| 777 
39 794/39 811/39 829/39 846|39 863/39 881/39 898/39 915|39 933/39 950 
0 1 2 3 4 5 @ 6 7 8 9 




















——— 


Skea a ese 
Joes umoenn| Joes owmenn| Jcetommoann| Joos omen | Joes umenn| 










































































SD 1) hn ea | eae 





Numbers 250-300 Logs 39794-47842 
0 1 2 3 4 5 6 Tian ES 9 P.P. 


39 794 |39 811 |39 829 |39 846 |39 863 39 881 |39 898 |39 915 |39 933 |39 950 


967| 985 |40002 40 037 |40 054 |40 071 |40 088 |40 106 |40 123 
40 140 |40 157 175 209}, 226} 243) 261 295 
312] 329] 346 381} 398} 415] 432 466 


483| 500] 518 5} 552/ 569] 586] 603 637 
654] 671| 688 722 e739) <7156 e723 807 
824] , 841] 858 892], 909] 926] 943 976 


993 |41 010 | |41 061 41 078 |41 095 |41 111 41 145 
41 162 179 229}, 246} 263} 280 313 
330 | 347 397 414] 430) 447 481 


41 497 |41 514 41 564 |41 581 |41 597 |41 614 31/41 647 


664] 681 731] 747) 764) 780 814 
830| 847 896] 913] 929] 946 ‘ 979 
996 |42 012 42 062 ||42 078 |42 095 /42 111 42 144 


42160| 177 DXS|\| DES || RSO|| BS 308 
325| 341 390} 406] 423} 439 472 
488] 504 553|| 570] 586] 602 9| 635 
651| 667 716|| 732} 749} 765 797 
813| 830 878|| 894] 911] 927 959 
975| 991 4 |43 040 |43 056 |43 072 |43 088 43 120 

43 136 |43 152 43 201 |143 217 143 233 143 249 143 265 |43 281 
297| 313 361|| 377| 393] 409 441 
457| 473 521] 537] 553) 569 600 
616} 632 680] 696) 712) 727 759 





COONIAMPWH 











OONANPWNe 











Hifsy|| “eponl 838 || 854] 870} 886 917 


933| 949 996 44 012 144 028 |44 044 44 075 
44.091 |44 107 38 44154] 170] 185] 201 232 
248| 264 Sill] SYsr) See) BRS 389 
404| 420 467|| 483] 498] 514 545 
560) 576 623] 638] 654) __669 700 
44716 |44 731 44 778 44 793 |44 809 |44 824 44 855 
i BNE 932 948] 963] 979 MASON |= 
45.025 |45 040 45 086 |45 102 45 117 145 133 163 
179] 194 240|| 255| 271] 286 317 
332| 347 3931 408] 423] 439 469 
484] 500 545] 561| 576| 591 621 
637| 652 Col] FAR) 7S) 72s 773 
788 | 803 849|| 864] 879] 894 924 
939| 954 46 000 |46 015 |46 030 |46 045 46 075 
46 090 |46 105 |4 Bf 50D 165) S2180/ 0 105 225 
46 240 5 46 300 1146 315 |46 330 |46 345 46 374 
389 449] 464/ 479] 494 523 
538 : 598|| 613] 627] 642 672 
687 746 761| 776) 790 820 
835 894] 909] 923] 938 967 
982 47 041 147 056 |47 070 |47 085 47114 
47 129 ASI OO BNE BE 261 
276 5 334] 349! 363] 378 407 
422 480} 494] 509] 524 553 
567 ‘ 625|| 640] 654] 669 698 
AT 712 |47 727 |47 741 |47 756 |47 770 47 784 |47 799 |47 813 |47 828 |47 $42 | 
0 1 2 3 4 5 6 7 8 9 


OMONAMNPWNH 











OONDAMNPWNHH 








— 
CONAN PWNH 

































































10 





Numbers 300-350 Logs 47712-54518 


8 
47 712 


1 
47727 


2 
47 741 


3 
47 756 


4 
47 770 


6 
47 799 


uf 
47 813 


8 
47 828 


9 
47 842 





857 
48 001 
144 


287 
430 
572 
714 
855 
996 


871 
48 015 
159 


302 
444 
586 
728 
869 
49 010 


885 
48 029 
173 
316 
458 
601 


900 
48 044 
187 
330 
473 
615 
756 
897 
49 038 


914 
48 058 
202 


344 
487 
629 
770 
911 
49 052 


943 
48 087 
230 
373 
515 
657 
799 
940 
49 080 


958 
48 101 
244 


387 
530 
671 
813 
954 
49 094 


98615) 75° 


48 130 


COMDAMN FP WHR 


‘oO 





49 136 


49 178 


49 192 


49 220 


49 234 


49 248 





276 
415 
554 


693 
831 
969 
50 106 
243 
379 


318 
457 
596 
734 
872 
50010 
147 
284 
420 


332 
471 
610 
748 
886 
50 024 
161 
297 
433 


360 
499 
638 
776 
914 
50051 
188 
325 
461 


374 
513 
651 
790 
927 
50.065 
202 
338 
474 


388 
eT) 
665 


803 
941 
50079 
215 
Sey 
488 





50515 





150 556 


50 569 


50 596 


50 610 


50 623 





651 
786 
920 





188 
322 
455 
587 
720 


51055 |: 


691 
826 
961 

51095 
228 
362 
495 
627 
759 


705 
840 
974 


51 108 | 


242 
375 
508 
640 
772 


732 
866 
51001 
135 
268 
402 
534 
667 
799 


745 
880 
51014 
148 
282 
415 
548 
680 
812 


759 
893 
51028 


162 
295 
428 
561 
693 
825 





51851 


‘151.801 


51904 


51930 


51957 








983 
52 114 
244 
375 
504 
634 


763 
892 


53.020 |S 


52 022 
153 
284 
414 
543 
673 


52 035 
166 
297 
427 
556 
686 
815 
943 

53.071 


52 061 
192 
323 
453 
582 
“(ital 
840 
969 

53.097 


52 088 
218 
349 


479 
608 
737 
866 
994 
So22 


OONIAADAMNPWNHH 





53 148 


53 199 


53 224 


53 250 





275 
403 
529 
656 
782 
908 
54 033 
158 
283 


326 
453 
580 
706 
832 
958 
54083 
208 
332 


352 
479 
605 
732 
857 
983 
54 108 
233 
357 


377 
504 
631 


HES 
882 
54008 
133 
258 
382 


Conan Pwnde 





54 407 


54 419 


94 432 


54 444 


54 456 


54 469 


54 494 


54 506 


54518 














0 





1 





2 





3 





4 








5 





54 481 
6 





7 





8 





9 























Il 





/ |54 419 


2 
54 432 


4 
54.456 


5 
54 469 


Numbers 350-400 Logs 54407-60304 


6 
54 481 


7 
54 494 


8 
54 506 


9 
54518 





543 
667 
790 


913 


3 55.035 


157 
279 
400 
522 


S00 
679 
802 
925 
55 047 
169 
291 
413 
534 


580 
704 
827 
949 
55 072 
194 
315 
437 
558 


605 
728 
851 
974 
55 096 
218 
340 
461 
582 


617 
741 
864 
986 
55 108 
230 
352 
473 
594 


630 
753 
876 
998 
oi) Wil 
242 
364 
485 
606 


642 
705 
888 


55011 
133 
255 
376 
497 
618 


| 


is) 


COIDAKHEWHHE 


PPS 


13 





55 642 


55 654 


55 678 


55.703 


55 715 


Sonal 


55 739 








763 
883 
56 003 
122 
241 
360 
478 
597 
714 


775 
895 
56 015 
134 
253 
372 
490 
608 
726 





799 
919 
56 038 
158 
277 
396 
514 
632 
750 


823 
943 
56 062 
182 
301 
419 
538 
656 
US 


835 
955 
56 074 


194 
312 
431 
549 
667 
785 


847 
967 
56 086 
205 
324 
443 
561 
679 
797 


859 
979 
56.098 
217 
336 
455 
573 
691 
808 





COONAN PWNH HE 








56 832 


56 844 


56 867 


56 891 


56 902 


56 914 


56 926 





949 
57 066 
183 
299 
415 
530 
646 
761 
875 





961 


57 078 |: 


194 
310 
426 
542 
657 
772 
887 





984 
57 101 
217 
334 
449 
565 
680 
795 
910 


921 


57 008 


241 
357 
473 
588 
703 
818 
933 


124, 


7019 
136 
252 


368 
484 
600 
715 
830 
944 


57 031 
148 
264 


380 
496 
611 
726 
841 
955 


57 043 
159 
276 
392 
507 
623 
738 
852 
967 








57.990 


58 001 


58 024 


58 035 


58 047 


58 058 


58 070 


58 081 








58 104 
218 
331 
44 
557 
670 
782 
894 

59 006 


115 
229 
343 
456 
569 
681 
794 
906 
59 017 


138 
Dy 
365 
478 
591 
704 
816 
928 
59 040 


149 
263 
377 
490 
602 
715 
827 
939 

59.051 





161 
274 
388 
501 
614 
726 
838 
950 
59 062 


172 
286 
399 
512 
625 
737 


184 
297 
410 
524 
636 
749 
861 
973 
59 084 





195 
309 
422 
535 
647 
760 
872 
984 
59.095 


CONDAUNPWNHHR 





59 118 


59 129 


59 151 


59 162 


59 173 


59 195 


59 207 





Mga) 


240 
351 
461 


Si 
682 
791 
901 
60 010 
119 


262 
373 
483 
594 
704 
813 
923 
60 032 
141 


273 
384 
494 
605 
715 
824 
934 

60 043 
152 


284 
395 
506 
616 
726 
835 
945 

60 054 
163 


306 
417 
528 
638 
748 
857 


966 


5 60076 


184 


318 
428 
539 
649 
759 
868 
977 
60 0386 
195 


CONDNPWNHHE 














60 217 


60 228 


60 304 














2 





60 239 
3 





60 249 
4 








60 260 
5 





60 271 
6 





60 282 
7 





60 293 
8 





9 














1 





{2 





400 


60 206 


60.217 


60 228 


60.239 


Numbers 400-450 Logs 60206-65408 


60 249 


60 260 


60 271 |60 282 


60 293 


60 304 





401 
402 
403 
404 
405 
4006 
407 
408 
409 


314 
423 
531 
638 
746 
853 
959 
61 066 
172 


325 
433 
541 
649 
756 
863 
970 
61077 
183 


336 
444 
552 
660 
767 
874 
981 
61 087 
194 


347 
455 
563 
670 
778 
885 
991 
61 098 
204 


358 
466 
574 


681 
788 
895 

61002 
109 
215 


369 
477 
584 


692 
799 
906 
61013 
119 
Us 


379 
487 
595 
703 
810 
917 
61023 |61 
130 
MsXo)|_s 


390 
498 
606 


713 
821 
927 
034 
140 
247 


401 
509 
617 
724 
831 
938 
61045 
151 
O57 


412 
520 
627 
735 
842 
949 

61055 
162 
268 


CONDNPWNHHE 





410 


61 278 


61 289 


61 300 


61310 


61321 


61331 


352 


61 363 


61374 





411 
412 
413 


414 
415 
416 
417 
418 
419 


384 
490 
595 


700 
805 
909 
62014 
118 
221 


395 
500 
606 


711 
815 
920 
62 024 
128 
BY) 


405 
$11 
616 
721 
826 
930 
62 034 
138 
242 


416 
521 
627 
731 
836 
941 
62 045 
149 
252 


426 
O52 
637 
742 
847 
951 
62 055 
159 
263 


437 
542 
648 
UY: 
857 
962 
62 066 
170 
Dis: 


61 342 |61 
448 |. 
SOS 
658 


763 
868 
972 
62 076 |62 
180 
284 


458 
563 
669 
773 
878 
982 
086 
190 
294 


469 
574 
679 
784 
888 
993 
62 097 
201 
304 


479 
584 
690 
794 
899 | 
62 003 
107 
211 
315 





420 


62 325 


62 335 


62 346 


62 356 


62 366 


62 377 


62 387 |62 


397 


62 408 


62 418 





421 
422 
423 
424 
425 
426 
427 
428 
429 


428 


439 
542 
644 
747 
849 
951 


63 053 


449 
552 
655 
757 
859 
961 


63 063 


459 
562 
665 
767 
870 
972 
63.073 


469 
IY 
675 
778 
880 
982 


63 083 





165 
266 


175 
276 


185 
286 


480 
583 
685 
788 
890 
Oey 
63 094 
195 
296 


490 
593 
696 
798 
900 
63 002 |63 


500 
603 
706 


808 
910 
012 
114 
215 
317 


Sil 
613 
716 
818 
921 
63 022 
124 
229 
327 


521 
624 
726 
829 
931 
63 033 
134 
236 
337 


CONDAUHUBPWNHH 





430 |& 


63 367 


63 377 


63 387 


63 397 


63 


417 


63 428 


63 438 





431 
432 
433 


434 
436 


468 
568 
669 


769 
869 
969 
64 068 
167 
266 


478 
579 
679 
779 
879 
979 
64078 
177 
276 


488 
589 
689 
789 
889 
988 
64 088 
187 
286 


498 
599 
699 
799 
899 
998 
64 098 
197 
296 


518 
619 
719 


819 
919 


64018 


118 
217 
316 


528 
629 
729 
829 
929 
64 028 
128 
227 
326 


538 
639 
139 
839 
939 
64 038 | 
137 
Meu 
335 





64 365 


64 375 


64 385 


64 395 


64.414 


64424 


64 434 





464 
562 
660 


758 
856 
M953) 
65 050 
147 
244 


473 
572 
670 


768 
865 
963 
65 060 
157 
254 


483 
582 
680 
777 
875 
972 
65 070 
167 
263 


493 
591 
689 
787 
885 
982 
65 079 
176 
273 


513 
611 
709 


807 
904 


65 002 


099 
196 
292 


523 
621 
719 


816 
914 
65 O11 
108 
205 
302 


3521s ao 


631 
729 
826 
924 
65021 
118 
215 
312 


OMONITAAMN PWR 





65 331 


65 341 


65 360 


65 369 


65 398 

















1 





Z 





65 350 
3 





4 











5 








65 379 |65 389 
6 ih 





8 








65 408 | 
9 


























0 
65 321 


1 
65 331 


2 
65 341 


3 
65 350 


4 
65 360 


5 
65 369 


Numbers 450-500 Logs 65321-69975 


6 
65 379 


a 
65 389 


8 
65 398 


9 
65 408 





418 
514 
610 


706 
801 
896 
992 
66 087 
181 


427 
523 
619 
715 
811 
906 
66 001 
096 
191 


437 
53k 
629 
725 
820 
916 


66011 


447 
543 
639 


734 
830 
925 
66 020 
115 
210 


456 
D2 
648 
744 
839 
935 
66 030 
124 
219 


466 
562 
658 


753 
849 
944 
66 039 
134 
229 


475 
571 
667 


763 
858 
954 
66 049 
143 
238 


485 


495 
591 
686 
782 
877 
973 
66 068 
162 
257 


504 
600 
696 
792 
887 
982 
66 077 
172 
266 


OONDNPWH RE 


PPy 


10 


1.0 
2.0 
3.0 
4.0 
5.0 
6.0 
7.0 
8.0 
9.0 








66 276 


66 285 


5 |66 304 


66 314 


66 323 


66 332 


66 351 


66 361 





370 
464 
558 


652 
745 
839 
932 
67 025 
117 


380 
474 
567 
661 
755 
848 
941 
67 034 
127 


398 
492 
586 


680 
773 
867 
960 
67 052 
145 


408 
502 
596 


689 
783 
876 
969 
67 062 
154 


417 
511 
605 


699 
792 
885 
978 
67 071 
164 


427 
521 
614 


708 
801 
894 
987 
67 080 
173 


445 
539 
633 


727 
820 
913 
67 006 
099 
191 


455 
549 
642 


736} 


829 


922 | 


67 015 
108 
201 








407 210 


67 219 


67 237 


67 247 


67 265 


67 284 


67 293 | 





302 
394 
486 
578 
669 
761 
852 
943 
68 034 





311 
403 
495 
587 
679 
770 
861 
952 
68 043 





1 
68 061 


330 
422 
514 
605 
697 
788 


879 
970 


339 
431 
523 
614 
706 
797 
888 
979 
68 070 


jo 256 


68 079 


376 
468 
560 
651 
742 
834 
925 
68 015 
106 


385 | 


477 
569 
660 
752 
843 
934 
68 024 
115 


OONDNPWH FE 








68 124 


68 133 


68 151 


68 160 


68 169 


68 187 


68 196 


68 205 





215 
305 
395 
485 
574 
664 
753 
842 
931 


224 
314 
404 


494 
583 
673 
762 
851 
940 


242 
332 
422 
S11 
601 
690 
780 
869 
958 


SS 
341 
431 
520 
610 
699 
789 
878 
966 


260 
350 
440 
529 
619 
708 
797 
8806 
975 


278 
368 
458 


547 
637 
726 
815 
904 
993 


287 
377 
407 
556 
646 
735 
824 
913 
69 002 


296 
386 
476 


565 
655 
744 
833 
922 

69 011 








69 020 


69 028 


69 046 


69 055 


69 064 


69 082 


69 090 





69 099 





108 


117 
205 
294 
381 
469 
557 
644 
732 
819 


827 


135 
223 
311 
399 
487 
574 
662 
749 
836 


144 
232 
320 
408 
496 
583 
671 
758 
845 


152 
241 
a9 


417 
504 
592 
679 
767 
854 


862 





170 


179 
267 
3D 
443 
agit! 
618 
705 
793 
880 


188 
276 
364 
452 
539 
627 
714 
801 
888 


OONAAMPWNHH 








(69 897 


69 906 





69 914 


69 923 





69 932 





69 940 


69 949 


69 958 


69 966 














0 





2 





3 


4 





5 





6 





7 





8 





69 975 
9 














1 














Numbers 500-550 Logs 69897-74107 


N 


|_ 0 
69 897 


| 


1 
69 906 


2 
69 914 


3 
69 923 


4 
69 932 


6 
69 949 


if 
69 958 


8 
69 966 


9 
69 975 





984 
70070 
Si 


243 
329 
415 
501 
586 
672 


992 
70 079 
165 


252 
338 
424 
509 
595 
680 


70001 
088 
174 


260 
346 
432 
518 
603 
689 


70010 
096 
183 
269 
355 
441 


70 018 
105 
191 


278 
364 
449 
535 
621 
706 


70 036 
122 
209 
295 
381 
467 
552 
638 
723 


70 044 


70 053 
140 
226 
312 
398 
484 
569 
655 
740 


70062157 99~ 


148 
234 
321 
406 
492 
578 
663 
749 


COONAN PWNHHE 





10 757 


70 766 


70 774 


70791 


70 808 


70 825 


70 834 





842 
927 
71012 
096 
181 
2605 
349 
433 
oly) 





851 


859 
944 
71029 


113 
198 
282 
366 
450 
533 


876 
961 
71046 


130 
214 
299 
383 
466 
550 


893 
978 
71063 
147 
231 
315 
399 
483 
567 


910 
995 
71079 
164 
248 
332 
416 
500 
584 


919 
71003 
088 


172 
257 
341 
425 
508 
392 





71.600 


71617 


71 634 


71.650 


71 667 


71675 





684 
767 
850 


933 
72016 
099 
181 
263 
346 





700 
784 
867 
950 
72.032 
115 
198 
280 
362 


717 
800 
883 


966 
72 049 
132 
214 
296 
378 


734 
817 
900 


983 
72.066 
148 
230 
313 
395 


750 
834 
917 
999 
72 082 
165 
247 
329 
411 


75977 08— 


842 
925 
72.008 
090 
173 
255 
337 
419 


CONAN PWH HE 





72 428 


72 444 


72 460 


12477 {7 


5 172 493 


72 501 





509 
591 
673 
754 
835 
916 
997 


73 078 
159 


526 


542 
624 
705 
787 
868 
949 
73 030 
111 
191 


558 
640 
2 


803 
884 
965 
73 046 
127 
207 


575 
656 
738 
819 
900 
981 


4 |73 062 


143 
223 


583 
665 
746 
827 
908 
989 

73.070 
151 
231 





73.239 


3 |73 272 


73 280 


73 288 | 


73 304 


ISI 





320 
400 
480 


560 
640 
719 


799 


878 
957 





965 


352 
432 
512 


592 
672 
751 
830 
910 
989 


360 
440 
520 


600 
679 
759 
838 
918 
997 


384 
464 
544 


624 
703 
783 


862 
941 
74020 


392 





OCONNDNPWHHE 





74.036 





74 044 


74 052 








74.084 |’ 


74.099 





74 107 








0 


1 





2 





74 060 
3 





74 068 
4 








74076 
5 


6 








8 


9 


























Numbers 550-600 Logs 74036-77880] 
I 2 3 ag aS 6 7 8 9 PP. 


74 044 |74 052 |74 060 |74 068 |74 076 |74 084 |74 092 |74 099 |74 107 8 


HG redo 0) 140) 447 1 30185,| 162 | S170 2178) “186147 pe 
DONE 210 918 2951 38 244.) 940)| 257 2265) on 
280| 288| 296] 304] 312] 320] 327| 335) 343/31] 94 


359} 367} 374] 382] 390) 398) 406; 414] 421 3.2 
437) 445} 453) 461] 468) 476} 484} 492) 500 4.0 
DLS OZ ON OS ne O89) 04:70 OO4 |o O21 oO ons 4.8 


593| 601] 609] 617] 624] 632] 640] 648] 656 5.6 
671| 679| 687] 695]| 702) 710} 718] 726] 733 6.4 
TAQa TS Tale 164 TH QN 780)\ 788) eF 96-1 803) |e sd 7.2 
74 827 |74 834 |74 842 |74 850 ||74 858 |74 865 |74 873 |74 881 |74 889 
904; 912] 920} 927] 935] 943] 950] 958] 966 
989} 997 |75.005 175 012 |75 020 |75 028 |75 035 |75 043 
75 066175074} 082] O89} 097} 105] 113] 120 
AS ected Ob ee G6) ee 7/4 ad 325 SO) eel On 
220)| 228) 2361) 243))" 251) 2591 266) 274 
yp B05) se) exo sysi Fes Seer Sail 
374] 381] 389] 397] 404] 412} 420] 427 
450} 458} 465] 473] 481] 488| 496] 504 
526] 534] 5421) 549] 557] 565] 572] 580 
75 603 175 610 |75 618 |75 626 |75 633 |75 641 |75 648 |75 656 
679| 686] 694] 702] 709] 717] 724] 732 
755) a TO2 ef Ollae iSi| 7851079341 S00) SOS 
831| 838] 846] 853] 861] 868] 876} 884 
906} 914] 921] 929} 937) 944] 952] 959 
982} 989] 997 76005 |76 012 |76 020 |76 027 |76 035 
76 057 176.065 |76072|| O80} O87} 095} 103} 110 
133 TASS Sie OSh edi) ad SHletS5 
208 223|| 230) 238] 245] 253] 260 
283 PSS SOS Bui BO BAS sess 
76 358 76 373 |76 380 |76 388 |76 395 |76 403 |76 410 
433 448] 455| 462] 470] 477] 485 
507 599) 530) 537] 1545) 5521) 9550 
582 597|| 604] 612] 619] 626] 634 
656 671|| 678] 686} 693] 701] 708 
730 745|| 753| 760} 768] 775] 782 
805 i 819] 827) 834] 842] 849] 856 
879 893|| 901] 908} 916} 923] 930 
5| 953 967|| 975| 982] 989] 997177004 
77 026 77 041 |77 048 |77 056 |77 063 |77 070} 078 
77 100 |77 107 |77 115 |77 122 |77 129 |77 137 |77 144 |77 151. 
173 SS OS || BOR) BHO) By) Bas 
247 262 1- 1269) 276) 2831-291 | 298 
320 335] 342] 349] 357] 364] 371 
393 408} 415] 422] 430] 437] 444 
466 481] 488] 495} 503} 510] 517 
539 554], 561| 568] 576] 583} 590 
612 627] 634] 641] 648] 656] 663 
685 Di COO 7Oo Wil WA (OSI 4a 
Tea ek LOAU TIT 2A Os eS) OSH en SOU ESOS 
77 822 177 830 |77 837 |77 844 |177 851 |77 859 |77 866 177 873 |77 880 
1 2 3 4 5 6 7 8 9 





COONAN PWH RE 



































OONIADMH PWN KE 

























































































Numbers 600-650 Logs 77815-81351 


0 
77 815 


1 
77 822 


2 
77 830 


3 
77 837 


4 
717 844 


6 
77 859 


7 
77 866 


8 
77 873 


9 
77 880 





887 
960 
78 032 
104 
176 
247 
319 
390 
462 


895 
967 
78 039 


111 
183 
254 
326 
398 
469 


902 
974 
78 046 


118 
190 
262 
333 
405 
476 


909 
981 
78 053 


125 
197 
269 
340 
412 
483 


916 
988 
78 061 


132 
204 
276 
347 
419 
490 


931 
78.003 
075 
147 
219 
290 
362 
433 


504 |: 


938 
78 010 


945 
78017 


952 
78 025 
097 
168 
240 
312 
383 
455 
526 


OAONADANPWNHER 





78 533 


78 540 


78 547 |’ 


78 561 


78 576 


78 597 





604 
675 
746 


817 
888 
958 
79 029 
099 
169 





611 
682 
753 
824 
895 
965 
79 036 
106 
176 


618 
689 
760 


831 
902 
972 
79 043 
113 
183 


633 
704 
774 
845 
916 
986 
79 057 
127 
197 


647 
718 
789 


859 
930 
79 000 
071 
141 
211 


668 
739 
810 
880 
951} 
79021 





79 239 


79 246 


79 253 


79 267 


79 281 





309 
379 
449 
518 
588 
657 
727 
796 
865 


316 
386 
456 
525 
595 
664 
734 
803 
872 


O29 
393 
463 


532 
602 
671 
7A1 
810 
879 


337 
407 
477 
546 
616 
685 
754 
824 
893 





351 
421 
491 


560 
630 
699 
768 
837 
906 











ee 





79 934 


79 941 


79 948 


5 179 962 


79 975 








80 003 
072 
140 
209 
Did 
346 
414 
482 
550 


80 010 
079 
147 


216 
284 
B08 
421 
489 
557 


80017 
085 
154 
223 
291 
309 
428 
496 
564 


80 030 
099 
168 
236 
305 
373 
441 
509 
577 


30 044 
113 
182 
250 
318 
387 
455 
523 
591 


598 





80 618 


80 625 


80 632 


80 645 


80 659 


80.665 





686 
754 
821 


889 
956 
81 023 
090 
158 
224 


693 
760 
828 
895 
963 
81 030 
097 
164 
DS 


699 
767 
835 
902 
969 

81 037 
104 
171 
238 


713 
781 
848 
916 
983 
81050 
117 
184 
251 


81057 
124 
191 
258 


726 
794 
862 
929 
996 
81064 
131 
198 
265 


733 
801 
868 
936 
81.003 
070 
137 
204 
271 


OONIDAMPWNH HE 








81 291 





81 298 


81 305 








81311 





81318 








81331 





81338 





81 345 


81351 














0 





1 


2 


3 


4 





$1325 
5 





6 


7 


8 





9 

















17 





Numbers 650-700 Logs 81291-84566 
1 2 3 4 5 a ay 8 9 P.P. 


81 298 |81 305 |81 311 |81 318 [$1 325 81 331 |91 338 181 345 |g1 351 | 7 


365| 371 385] 391] 398] 405] 411) 418/>7 977 
431| 438 451] 458| 465| 471] 478] 485 14 
498} 505 SiS 5251-5304" 538) 544) 554 21 
564| 571 584] 591] 598| 604] 611] 617 2.8 
631| 637 651] 657] 664] 671] 677| 684 35 
697| 704 717 723) 736) 737) 7434 750 4.2 
770 783} 790] 796} 803] 809} 816 4.9 
836 849} 856] 862] 869| 875] 882 5.6 
902 915], 921] 928] 935] 941] 948 6.3 
81.968 |81 974 |81 981 |81 987 |81 994 |82 000 |82 007 |82 014 
82 033 |82 040 |82 046 |82 053 182060} 066} 073) 079 
G90 "105 |. F124, “119"— 195) 1321 138) S45 
164} 171] 178] 184} 191] 197] 204] 210 
230] 236] 243] 249] 256] 263! 269] 276 
295:| 302, -308:| “315 |’ 32h) 328). soar a4 
360] 367| 373] 380, 387] 393] 400} 406 
426| 432] 439] 445) 452] 458] 465] 471 
491] 497] 504} 510] 517] 523| 530] 536 
549| 556] 562] 569] 575| 582} 588] 595] 601 














CONAN PWH 




















82 614 |82 620 |82 627 |82 633 ||82 640 |82 646 |82 653 |82 659 |82 666 


679} 685} 692] 698] 705| 711| 718] 724| 730I>7 9467 
743| 750] 756] 763] 769] 776 789} 795 
808} 814) 821} 827] 834); 840 853 | 860 


872| 879] 885} 892] 898] 905 918) 924 





937| 943| 950} 956]| 963} 969 982} 988 
83 001 |83 008 |83 014 |83 020 |83 027 |83 033 83 046 |83 052 
065} 072} 078} O85] 091] 097 110] 117 
129/ 136] 142] 149] 155] 161 || aS 
193] 200|} 206] 2131 219] 225 238 | 245 
83 257 |83 264 |83 270 |83 276 83 283 |83 289 83 302 |83 308 
BP S27) 334 “340i 347 | 3538 366| 372 
385} 391] 398] 404] 410] 417 429| 436 
448| 455] 461| 467]| 474] 480 493| 499 
RO SS) BS) Sell Bei) Gees 556| 563 
575| 582] 588] 594} 601] 607 620| 626 
639] 645] 651} 658] 664] 670 683} 689 
HOO| OS 7S 7h el) TBE 746| 753 
165) 770 778 FSA 7901. 797 809} 816 
828} 835] 841] 847] 853] 860] 866] 872] 879 
83 891 |83 897 |83 904 183 910 183 916 |83 923 |83 929 /83 935 |83 942 
954] 960} 967] 973]| 979] 985] 992] 998 |84004 
84 017 184.023 |84 029 |84 036 184 042 |84 048 184.055 184061 | 067 
080} 086} 092] O98] 105] 111} 117] 123] 130 
142| 148) 155] 161] 167} 173] 180] 186] 192 
DOSA TOE 207) | 293) 22301) F286" 2249!) 248) OSS 
NS | BBN B30) Boll Bow) HOS BOR), Bill) Sy 


SSOM SSO) S42) S48) 33545) S361) 3071) 373) 349 
392] 398} 404] 410} 417) 423] 429| 435) 442 
454} 460}; 4660) 473] 479] 485} 491) 497] 504 
84 516 |84 522 |84 528 |84 535 84 541 |84 547 |84 553 |84 559 |84 566 
1 2 3 4 5 6 7 8 9 


OONIDMN PWN 






















































































N 
700 


[teacsl 
84 510 |84 516 


Zanes 
84 522 |84 528 


[Numbers 700-750 Logs 84510-87558 


4 
84 535 


5 
84 541 


6 
84 547 


erie 
84.553 |84 559 


[ez 
84 566 





701 
702 
703 
704 
705 
706 
707 
708 
709 


572| 578 
634} 640 
696} 702 
757 | 763 
819} 825 
880} 887 
942) 948 
85 003 |85 009 
005 |__ O71 


584] 590 
646} 652 
708| 714 
770| 776 
Solis 
893 | 899 
954} 960 
85 016 |85 022 
077 | _083 


603 
665 
726 
788 
850 
911 
973 

85 034 
095 


609 
671 
733 
794 
856 
917 
979 
85 040 


101 


615] 621 
677] 683 
739] 745 
800] 807 
862 
924 
985 

85 046 
107 


62877 07, 


689 
751 
813 
874 
936 
997 
85 058 
120 


OCONIDANPWHH 





710 


85 126 |85 132 


85 144 


85 156 


85 163 


85 169 185 175. 


85 181 





711 
712 
783 
714 
715 
716 
717 
718 
719 


187) 193 
248} 254 
309} 315 
370} 376 
431] 437 
491) 497 
SY) || She) 
612] 618 
C/G OTS 














205 
266 
327 
388 
449 
509 
570 
631 
691 





217 
278 
339 
400 
461 
522 
582 
643 
703 


224 
285 
345 
406 
467 
528 
588 
649 
709 





230 
291 
352 
412 
473 
534 
594 
655 
715 


236 
297 
358 


418 
479 
540 
600 
661 
721 





242 
303 
364 
425 
485 
546 
606 
667 
727 





720 


85 733 


85 739 | 


85 751 


85 763 


85 769 


85 775 |85 781 


85 788 





721 
(ip 
723 
724 
725 
726 
727 
728 
729 


800 
860 
920 


980 
86 040 
100 
159 
219 
279 


| 794 
854 
914 
974 

86 034 
094 
153 
213 
273 


812 
872 
932 


992 
86 052 
112 
171 
231 
291 








824 
884 
944 
86 004 
064 
124 
183 
243 
303 


830 
890 
950 


86 010 
070 
130 
189 


249 
308 





836 
896 
956 
86 016 
076 
136 


195 


842 
902 
962 
86 022 
082 
141 
5} 201 
255| 261 
314] 320 





848 5) o6 


908 
968 
86 028 
088 
147 
207 
267 
326 


COONAN PWNHHE 





730 


86 332 |86 338 


86 350 


86 362 


86 368 


86 374 |86 380 


86 386 





731 
732 
733 
734 
735 
736 
737 
738 
739 


398 
457 
516 
576 
635 
694 
753 
812 
870 


392 
451 
510 
570 
629 
688 
747 
806 
864 


410 
469 
528 


587 
646 
705 


764 
823 


876} 882 


421 
481 
540 
599 
658 
717 
776 
835 
894 


427 
487 
546 
605 
664 
723 
782 
841 
900 


433 | 439 
493} 499 
Ses || eke! 
611} 617 
670} 676 
UPS) “11835 
788} 794 
847} 853 
906} 911 


445 
504 
564 


623 





682 
741 
800 
859 
917 





740 





86 923 |86 929 


86 935 |86 941 


86 953 


86 958 


86 964 |86 970 


86 976 





741 
742 
743 
744 
745 
746 
747 
748 
749 


982 
87 040 
099 
157 
216 
274 
332 
390 
448 


988 
87 046 
105 
163 
221 
280 
338 
396 
454 


994 
87 052 
111 
169 
227 
286 
344 
402 


999 
87 058 
116 
175 
233 
291 
349 
408 
460| 466 


471 


87 011 
070 
128 
186 
245 
303 
361 
419 
477 


87 017 
075 
134 
192 
251 
309 
367 
425 
483 


87 023 |87 029 
081] 087 
140} 146 
198| 204 
256} 262 
315} 320 
SE ey, 
431) 437 
489 | 495 


S035: I-a a eae 


CSOIDMPWH HE 





750 


87 512 


87 518 |87 523 


87 529 


87 535 


87 541 


87 547 |87 552 





N 














87 506 
0 1 








2 3 


4 











5 





6 








7 8 





87 558 
9 
































Numbers 750-800 Logs 87506—90358 
1 2 3 ass 6 7 7 a es 


87 512 |87 518 [87 523 |87 529 |[87 535 |87 541 |87 547 187 552 |87 558 6 


570| 576] 581] 587] 593} 599} 604} 610| 616/47 o<- 
628| 633] 639| 645] 651] 656] 662] 668] 674] 5] 15 
685| 691] 697) 703] 708| 714] 720} 726] 73113] 1's 


743| 749} 754| 760} 766; 772} 777) 783} 789 24 
800} 806; 812] 818] 823} 829] 835] 841} 846 3.0 
858}; 864) 869} 875] 881} 887) 892] 898] 904 3.6 


915| 921| 927] 933] 938| 944] 950] 955] 961 4.2 
973| 978} 984] 990] 996/88 001 |88 007 188 013 |88.018 4.8 
88 030 |88 036 |88 041 |88 047 |88 053} 058} 064] 070} 076 5.4 
88 087 |88 093 |88 098 |88 104 |88 110 |88 116 |88 121 |88 127 188 133 
14-150) S156) tod) Oval. 173i) 7 Sinen sans 100 
Di AO Bil Hs 230! 235] 2411 247 
De S| BAD) Drs 287| 292] 298] 304 
BlShieG2 lees 261 62 343} 349] 355] 360 
S79 || BW BEB) Se 400| 406| 412] 417 
429| 434] 440] 446 457] 463| 468| 474 
ASS) A491) 497) 502 Sis) tO 5251530 
549) 547 5531) 559 : 570| 576| 581] 587 
598| 604] 610] 615 627] 632] 638| 643 
88 655 |88 660 88 672 88 689 |88 694./88 700 
(ibe (alk 728 745| 750| 756 
767 784 5} 801] 807] 812 
824 840 857)|) 2863'|" 1868 
880 897 913} 919] 925 
936 953 969| 975] 981 
992 89 009 89 020 |89 025 |89 031 |89 037 
89 048 064 076] 081] 087] 092 
104 120 131 | 137 143! 148 
159 176 1871 193i 198i e204 
89 215 89 232 |89 237 |89 243 |89 248 |89 254 |89 260 
271 287, 293] 298] 304] 310] 315 
326 BN BVA A AO as || aval 
382 398} 404) 409) 415] 421] 426 
437 454] 459| 465| 470] 476] 481 
492 AN SOG SA SiS 20i\" S20 mes sielnmser 
548 5641) 570| 575] 581] 586} 592 
603 620| 625] 631] 636] 642] 647 
658 675] 680] 686! 691] 697] 702 
713 SON S| EN FES SDN IS 
89 768 |89 774 89 785 |89 790 |89 796 |89 801 |89 807 |89 812 
| eI) 840] 845] 851] 856] 862] 867 
AS || ae 894] 900] 905] 911 922 
933] 938 949 955) 960] 966 977 
988 | 993 90.004 90 009 |90. 015 [90.020 90031 
90 042 |90 048 059] 064} 069} 075 086 
097| 102 113) 119) 124) 129 140 


P5dn eet 57 168i 17S ON ess 195 
206| 211 DRA) De | ORE | HES 249 
260| 266 DS DP DHE FOB 304 
90 314 |90 320 |90 325 |90 331 |90 336 |90 342 |90 347 |90 352 90 358 
1 2 3 4 is 6 7 8 9 





OMONINDAMNPWNH RE 

















OCONDNPWNHrE 



















































































20 





Numbers 800-850 Logs 90309-92988 
0 1 2 3 4 I5) 6 7 8 9 


90 309 |90 314 |90 320 |90 325 |90 331 |90 336 |90 342 |90 347 |90 352 |90 358 


363| 369| 374] 380] 385] 390} 396] 401}; 407] 41247 9<- 
417} 423} 428) 434) 439} 445} 450} 455] 461] 466 
472| 477] 482] 488] 493] 499) 504} 509} 515| 520 


52,0) O38 ee 9301] 70427 O47 553i Si OOS) |e e009) neo e 
580} 585] 590} 596] 601] 607) 612} 617) 623} 628 
634] 639} 644} 650} 655] 660] 666) 671] 677} 682 


687} 693} 698] 703} 709]| 714 (PS 10) 168 
741) 747} 752} 757) 763)) 768 779| 784) 789 
795 |__ 800} 806} 811) 816] 822 | 832] 838} 843 


90 849 |90 854 |90 859 |90 865 |90 870 |90 875 90 886 |90 891 |90 897 


902} 907} 913) 918] 924] 929 940| 945} 950 
956} 961] 966} 972) 977} 982 993} 998 |91 004 
91 009 |91 014 |91 020 |91 025 |91 030 |191 036 91046 91052} 057 


062} 068} 073} O78| 084} 089 100; 105; 110 
WMG |p IVA) II GA | liz 142 153] 158} 164 
169; 174} 180} 185 190|| 196) 2 Poy | PAPA 227 


LLL 22S) ZOO s | 258) 245) eZ 259| 265} 270] 
219) 281) 286) 291), 297 7302 SPAN shies SVX) 
SZ Sin S551) SOD 44a 0)|OOS SO5i| sodden SHO 


91 381 |91 387 /91 392 |91 397 |91 403 191 408 |91 413 /91 418 |91 424 |91 429 


434; 440} 445) 450} 455] 461) 466) 471) 477] 482|/—>7— = 
487| 492} 498} 503 514) 519) 524 535 
540} 545] S51} 556 SXD|| SPA |) SME 587 


593] 598} 603] 609 619; 624] 630 640 
645) 651] 656} 661 672| 677) 682 693 
698} 703) 709) 714 (2A NN TSO) Ni 35 745 


751} 756} 761|) 766 Le S23 Sd 798 
803} 808) 814] 819 829} 834) 840 850 
855|__ 861} 866] 871 882] 887] 892 903 
91 908 |91 913 |91 918 |91 924 91 934 |91 939 |91 944 91955 
960) 965} 971) 976 986} 991) 997 2 )92 007 
92 012 |92 018 )92 023 |92 028 92 038 92 049 059 || 
065} 070; O75) 080 091 101 111 
117 1225 a eo 143 153 163 
169); 174} 179) 184 195 205 215 
PAV ADS PBL) PRG 247 DS 207 
BUS || Bikes || RSS. || BENS 298 309 319 
324] 330} 335] 340 350 361 371 
376) 381} 387} 392 402 412} 418} 423 
92 428 |92 433 |92 438 |92 443 92 454 92 464 |92 469 |92 474 
480| 485} 490}; 495 505 516 526 
S31} 536] 542} 547 557 567 578 
583} 588] 593] 598 3 | 609 619 629 
634] 639} 645} 650 660 670 681 
686} 691) 696} 701 711 722 732 
737}. 742) 747) 752 763 773 783 


788| 793) 799} 804 814 824 834 
840] 845} 850} 855 865 875 886 
891 | _ 896} 901) 906} 911] 916] 921) 927 All 


92 942 /92 947 |92 952 |92 957 |92 962 92 967 |92 973 |92 978 |92 983 |92 988 
0 1 2 3 4 6 9 





COIMDAMPWH HE 




















OONNDNPWNHHE 









































5 7 8 






































21 








0 
92 942 


1 
92 947 


2 
DAISY 


lal 


4 


92 957 |92 962 


5_ | 
92 967 


Numbers 850-900 Logs 92942-95468 


6 
92 973 


7 
92 978 


8 
92 983 


9 
92 988 





993 
93 044 
095 
146 
197 
247 
298 
349 
399 


998 
93 049 
100 
151 
202 
252 
303 
354 
404 


93 003 
054 
105 
156 
207 
258 
308 
359 
409 


93 008 
059 
110 
161 
FP? 
263 
313 
364 
414 





93 013 
064 
115 
166 
Zi 
268 
318 
369 
420 


93 018 
069 
120 
171 
222 
273 
323 
374 
425 


93 024 
075 
125 
176 
227 
278 
328 
379 
430 


93 029 
080 
131 
181 
232 
283 
334 
384 
435 


93 034 
085 
136 
186 
237 
288 
339 
389 
440 


93 039 
090 
141 
192 
242 
293 


CONAN PEWHe 


Pee, 


6 


0.6 


eZ, 
1.8 
2.4 
3.0 
3.6 
4.2 
4.8 
5.4 








93 450 


93.455 


93 460 


93 465 


93 470 


93 475 


93 480 


93 485 


93 490 





500 
551 
601 


651 
702 
752 
802 
852 
902 


505 
556 
606 


656 
707 
757 
807 
857 
907 


510 
561 
611 
661 
712 
702 
812 
862 
912 


515 
566 
616 
666 
717 
767 
817 
867 
917 


520 
571 
621 
671 
722 
772 
822 
872 
922 


526 
576 
626 


676 
727 
777 
827 
877 
927 


531 
581 
631 


682 
732 
782 
832 
882 
932 





541 
591 
641 
692 
742 
792 
842 
892 
942 





931052 


93 957 


93 962 


93 967 


93 972 


93 977 


93 982 


93.992 | 








94 002 
052 
101 
SI 
201 
250 
300 
349 
399 


94.007 
057 
106 
156 
206 
255 
305 
354 
404 


94 012 
062 
111 
161 
211 
260 
310 
359 
409 


94 017 
067 
116 


166 
216 
265 
OLS 
364 
414 


94 022 
072 
121 
171 
221 
270 
320 
369 
419 


94 027 
077 
126 
176 
226 
275 
325 
374 
424 


94 032 
082 
131 
181 
23 
280 
330 
379 
429 





94 042 
091 
141 


191 
240 
290 
340 
389 
438 





94 448 


94 453 


94 458 


94 468 


94 473 


94 478 


94 488 





498 
547 
596 
645 
694 
743 
792 
841 
890 


503 
552 
601 


650 
699 
748 
797 
846 
895 


507 
Sil 
606 
655 
704 
753 
802 
851 
900 


Sly 
567 
616 
665 
714 
763 
812 
861 
910 


522 
571 
621 
670 
719 
768 
817 
866 
915 





527 
576 
626 
675 
724 
773 
822 
871 
919 





924 


537 
586 
635 
685 
734 
783 
832 
880 
929 








CONAN HLWNH 





94 939 


94 944 


94 949 


94 954 


94 959 


94 963 


94 968 


94973 


94 978 





988 
95 036 
085 
134 
182 
231 
279 
328 
376 


993 
95 041 
090 
139 
187 
236 
284 
Sv) 
381 


998 
95 046 
095 
143 
192 
240 
289 
337 
386 


95 002 
051 
100 


148 
197 
245 
294 
342 
390 


95 007 
056 
105 
153 
202 
250 
299 
347 


395 | 


95 012 
061 
109 
158 
207 
255 
303 
SoZ 
400 


95 017 
066 
114 
163 
211 
260 
308 
357 
405 





95022 
071 
119 
168 
216 
265 
313 
361 
410 


95 027 
075 
124 
173 
221 
270 
318 
366 
415 


COND NPWH HE 








95 444 


95 453 





95 458 





95 463 











95 424 
0 





95 429 
1 





95 434 
2 








95 439 
3 


4 











95 448 
5 





6 


7 


8 








95.468 | 
9 























Numbers 900-950 Logs 95424-97813 
Ore 2 3 4 5 6 7 8 9 


95 424 195 429 |95 434 |95 439 |95 444 1195 448 |95 453 |95 458 |95 463 )95 468 
472| 477} 482] 487] 492] 497} SOi} S06] S11} 516 
521|| 525) 530) 535) 540) 545) 550) 554) 559) S04 
569|} 574] 578} 583] 588} 593} 598} 602} 607] 612 
617} 622] 626} 631] 636] 641} 646; 650] 655] 660 
665| 670] 674] 679] 684] 689] 694} 698} 703} 708 
4 LS 722i 2 32) ae Se 2 |e LO) | SLel| OO 
761} 766} 770} 775| 780] 785) 789) 794} 799) 804 
809} 813}; 818] 823) 828] 832} 837} 842] 847] 852 
856} 861} 866) 871} 875] 880) 885) 890] 895 |__899 

95 904 |95 909 |95 914 |95 918 |95 923 95 928 |95 933 )95 938 |95 942 |95 947 
952} 957) 961] 966; 971]| 976] 980) 985) 990) 995 
999 |96 004 |96 009 |96 014 |96 019 196 023 |96 028 |96 033 |96 038 |96 042 

96047} 052} 057] O61} O66] O71} O76} O80} O85} 090 
095} 099] 104] 109) 114} 118] 123] 128] 133] 137 
142) 147} 152) 150} 161 166} 171 175} 180} 185 
190} 194) 199} 204) 209] 213} 218) 223) 227] 232 
PN PED PRN MSIL AKO) Xo Poy || EU) AN et 
289289) 2945), 2981) 303i SOS S131 310 99322 327 
332 |__ 336) 341 | 346) _ 350} 355! 360] 365 | 369 374 

96 379 |96 384 |96 388 |96 393 |96 398 96 402 |96 407 |96 412 |96 417 |96 421 

426| 431} 435] 440] 445] 450] 454] 459] 464] 468 

473| 478] 483} 487} 492] 497} S01} S06] 511) 515 

520] 525} 530; S34) S39] 544) 548] 553] 558] 562 

SOA Ol 2a) | SOdMG| 2 SS8le | 586i] 591s 595) | 5 G00) 605) 6O9 

614] 619} 624} 628) 633] 638} 642] 647] 652] 656 

661] 666) 670] 675] 680] 685] 689] 694} 699} 703 

7G es |) TS}|| = =A TRAE TS, © TBO) VASE TES ET 

755| 759) 764 774) 778| 783} 788} 792} 797 

802 | 806} 811 820} 825] 830] 834} 839} 844 

96 848 |96 853 |96 858 96 867 |196 872 |96 876 |96 881 |96 886 |96 890 
895} 900} 904 914) 918) 923) 928) 932) 937 
942] 946} 951 960] 965] 970} 974] 979} 984 
988| 993} 997 97 007 97 O11 |97 016 |97 021 |97 025 |97 030 

97 035 |97 039 |97 044 053} O58} 063} O067| 072) O77 
081} 086} 090 100) 104} 109; 114) 118} 123 
12 Sil 2) eel oi 146} 151} 155) 160] 165 169 
174) 179} 183 192] 197} °202] 206 216 
220 2255) 9230 239} 243) 248] 253 262 
PAO | PAIN 2) 285], 290] 294] 299 308 

97 313 |97 317 |97 322 27 |97 331 197 336 |97 340 |97 345 97 354 


359} 364) 368 377], 382) 387) 391 400 
405} 410) 414 424] 428 437 447 
451| 456} 460 470} 474 483 493 
497) 502] 506 516]} 520 529 539 
543} 548) 552 562 || 566 575 585 
589} 594} 598 607 612 621 630 
635| 640) 644 653] 658 667 676 
681} 685] 690 699 || 704 713 722 
727|__ 731} 736)  740|_ 745] 749 759 |__763| 768 
97 772 |97 777 |97 782 |97 786 |97 791 |97 795 |97 800 |97 804 |97 809 |97 813 
0 1 2 3 4 5 6 7 8 9 





OWMONIDAMHPWNH HE 
























































OOIAMNPWNeE 



















































































1 
97 777 


2 
97 782 


3 
97 786 


4 i 
97791 


Numbers 950-1000 Logs 97772-00039 


5 
97 795 


6 7 
97 800 |97 804 


3) @ 
97 809 |97 813 





823 
868 
914 


959 
98 005 
050 
096 
141 
186 


827 
873 
918 
964 
98 009 
055 
100 
146 
191 


832 
877 
923 
968 

98014 
059 
105 
150 
195 


836 
882 
928 
973 
98 019 
064 
109 
155 
200 


841 
886 
932 
978 
98 023 
068 
114 
159 
204 


845| 850 
891] 896 
937| 941 


982} 987 
98 028 |98 032 
073| 078 
118; 123 
164| 168 
209 |__ 214 


855| 859 
900} 905 
946| 950 


991} 996 
98 037 |98 041 
082} 087 
DAE, aleve 
7G) id 
Pais) || 3 





OOTAA MN PWH KE 


PxP! 


5 


0.5 
1.0 
1.5 
2.0 
ss) 
3.0 
3.5 
4.0 
4.5 








98 232 


98 236 


98 241 


98 245 


98 250 


98 254 |98 259 


98 263 |98 268 





277 
O22 
367 
412 
457 
502 
547 
592 
637 





281 
327 
372 
417 
462 
507 
552 
597 
641 


286 
331 
376 
421 
466 
Sil 
556 
601 
646 


290 
336 
381 
426 
471 
516 
561 
605 
650 


295 
340 
385 
430 
475 
520 
565 
610 
655. 


299| 304 
345| 349 
390| 394 
435} 439 
480| 484 
525| 529 
570| 574 
614| 619 
659 |__ 664 


308} 313 
354} 358 
399} 403 
444] 448 
489} 493 
534} 538 
579} 583 
623| 628 
668 |__ 673 





98 682 


98 686 


98 691 


98 695 


98 700 


98 704 |98 709 


98 713 |98 717 








726 
771 
816 
860 
905 
949 
994 
99 038 
083 


731 
776 
820 
865 
909 
954 
998 
99.043 
087 


735 
780 
825 
869 
914 
958 
99 003 
047 
092 


740 
784 
829 
874 
918 
963 
99 007 
052 
096 


744 
789 
834 
878 
923 
967 
99 012 
056 
100 


749| 753 
793 
838 
883 
927 
972 
99 016 
61 
105 





758| 762 
802| 807 
847] 851 
892} 896 
936] 941 
981] 985 
99 025 |99 029 
069} 074 
114} 118 





99 127 


993i 


99 136 





99 140 


99 145 





99 149 


99 158 |99 162 











171 
216 
260 
304 
348 
392 
436 
480 
524 





176 
220 
264 
308 
352 
396 
441 
484 
528 


180 
224 
269 
313 
357 
401 
445 
489 
533 


185 
229 
273 
317 
361 
405 
449 
493 
537 


189 
Jisks: 





277 


322 
366 
410 
454 
498 
542 


193 
238 
282 
326 
370 
414 
458 
502 
546} 550 








202| 207 
247 
291 
335 
379 
423 
467 
511 
555 








99 568 


99 572 


99 581 


99 585 


99 590 |99 594 


99 599 





612 
656 
699 


743 
787 
830 
874 
917 
961 





616 
660 
704 
7A7 
791 
835 
878 
922 
965 


625 
669 
712 


756 
800 
843 
887 
930 
974 


629 
673 
717 


760 
804 
848 
891 
935 
978 


638 
682 


642 











00 004 





00.009 


00.022 


00.026 |00 030 


00 035 |00 039 











00 000 
0 





1 


2 





00 013 
3 








00.017 
4 





5 





6 7 








COMTANPWNH HE 








Si aD 














Numbers 1000-1050 Logs 0000000—0215614 


0 
000 0000 


| a 
0434 


2 
0869 


3 
1303 





4341 
8077 
3009 
7337 
1661 
5980 
0295 
4605 
8912 


4775 
9111 
3442 


7770 
2093 
6411 
0726 
5036 
9342 


5208 
9544 
3875 
8202 
2525 
6843 
1157 
5467 
9772 


5642 
9977 
4308 
8635 
2957 
7275 
1588 
5898 

*0203 


4 


1737 


6076 
*0411 
4741 
9067 
3389 
7706 
2019 
6328 
*0633 





3214 


3644 


4074 


4504 


4933 





(oly, 
1805 
6094 
0380 
4660 
8937 
3210 
7478 
1742 


7941 
2234 
6523 
0808 
5038 
9365 
3637 
7904 
2168 


8371 
2663 
6952 


1236 
5516 
9792 
4064 
8331 
2594 


8800 
3092 
7380 
1664 
5944 
*0219 
4490 
8757 
3020 


9229 
oy! 
7809 


2092 
6372 
*0647 
4917 
9184 
3446 





6002 


6427 


6853 


7279 


7704 





0257 
4509 
8756 


3000 
7239 
1474 
5704 
9931 
4154 


0683 
4934 
9181 
3424 
7062 
1897 
6127 
*0354 
45/6 


1108 
5359 
9605 
3848 
8086 
2320 
6550 
*0776 
4993 





1533 
5784 
*0030 
4272 
8510 
2743 
6973 
*1198 
5420 


1959 
6208 
*0454 
4696 
8933 
3166 
7396 
*1621 
5342 





8372 


8794 


9215 


9637 


*0059 





2587 
6797 
014 1003 
5205 
9403 
O15 3598 
7788 
016 1974 
6155 


3003 
7218 
1424 
5625 
9823 
4017 
8206 
2392 
6573 





3429 
7639 
1844 
6045 
*0243 
4436 
8625 
2810 
6991 


3850 
8059 
2264 
6465 
0662 
4855 
9044 
3229 
7409 


4271 
8480 
2685 
6885 
*1082 
5274 
9462 
3647 
7827 





017 0333 


0751 


1168 


1586 


2003 





4507 
8677 
018 2843 
7005 
019 1163, 
5317 
9467 
020 3613 
7755 


4924 
9094 
3259 
7421 
1578 
5732 
9882 
4027 
8169 





5342 
9511 


5759 
9927 
4092 


8253 
2410 
6562 
*0O711 
4856 
8997 


6176 
*0344 
4508 
8669 
2825 
6977 
*1126 
5270 
9411 





021 1893 





2307 


3134 


3547 











0 


1 








3 





4 


















































Numbers 1050-1100 Logs 0211893—0417479 
0 3 4 3 SG Uf 8 9 


021 1893 3134 | 3547 | 3961 | 4374 | 4787 | 5201 | 5614 


6027 7267 | 7680 || 8093 | 8506 | 8919 | 9332 | 9745 
022 0157 3 | 1396 | 1808 || 2221 | 2634 | 3046 | 3459 | 3871 
4284 5521 | 5933 || 6345 | 6758 | 7170 | 7582 | 7994 


8406 9642 |*0054 |*0466 |*0878 |*1289 |*1701 |*2113 
023 2525 3759 | 4171 || 4582 | 4994 | 5405 | 5817 | 6228 
6639 7873 | 8284 || 8695 | 9106 | 9517 | 9928 |*0339 


0750 1982 | 2393 || 2804 | 3214 | 3625 | 4036 | 4446 
4857 6088 | 6498 || 6909 | 7319 | 7729 | 8139 | 8549 
8960 *0190 |*0600 |*1010 |*1419 |*1829 |*2239 |*2649 


3059 4288 | 4697 || 5107 |_5516 | 5926 | 6335 | 6744 


7154 8382 | 8791 | 9200 | 9609 |*0018 |*0427 |*0836 
1245 2472 | 2881 } 3289 | 3698 | 4107 | 4515 | 4924 
5333 6558 | 6967 || 7375 | 7783 | 8192 | 8600 | 9008 
9416 *0641 |*1049 |/*1457 |*1865 |*2273 |*2680 |*3088 
3496 4719 | 5127 || 5535 | 5942 | 6350 | 6757 | 7165 
7572 8794 | 9201 || 9609 |*0016 |*0423 |*0830 |*1237 


1644 2865 | 3272 || 3679 | 4086 | 4492 | 4899 | 5306 
5713 6932 | 7339 || 7745 | 8152 | 8558 | 8964 | 9371 
9777 *0996 |*1402 |*1808 |*2214 |*2620 |*3026 |*3432 
3838 5055 _| 5461 || 5867 | 6272 | 6678 | 7084 | 7489 
7895 9111 | 9516 || 9922 |*0327 |*0732 |*1138 |*1543 
1948 3163 | 3568 | 3973 | 4378 | 4783 | 5188 | 5592 
5997 7211 | 7616 || 8020 | 8425 | 8830 | 9234 | 9638 
0043 1256 | 1660 } 2064 | 2468 | 2872 | 3277 | 3681 
4085 5296 | 5700 || 6104 | 6508 | 6912 | 7315 | 7719 
8123 9333 | 9737 |*0140 |*0544 |*0947 |*1350 |*1754 
2157 3367 | 3770 | 4173 | 4576 | 4979 | 5382 | 5785 
6188 7396 | 7799 || 8201 | 8604 | 9007 | 9409 | 9812 
0214 1422 |_1824 | 2226 | 2629 | 3031 | 3433 | 3835 
4238 5444 | 5846 || 6248 | 6650 | 7052 | 7453 | 7855 
8257 9462 | 9864 |*0265 |*0667 |*1068 |*1470 |*1871 
2273 3477 | 3878 || 4279 | 4680 | 5081 | 5482 | 5884 
6285 7487 | 7888 || 8289 | 8690 | 9091 | 9491 | 9892 
0293 1495 | 1895 || 2296 | 2696 | 3096 | 3497 | 3897 
4297 5498 | 5898 || 6298 | 6698 | 7098 | 7498 | 7898 
8298 9498 | 9898 |/*0297 |*0697 |*1097 |*1496 |*1896 


2295 3494 | 3893 |} 4293 | 4692 5491 | 5890 
6289 7486 | 7885 || 8284 | 8683 9481 | 9880 
0279 1475 | 1874 | 2272 | 2671 '0_|_ 3468 | 3867 
4265 5460 | 5858 || 6257 | 6655 7451 | 7849 
8248 9442 | 9839 |*0237 |*0635 *1431 |*1829 
2226 3419 | 3817 || 4214 | 4612 5407 | 5804 
6202 7393 | 7791 || 8188 | 8585 9379 | 9776 
0173 1364 | 1761 |} 2158 | 2554 3348 | 3745 
4141 5331 | 5727 || 6124 | 6520 7313 | 7709 
8106 9294 | 9690 |*0086 |*0482 *1274 |*1670 
040 2066 3254 | 3650 || 4045 | 4441 5232 | 5628 
6023 7210 | 7605 || 8001 | 8396 9187 | 9582 
9977 *1162 |*1557_ /*1952 |*2347 LUST ESOS? 
041 3927 5111 | 5506 |_5900 |_6295 7084 | 7479 
0 3 4 5 6 8 9 




























































































LOGARITHMS OF 
TRIGONOMETRIC FUNCTIONS 


Logarithmic Functions 





L. Tang. | c. d.| L. Cotg. 


4576 | 3779 


763 | 630 
1525 | 1260 
2288 | 1890 
3051 | 2519 
3813 | 3149 











2802 | 2483 |} 


467| 414 
934] 828 
1401 | 1242 
1868 | 1655 
2335 | 2069 





COOND NPWNHHO 











2021 | 1848 


337 | 308 
674} 616 
1011] 924 
1347 | 1232 
1684 | 1540 























1579 | 1472 


263 | 245 
526} 491 
790| 736 
1053 | 981 
1316 | 1227 














1297 | 1223 


216} 204 
432 | 408 
649 | 612 
865| 815 
1081 | 1019 

















1100 | 1046 


183 | 174 
367 | 349 
550} 523 
733 | 697 
917 | 872 


= 


954] 914 


159} 152 
318} 305 
477 | 457 
636 | 609 
795 | 762 



































843] 812 
141] 135 
9.99 995 281| 271 
995 422] 406 

995 562) 541 

995 703 | 677 

995 735 730 

126} 122 

ao 252} 243 

904 378] 365 

742 904 503 | 487 
730 9.99 993 629} 608 


L. Cotg. | c. d.| L. Tang. || L. Sin. | 





—— 





828 
812 
797 
782 
769 
756 



































CORN WE UDAIHOO 

















~ 








Logarithmic Functions 





~ 


OONID NPwWNHr OS 


L. Tang. | c. d. 


718 
706 
696 
684 
673 


663 
654 
643 
634 
625 











(oe) G0 00 |00 00 CO Cc CO CO CO 





8.31 505 
8.32 112 

711 
8.33 302 

886 
8.34 461 
ies 029 


590 
8.36 143 
8.36 689 





co Co CO |00 CO coo 





co co Co |co CO co 


8.37 229 
762 
18.38 289 
809 
8.39 323 


832 
8.40 334 
830 
8.41 321 
8.41 807 


762 
8.43 232 
696 
8.44 156 


611 
061 
507 
948 
385 





8.42 287 


617 
607 
599 
S91 
584 


575 
568 
561 
553 
546 


540 
533 
527 
520 
514 


509 
502 
496 
491 
486 


480 
475 
470 
464 
460 


455 
450 
446 
441 
437 


9.99 988 








988 


























817 
245 
669 
089 
505 


917 
325 
729 
130 


920 
310 
696 
079 
459 
835 
208 
578 
945 
8.54 308 








527 





432 
428 
424 
420 
416 


412 
408 
404 
401 
397 
393 
390 
386 
383 
380 
376 
813 
370 
367 
363 


L. Cotg. | c. d. 























OPNWR UAADVHO 


~ 

























































































SANT By Ae A CARAAALNS PRAY UAW REN? 


30 Zs 





~ 


L. Sin. | d. | L. Tang.|c.d.| L. Cotg. || L.Cos. | ’ Pees 


8.54 282 | 369 8.54 308 | 36; 1.45 692 | 9.99 974 360 | 350 | 340 
ee 669 | 359 331 973 ol 5.8 

351 382 | 359 618 972 18. 

349 734 349 266 972 24. 


8.56 083 .43 917 971 30. 
346 346 
ae A200) 344 571 971 36. 


773 970 42. 
41 4 

Senises7 AUL eg bas 970 48. 
336 452 | 336 969 be! 
57_788 42 9.99 969 | 50 |—=|=— 
332 333 
Bean ees orl eau 968 
328 ee 378 


779 
325 326 
323 [8:59 105 | 393 |1.40 


320 ae 321 


749 
ste [8.60 068 | Ste [1.39 
313 384 | 314 


698 
311 311 
309 1% 009 310 38 


307 319 | 3097 
305 626 | 305 
302 931 | 303 


301 |8- oe 301 
298 299 


296 834 | 997 
294 |8-63 131 | 995 
293 426 | 999 


E 290 ie 291 
: 288 |? 289 





WOIDAURWNRO 
WILE ON WN ~Z00 


























WOUSUSUNOU 
Owwowwowel> 

















j=) 








SOS SiGe O1Ore 
eOoOWwWnNwodWMNOC 








to 
ice) . 
=) 
x 





287 298 | 987 
284 285 
283 284 
281 |8- 281 








279 280 
277 278 
276 276 
274 |°- 274 
272 273 
270 |— 271 
269 |°- 269 
267 268 
266 266 
263 264 


263 | - 263 
261 
260 
258 
257 


255 
254 
252 
251 
249 


248 
246 
245 
244 
243 


Gud: 


PWN OW OP 
ADNnounon|?o 


CwWIOWNSOWN 




















OWOoOMR WW oO 
WWNHNNRK 

COR 0 Mr Th OOP 
WOWMNMwWOWUNW 











n 
tv 
nS 


SOSoSoooe|< 

















WwWNNNEE 
IASUASANOH 
AwNOdOUMwWN|S 
OIWAMURWWNHHE 
WwWNHNNH YK — 
ANBWROAN OP 





MORN WH UA~T00 





















































MVE eLIUIIY PUMUUUIIS 



























































































































































86° 


a aI 
apie sins d. || L. Tang. | c.d.| L. Cotg. | L.Cos. || ’ 
08.71 880 | 549 |8.71 940 | 4; [1.28 060 | 9.99 940 | 60 ]_1” | 241 | 237 | 233 
1/8.72 120 939 8.72 181 239 1.27 819 940 || 59 1 1""1 40) 4:01 3.9 
2 359 | 938 420 | 539 580 O39T S827 1870) |e Ol aes 
3 597 737 659 | 437 341 O3Sai O07 I 3” | 12.11 10.901 1907 
4 S34 liga: 896 | 536 104 938 | 56 | 4” |16.1]15.8] 15.5 
5 8.73 069 De Se onls2 Be 1.26 868 937 | 55 || 5” | 20.1] 19.8] 19.4 
6 S08; 6 366 | 534 634 936 | 54 6” | 24.1] 23.7] 23.3 
7 Se as 6001) 535 400 936 | 53] 7” | 28.1] 27.7 | 27.2 
8 TOT i535 Oia eee 168 935 | 52 | 8” | 32.1] 31.6 | 31.1 
1 9 997 | 999 |8-74 063 | 599 1.25 937 934 | 51 | 9” | 36.2] 35.6] 35.0 
108.74 226 oe 8.74 292 Py eee) 708 | 9.99 934 | 50 |=7=|5597l-g05 | aa] 
il FG es S215 479 03349 lanl e ls eles a 
12 680 | 996 A aie 252 OSPET Ae ee ina eles 
13 906 | 554 O71| 55: 026 O35 AT se a elle tied 
14 8.75 130 | 553 [8.75 199 | 954 |1.24 801 O55 :46; 7 leet ac ae 
15 CO) 999 423 999 577 930 |) 45 5” |10.1118.8118.4 
16 575 220 645 222 355 929 44 on 22.9 22.5 22.1 
Avi 795 | 999 867 220 133 929 | 43 | 7” 196.7] 26.3125.8 
18 8.76 015 219 8.76 087 aig [1.23 913 928 | 42 | 8” | 30.5] 30.0] 29.5 
19 234 | 947 306 | 519 694 927 || 41 || 9” | 34.4] 33.81 33.2 
208.76 451 516 Sm/On525 217 1.23 475 || 9.99 926 | 40 1 | 217 | 213 | 209 
I] 22 Oey OBB) ie 042 O2551384 carina to lean 
Blea OOT | 543 See 17S 5, 1.022807 OPS Tea lan Gly ee 
24 DN bee ECA ME 613 923:1°36\1iiv i eae cae 
25 522 att 600 *11 400 | 923 || 35 5” 118.1117.8117.4 
26 Odeo a6 STs 189 922 | 341 6 | 2171 21.31 20-0 
27 943 209 8.78 022 210 1.21 978 921 || 33 | 7” | 95.3] 24.9] 24.4 
28 8.78 152 208 232 209 768 920 | 32 | 8” 198.9] 28.4127.9 
29 360 | 908 441 | 49 559 920 | 31 | 9” | 32.6] 32.01 31.4 
-30/8.78 568 706 8.78 649 206 1.21 351 || 9.99 919 || 30 iv |205 | 202 | 190° 
31 AE poe B55 oie 145 O18 20 Joa lala 
32 979 | 594 [8.79 061 | 595 [1-20 939 OUT 28, Vo is rl ene 
BSB. 79- 483 | 5,3 DOG aa, 734 BTU al Reval eee neler i 
34 $86 1505 AION as 530 916;] 2619 | a5 sl istelaee 
35 | 588 501 673 202 327 915 || 25 5” 117.1116.8116.6 
36 789 | 904 875 | 504 125 914 | 24 1 6” 190.5] 20.21 19.9 
a 990 | 499 |8-80 076 | 591 |1.19 924 913 | 23 | 7” |53 01 03.6193 0 
38 8.80 189 | 499 277 199 723 913 | 22 | 9” 127.3] 26.9] 26.5 
39 388 |: 197 476 198 524 912 21 9” | 30.8] 30.3 | 29.9 
40 |8.80 585 | 5, |8.80 674 | 4, [1.19 326 | 9.99 911 | 20 |_— 
41 TBD Vee SIDE 06 128 OLOs 19 Vee | Oe eee 
42 978 | 95 [8.81 068 | jog [1-18 932 909 | 18] 1” | 3.3] 3.2] 3.2 
M3 8.81173 | 464 264:| sos 736 909 | 17] 2” | 6.5] 6.4] 6.3 
44 SOFA tas ASO cay 541 908 | 16 | 3” | 9.8] 9.7] 9.5 
45 560 192 653 193 347 907 || 15 - oe es oe 
46 752 846 154 906 || 14 : : : ; 
47 944 | 65 18.82 038 | jon |t.17 902 9051.18 [1o) (Ae a 
4818.82 134 | 499  Neite 770 D0 een eeam eel erg: 
49 324 | 199 420 | 199 580 SOR AL eS) ental lee 
950//3:82°513)|" 18.82 610), |Ls17' 390,19, 90903 | 10. eo eee 
51 701 | 497 Toners 201 SU | SOREL ca 8 
52 BSe i ace 987 | 198 013 901] 8] 1%] 3.1) 3.1/3.0 
O31 83, O10 | hie B83 1752) 4g, 11.16 825 900 | 7 | 2” | 6.2] 6.1] 6.0 
54 260 igs Sell ie. 639 309 | 6] 3” | 9.4] 9.2] 9.1 
SS) 446 184 547 15 453 898 || 5 2 ee ae ae 
bof . . s 
57 813 | 193 916 | 194 084 897 | 3 7 |o18l21.5|21.1 
58 996 | 49; |8-84 100 | 4g |1.15 900 896 | 2 3” 124.9194 5 | 241 
59 [8.84 177 | i934 OE ie 718 Ea el eet eran epoca ae 
60 |8.84 358 8.84 464 M155 365100980416 Of? | AA 2718 | 272 
' | L. Cos. | d. || L. Cotg. |c.d.|L. Tang. || L. Sin 4 


Logarithmic Functions 








Wail) Sets 
354 
174 
1.14 994 
815 
637 


460 








NDwonPr CO MNbd 
WwWP NAITO COO 


ON NFR 





— 
n 
‘Oo 














SORNwORN TO Ol 

WOOK WRANTO 
on 

BRUWOR WUD 














x 




















Hwuniwrorpac 
COWNDOWNO 
MISCWBHAON BA 








a 
oy . 
= 




















NOOO, Pare BY 
CNAGCKWHAOWNA 
DAOwNIHUNONna 














n 











WIE NOWONA 
SOPOWDNIHD 














Sil: 
~ 








ROPROROUNON 
b 

FAN AIWOROMN 
FPODPNONFPLDY 
00 On 2 & Co 


Nore e 


1.05 951 
1.05 805 
c.d.| L. Tang. 


























YORNWR UQA~Aawwo 



































e 








85° 


Logarithmic Functions 










































































































































































































































7 | L.Sin. | d. |L. Tang. |c.d.|L. Cotg.| L.Cos. | ’ P. P. 
08.94 030 | y44 |8.94 195 | 445 |1.05 805 | 9.99 834 | 60 |_1’ | 145 | 143 | 141 
1 ed abe S408 re 660 833 | 59a" | 2.4) 2.4| 24 
3 461 | 449 630 | 443 370 B31) ST 3" || 7:3) 7.2 74 
5 746 917 083 829 || 55 | 5” | 12.1] 11.9] 11.8 
6 887 | fi, [8-95 060 | 145 1.04 940 828 | 54] 6” [14.5] 14.3] 14.1 
718.95 029 | 44) lg ie 798 827 | 53 | 7” | 16.9} 16.7] 16.5 
bee 1701475 cor ie 656 825 | 52} 8” |19.3) 19.1] 18.8 
9 SON tae bs me 008 lea, 514 824 | 51 | 9” | 21.8] 21.5] 21.2 
40 J8.95 450 } 1°) /8.95 627 | 7) |1.04 373 | 9.99 823 | 50 |= 
11 589 | 130 767 | 44 233 oom ae 1” | 2.3| 2.3] 2.3 
12 728 | 139 908 | 139 092 82 a7 | 2" | 4.6] 4.6] 4.5 
13 867 138 8.96 047 140 1.03 953 oa ne 3" 701 6.9! 68 
14 18.96 005 | 439 187 | 138 813 ey, 3 | 4" | 9.3] 9.1] 9.0 
15 143 137 325 139 675 81 4 5” 111.61 11.41 11.3 
16 aley panies 536 816 | 44 | 6” | 13.9] 13.7/ 13.5 
17 417 136 602 137 398 815 | 43 | 7” 1146.21 16.01 15.8 
18 ccs ee Ole 261 S14 42h orlisie ee list 
19 639 | 13° Vn ee 123 BUST oral so 4 aot lane 
20 18.96 825 as 8.97 013 7 1.02 987 || 9.99 812 || 40 7 | 133 | 131 | 129 
21 960 | 135 150 | 135 850 810 a 1” | 2.2| 2.2) 2.2 
22 8.97 095 | 434 285 | 136 715 809 2” | 4.4| 4.4] 4.3 
23 229 | 134 421 | 135 579 Sue 36 | 3% | 6.7] 6.6] 6.5 
24 363 | 133 556 | 135 444 80 SEO BO Oe 
25 #90 | 33 Pale. eee 800 5% | 11.1] 10.9] 10.8 
26 629 | 433 825 | 134 175 804 | 34 | 6” 113.3] 13.1] 12.9 
27 762} 435 959 | 133 041 803 | 33 | 7” 115.5] 15.3] 15.1 
28 894 | {35 [8.98 092 | 135 [1.01 908 BONN SIN ee la7 5 a wha 
29 8.98 026 131 225 133 775 801 | 31 |} o” |o00 19.7]19.4 
30/8.98 157 | (7) |8.98 358 | 7 |1.01 642 | 9.99 800 | 30 J —ise een 
31 288 | 131 490 | 132 510 798 me La Reem wee 
32 eo 1501 622 | 431 378 197 a 2" | 4.3| 4.2| 4.2 
33 549 | 130 753 | 434 247 796 oe 3” | 6.4) 6.4163 
34 679 | 49 884 | 431 116 795 SEES Sige s eset 
35 808 109 8.99 015 ion 1.00 985 793 5" |10.7/10.6| 10.5 
36 937 |, G50 145 | 139 855 792 | 24 | 6 | 12.8] 12.7] 12.6 
37 |8.99 066 | 438 273 | 430 725 791 | 23 | 7” | 44.9} 14.8] 14.7 
38 194.| 158 405 | 19 595 790 | 22 | gv 117.1| 16.9] 16.8 
40 450 | 28 662 | 18 |1.00 358 | 9.99 787 | 20 | 2”_(222|22-4 [8:9 
a Ge ales 786 | 19 |_1’_| 125 | 124 | 123 
42 Tose ee) 919 | 138 081 [eo 18, (ett eaten 
43 830 | 15¢ [9.00 046 | 122 |0.99 954 783 | 17 | 2" | 4.2) 4.1] 4.1 
44 956 | ire 174 826 782 | 16 | 3” | 6.3] 6.2| 6.2 
45 9.00 082 | 17° 301 in 699 781 | 15] 4” | 8.3] 8.3] 8.2 
125 126 we 70 | 14] 5” | 10.4] 10.3] 10.3 
Piles cree | aes au | )126 : o7g | 13. | 6” |12-5| 12.4| 12.3 
47} 332 | 494 553 | 126 ee voy | 12 | 7” | 14.6| 14.5] 14.4 
48 456 | 495 679 | 16 Ge m6) 11 | 8" |16.7| 16.5 | 16.4 
49 581 | 493 805 | 175 = | 9” | 18.8] 18.6] 18.5 
50 |19.00 704 9.00 930 0.99 070 |_ 9.99 775 | 10 ; 
a 124 Sn hiiocsoxe 7731 9 | 1 | 122 | 121 | 120 
51 828 | 123 |9-01 055 | 124 [0.98 945 173 | 9 oe 
52 951 | 193 179 | 124 Cor mi 742" | 4.4 4.0] 4.01) 
53 |9.01 074 | io3 303i; Ear ae pes 
54 196 reer 573 769 DG. 
55 18)" 550 450 768) 5| 4" | 8.1| 8.1] 8.0 
122 123 ; 767) 4} 5” |10.2| 10.1] 10.0 
56 440 | 194 673 | 493 32 m6 3 | 6” | 12.2} 12.1| 12.0 
57 561 | 49; 796 | 122 204 roa | 24 7% [14.2] 14.1] 14.0 
58 682 | 491 918 | 129 082 763 | 14 8” | 16.3] 16.1| 16.0 
59 803 | 479 |9-02 040 | 157 |0.97 960 9” 118.3] 18.2] 18.0 
60 II9.01 923 9.02 162 0.97 838 9.99 761 0 
| L. Cos. | d. || L. Cotg. |c.d.|L. Tang. || L. Sin. 

















84° 


Logarithmic Functions 





uw 
EN ae, 
= 
a) 
= 
as 
eS 





DARNOCHOAAN 
Como oD OC DOSO 
TABS OWNwWN 
SIO WOOO LCOS 


—_ je ee 


=a eee 
eck) pak. fos ek 





| 





COOHOAID NMHPWNHRO 


_ 





ae 
— 
mo 
pas 
_ 
an 





RRR 
BmoOnd re 
— 


ram 
n 

IAB ONNwWH 

AAWIBMOOS|\"!| COSCO OOSCSOSO 

NUWRF ONO WH 

SOW OW 


Bee ee 
aay 
—_ js he ee 














i 
a 
a 
- 








IAW OWNWH]! 
DPW ONAWeH 
DN O EH WNOA OD] Ollo CPN WUADO|N| DW wR UD ~2x& © 0O|% 


ee 
ete) a fee fo 








Rip bom naw H © 





a 
- 
_ 
an 
rary 
(e=3} 





tno OW WN] COLOR N WE UNA Ol MTR UNDA wo O|D 


Pee 
DPW ONNWHE 
SIWOOrRWH AsO 
Pee 
APN RYPONTNWH 
Ree ee 
APN TOONNWHE 











7s 
S 
= 
je) 
a 
fo) 





we 





_—_ ee 
APNOSIWUNWH 
NRABDON FD W/O 
a 
APRNOM aN 

HEH w oO O Oo] 7 
a 

Aim DOCS TN we 
oR ROAD H WN | 











oa 
oO 
_ 
oe 
nse 
= 
jo) 
Ww 





awe 
mnwre 


Ww Dwaonemn 











ss 
WOWNDOW NO" 
ae 
MAwnowaqiun< 
AorPraSOnun 
en ell eel 
MHWwnownnan 











THORN &® BH U1Q 100 





















































| 





Logarithmic Functions 





El rg 
| 
(on) 
re 


~ 


L. Tang. | c. d. | L. Cotg. || L. Cos. 


9.08 914 | qos [0.91 086 | 9.99 675 
9.09 019 | jo, 0.90 981 
ul se 
227 | 103 
330 | 104 
ada ate 


102 
103 
102 


102 
101 
102 
101 
101 


101 
101 
100 
100 
100 
100 
99 
oo 
99 
99 


9° 
98 
98 
98 


98 
97 
98 
97 
97 
96 


97 
96 
96 
96 
96 
32 (0.86 996 
. 901 
2 806 
. 711 
. 616 
- 522 
a 427 
- 333 
o 239 


94 
93 
93 
93 
93 


92 
92 
93 
91 
92 





OONDA UBPWNHNRO 
ae 

APN CONMWeR 
COWN COO WN OO 
Re Ree 
MAWNOMAMNWH 
DAorpw 8H MHA 

| el eel cel el 
ATOWDON FP 











ran 
Oo 
bt 
— 
So 
= 
(=) 
(=) 





| ell ell eel cel 
AnwWrP ODA UWH 
WHAONNUAH PA 
—_ ee 
ABE OWDAUNWH 
NUNOP PY PY 
Seay aa 
ABER OWDDANWH 
SwWwIOWNIOBWN 








Ne) 
Ne 
No} 
co) 
No) 
i 











ReowrwOODNWre 
JONNOWNDOWN 
wR Wr 0 COD HE Wr 
NTRP ON NOWA 
DOWDWeE ANON A 


pay a yes 
py 
aa 








‘Oo 
n 
\O 
an 
ve) 
ns 


























PON AOCH ANA 
BPO OTA SWE 
ONE NOWONA 
BHO ONDAP WH 
FP nNOoPOWNR AD 


as 
RRR 
Roe 


0.87 091 

















\o 
Ww 
\o 
iS) 











PN CONA KP WHE 
OP OWNON NATE OD 
WNOONADAKLPWE 
CON NNNRF ARUN 


= 
i 

















oO 
o 














OrPNWWKH AAAIDWO 
WNHOOND HPWH 
NAONONONOMN 
ooooocooeo 
RRR OCOD O| 
MBwonNnownrwdannn 
SS SSI SO'O (OS 
OGIWONWONDGD 


= 











9.99 575 
cud: L. Sin. | 












































Logarithmic Functions 
36 8° 





v0 
2 


[’ |] L.Sin. Jd. | L. Tang. |c.d.| L. Cotg. || L. Cos. | 


9.14 780 | 9) [0.85 220 |9.99 575 
5 128 
ve 037 
15 91 |0.84 946 


91 


91 
90 
91 
90 
90 
89 
90 
89 
90 
89 
89 
88 
89 


E 
NR 
\o 
r= 
‘Oo 
E 


OONIDA UPWNKO 
ONSOIARWE 
COwWNYNYHEAKYN 
WNOONARwWE 
SIR AKRAKAON 
WN SSIARwH 
NONDNOUSY] 


fn abe 
til andiiloa 
aa 


| 
| 
| 





co 
‘© 
lo 2) 
co 
~ 











OMNI UNPN Re 
NOnNWOWOK ON 








FAN YWOR ON 


—_ ps } 
wWrowonunkt HH] OO 


PoOROROUON 


_—_ ee 
C}iUwrPOmMyH PWR 


n 


oilseed 
Co}} Ge 
mn 




















Poe 


WON E WW Om 





Nr OCOONN PN E 
OMNMNWOANNWHW Of 


payers SY 
ee 


| 


Crome OONN 


Ww 


| 











lo.<} 
ree 





NOrOONUN PN HE 
ANwWHRODN OOP 
NOrFOODNPN HK 
are TWO NN COP 


—_ 
as 











=| 
| 





NDOOWMDANPNE 


NHNOOADANPN 


bo 00 i COP Wp 


=k 
— 











do 
ie.) 





























Sa Orolo oS) 
MABwWNOOANAaAWH 
WNHNN FR HY OO 
OoOonNWwWonwonw 
ONMWONWONW 


ao 











Bl mon nnd NNNNKHN NNNKNNKHNKN NENNN NNHNNN HNNEN NNONNHN NVENNN NONNKEHD YNNHONNKNYEY NYNNNHNHKE HONNHE 

















i” [el Cos. 








Logarithmic Functions 
a 37 
_|c.d.| L. Cotg. , | 


g2 |0-80 029 
g1 \0-79 947 
. 866 








WODANDHNE WE 
HDOMANRNE 
OWWONWO NY 


me 


mR 
al BOORMAN PNH 








Cloronrobeal 


~ 
ae 

















CUNODAWDAYW 
rPOONANWHH 
TPR rR COMM OD W 
rFOONANWHKE 
DANonPPRrVOAW 


auras 
a 























RF OONAUNWN FH 
BPR ODAWRH OMNW 
RKP COONAN WNH 
OQOmWMNWOWONW 


Se 
—_ 











| 
| 








ROMAN ARWNH HE 
rFPOAPNH ON NN 
RF OCOONDAPWHHE 
OnNMNWrF ON PND 


_ 
_ 


0.76 870 
794 


| 





~ 
iS) 
n 
_ 








CSCUOUONADA PWN KH 
OCNDPN OWA LH 
SCOONUN PWN 
NOWRONA PLD 


_ 
m 





























74 10.75 368 
11. Cos. | d. | ¢.d.| L. Tang. 



































Logarithmic Functions 
38 10° 





~ 


L. Tang. |c.d.| L. Cotg. || L. Cos. 


9.24 632 74 0.75 368 |9.99 335 

ie 204 
221 
ie 147 
pie wife 
73 000 
73 0.74 927 
Z 854 
781 
is 708 
ms 635 
oy 563 
5 490 
a , £418 
es 345 
ng 273 
201 
i 129 
. 057 
1} |0.73 985 
7 914 
1 842 
a 771 
i 699 
71 628 
“4 557 


486 
70 | 415 
7 345 
ey 274 

203 
70 
oe 133 
Ai 063 
79 [0-72 992 
is 922 

852 
70 
70 782 
69 712 
70 643 
® lo 72 308 
70 


69 


os 








BOBYARWNHH 
RPOARNONUND 
FOmDnYARWNHH 
Ci CAO es ROWS IS 

| 


ray 


COND UBWNKRO 
a 











~ 
~ 
ea 




















SCOMNIARWNHR 
CPARPNOAOAAN/|™ 
SCOMINBRWNHH 
STO Wre OND Bt 


ray 
= 











~I 
Oo 
a 
\o 

















COMO NTN PWN 
AWNOBOYUHMWLY 
SOMANBRWNHR 
PNR ODANwWL 


— 
a 








ron 
co 
an 
ne 











CSOONAUN PWN HE 
NrOONM PWR 
SCOIDUNPWNHR 
FPOWOWAA MN FN PR 


es 
— 











D 
lon 
an 
on 


434 
365 

69 

oS 296 








©) 158 
69 


089 
ne 020 
= 051 
ps 883 


68 


69 
e 677 


609 

= 541 
68 473 
61 405 
ee 338 
7 202 a 

0.71 135 19.99 195 
’ | L. Cos. | d. || L. Cotg. |c.d.| L. Tang. || L. Sin. | 


79° 


COHIANHKWNHE 
OONDNPWNH RE 
OOTIAMHPWHHE 
CONIDMNBPWWHHE 














i) 
w 








> 
mn 

















PRWWNNEE 
AONnOnone 














OrPNWHKH UWAA~TCOMO 






































pa NWNYNWNHWNHWNH KYNWNHWH NYNWNHWNH NHWNHNWNHWHNYWNHNWHHD WHNH WH HNWNHDHY WHHNHW HHH wWLPDh NON WH dr 





~ 








Logarithmic Functions 


ty 


39 





= 


OONDA NPWNHr OS 


| d. 


65 
65 
64 
65 
65 


64 
64 
65 
64 
64 


L. Tang. |c.d.| L. Cotg. 


0.71 135 
68 
67 067 
67 000 
67 |0.70 933 
67 866 
799 
67 - 
67 732 


67 
66 
67 


La Coss 
9.99 195 


an 
x 





SONAMNP WHR 
NOrOONMN PWR 


— 


— 


CANAMNPWNHHE 
me OOND NSN 














64 
64 
63 
64 
64 


63 
63 
64 
63 
63 


66 
67 
66 
66 
66 


66 
66 
66 
66 
65 


an 
n 


nN 
nn 





COMAUNARWHE 
CONIANRWHR 





COND MNPWNH PR 
CIDMHPWWHE 














63 
63 
63 
62 
63 
62 
63 
62 
62 
63 


66 
65 
65 
66 
65 
65 
65 
65 
65 
64 


a 
rin 


nN 
Ww 





SONA MNEWNHH 
Ann PFWwWHRE 


OONDNPWHR 
OPP WWN DN Re 














62 
62 
61 
62 
62 


61 
62 
61 
62 
61 


65 
64 
65 
64 
64 
65 
64 
64 
64 
64 


an 
to 


n 
— 








CONDUNPWNHH 
WWNHNNRPRKFKF OC 


COONAN PWH HE 
NOR RRP RP RR OO 

















61 
61 
61 
61 
61 
60 
61 
60 
61 
60 


63 
64 
63 
64 
63 


64 
63 
63 
63 
63 


Dn 
Oo 


n 
\o 





OMDNIAMRWHHE 
SoOocooooo 





ONNAOPWWHHE 
ooononTootatoo 

















61 
60 
60 
60 
60 


59 


609 | Go 


669 
ee 
9.31 788 














LE Cosa ad? 








63 
63 
63 
62 
63 
62 
63 
62 
62 
62 


Cade 











04 
9.99 040 











L. Sin. 








pe WWNWWNHWWNHWWNHWWNH WWNHWNH WWNWH WHWNWH WHWWH WHWNHW NHNWNHNWH WHWHWNHWNHWH WNHWHW is 








OrPNWH WAA~TC0 


~ 


bdo 


w 

















SSeS eT anes) 





SS) eae =) =>) 


PPWWH HF HO 
AoOonononon 











Logarithmic Functions 
40 123 





0.67 253 

190 

128 

067 
9.32 005 
943 
831 
820 
758 
697 
635 
574 
513 
452 
391 
330 


269 
208 
147 
087 
0.66 026 


0.65 966 





COIMANRWNHE 
UP PRWWNNHRE 
COIANHRWHK 








n 
— 
an 
o 

















OONIAMNPWHHE 
ORR RRP RR OO 
OONAUNPWHE 
(ie en (rma (mem cent (ee) 














on 
\o 
n 
(ee) 











CONIAMNEPWWNHE 
wononunnonoocooeo 
ONIAUNPWNHR HE 
INNO CHO OO O 


























OIAMNPWNHHRE 
DAANIMWDODOO 
ONIANURWHHKO 
PUM DWA10 0 0 














Roa Ree teas wee 
EEG Kone 














to 
w 





fos) 
Ww 





ooososose 


PPwWWNHN HHO 
AWDnodnonouwn 















































d. 
2 
3 
3 
2 
3 
3 
2 
3 
3 
3 
2 
3 
3 
3 
2 
3 
3 
3 
2 
3 
3 
3 
2 
3 
3 
3 
2 
3 
3 
3 
* ae Re: 
2 
3 
3 
3 
3 
3 
2 
3 
3 
3 
3 
3 
2 
3 
3 
3 
3 
3 
3 
3 
2 
3 
3 
3 
3 
3 
3 
3 
3 
d. 











MOR NWP UAA~ATHO 


L 








Logarithmic Functions 
13° 


41 





a | 


COND NUPWNKO 


9.35 209 


L. Sin. | d. | 


54 
55 
55 
54 
54 
55 
54 
54 
54 
54 
54 


L. Tang. | c.d.| L. Cotg. 


9.36 336 | sg 0.63 664 
304 | se 606 

452 

509 

566 

624 

681 

738 

795 

852 

9.36 909 


A) 
eile 
= [22 


n 
~_ 





CNIDAMPWHR Re 
NINO OWOD OOO 


CONAN P WHR 











54 
54 
54 
54 
53 
54 
53 
54 
53 
53 


966 
9.37 023 
080 
137 
193 


250 
306 
363 
419 


n 
n 


CONIDAMNEWNHH OC 
Pana nar~10 OO 


on 
Se 


CONAN PWNHR OO 
WwW POA ~ TCC 0 








53 
54 
53 
53 
53 


52 
53 
53 
33 
52 


868 
924 
980 
9.38 035 


n 
rs 





OIAMPWNHHO 
PNWP ANA ~1000 


CNINANRWNHRO 
SCHNWRUYDOO 








53 
52 
52 
353 
52 


52 
52 
52 
52 
52 


091 





n 
NO 


on 
fairy 





MTIAADNPWBNHH SO 
CORN WaAAATYO 


NMINDANPWNHH SO 
NOOR WRANLO 











52 
52 
52 
Si 
52 


51 
52 
Si 
52 
St 


dS 


SOLOS OOS 


| 





| 


























51 
51 
Si 
51 
Sl 
51 
St 
51 
S1 



































ns 











HTORNWR UAH 





SSSI SSNS SS) | 








SEOs SO (Oe Otre: 
Doe PwWNHNHN Fr OO 
OSOWNOWnNOWn 


Let 








Logarithmic Functions 
42 14° 


L. Sin. 


9.38 368 
418 
469 684 
519 681 
570 678 
620 
670 
721 : 668 
771 665 
821 662 
871 
921 
971 652 
021 : 649 
071 646 
121 
170 640 
220 636 
270 633 
319 630 
369 
418 
467 620 
517 617 
566 614 
615 
664 
713 604 
762 601 
811 597 
860 “ 98 594 


909 591 

958 588 

006 584 

055 j 581 

103 578 

152 574 

200 Sal 

249 563 

297 565 

9.40 346 ‘ ; ; 561 
558 
555 
551 
548 
545 
541 
538 
535 
531 
528 
525 
521 
518 
515 
511 
508 
505 
501 
5 498 
9.98 494 
L. Sin. 





Slal 
al ba) 
mn 
w 


OOTY NPwWHrO 


OIAKRWHKRO 
BNwWRUAA IO 
SCRNWRUXIHLO 














n 
is) 
Pry eRe SY SA tes tes vo 


NIADUBRWHHRO 
CORNWUANDS 
NWOORKWRANO 








nn 
oO 
> 
Oo 








NTA UNUM S WN eK OC 
MW~IWOON WNYC 
NIANERPRWHHO 
eos O FR WMD OC 














NAUNP PWN Pr CO 
NP OOO ON SD CO 





rw 
~ 





SIAN PWWNHHO 
BH WAWOR RAO 














Ww 
rs 





So 
nn 


WNHNRH 
ounonoe 


mw 
on 














(SSeS SSNS) 


> 
on 























o PoOPPWwWw PwWwPP WW PWW ER WwW PWW PWWwP WWPWW WBPWWW FWWW PE WWW EW WWW RW WWWW BR WWW WH WH ion 
cs 
lo) 



































Logarithmic Functions 
15° 43 





L. Sin. | d. | L. Tang. |c.d.| L. Cotg. || L. Cos. 


17 [9-42 805 | 5; 10.57 195 |9.98 494 
Monee, 144 491 
i a 094 488 
2 043 484 
real 39 (0.56 993 481 
47 St 943 477 
ie a 392 A74 
47 50 471 
47 50 467 
46 50 404 
ae 460. 
47 >| 59 
46 50 457 
ie es . 453 
46 50 450 
47 

47 50 4 


46 49 
46 50 
47 50 
46 49 
46 50 
46 |— 49 
46 50 
46 49 
46 50 
45 |" - 49 
46 49 
46 49 
46 50 
45 49 
46 49 
45 |— 49 
46 
45 
46 
45 


45 
46 
45 
45 
45 
45 
45 
45 
45 
44 


45 
45 
45 
44 
45 
44 
45 
44 
45 
44 
44 
44 


ie 


nn 
o 





OOND NPwWdkK Oo 
NIAANPWNHFe OO], 
NOCrFWHANO 
NIAMS WNHH CO 
MmM~I COO NM WS MN ~I CO 








aN 
Ko) 
cS 
[o-e) 











NIAUNRRWHHKO 
PUTO WUD 
NIAMP PWN O 
NV RACON BOAO 











» 
= 
rs 
n 





IANRWWNHEO 
mM wnwor BO 0 
DANSE WWHK SC 
OH BD 0H WN 0 














ADNPWWNHR CO 
COWNDOW NC 





is 
tS 


AannPPwWNHN KC 
DAorPwON Ns 














S 
mn 


WNHNnNRHE 
yo Le Us) 





SOG OE Gru 
S201) OO (O11 


iS iB G 
ann 
































| 
Pl ROR RHO POR RHO POR OR PWOROR WRO ABW PRWORH PWROR OWOROR WRO RW PWOWRO BOR WW RWORWH | 
nN 
nr 























TORN WE AD~T00 


L. Cotg. | c.d. 














Logarithmic Functions 
44 16° 





L. Sin. 5 4 .|c.d.| L. Cotg. || L. Cos. 
9.44 034 : : 47 |0.54 250 |9.98 284 


a) 
He) 





COND UBWNHKO 
NVRAWBON RAG 
iat tee ete 
= wWaADWOH BOA 








n 














RP rete ee ee 


OR PR ADH WNO 
AKDNRWWNHHKO], 
DCOWNnNWOWMN © 


| 











a 
ts 
ies) 














AnnPPwWHNH KO 
DOr PPrATON UA 
AUN PWNHDNH OO] p 
UnTOWDON PN 

















aS 
tv 








DAnPPWwNHNFH CO 


WNDON NOR RAT 














- 
an 


AunPPWNHNHH OC 
Nn OrF RNR PSY 














Ww 
cS 





Oo 
n 








WNHNHR 
ounoune 


OrEER ARO PLEO PE ROR PRORR POR RR ORR RO PR ROR POR RO RP ROR BR OR ROR ROB BRO |S 
o& 
mn 





iS 
=e) 
































OPN WH UDAAIHO 
cocooeoeooo 





ocooooooo°o 
AnPPRWNNHO 
SaBAWOBIACWNI 


> 
an 











= 




















| L. Sin. | 








Logarithmic Functions 
Lie 45 





L. Tang. |c.d.| L. Cotg. || L. Cos. 


9.48 534 | 45 (0.51 466 [9.98 060 
i. 421 
re 376 
= 331 
fe 286 
241 
45 
ie 196 
fe 151 
a 106 
4 001 
51.016 
45 
4, 0.50 971 
re 927 
ie 982 
im 837 
793 
45 » 
ne 748 
ve 704 
ait) e658 
570 
44 
ie 526 
Talon RRL 
eee: 
ie 393 
el 2 he 
ad ee 
A Ast 
Ae 2G 
4 Io 50 128 
44 |— 


084 
ev 040 
14 (0.49 996 

952 
44 


9.48 014 Wi 908 


054 864 
es 820 
me 771 
A 733 
689 

44 


re 645 
| rou 
al 38 
valent 

471 
i 428 
pal. ose 
pa) 1 134 
43 ly 49 254 
43 


211 
re 167 
4B 081 
43 tee 
43 |0.48 995 
44 952 
43 908 
43 865 
, 0.48 822 19.97 821 
L. Cotg. |c.d.| L. Tang. || L. Sin. 


B 





ANDNnNPPWWNHRH OC 
COWNO OW MN CO 
Nan PWNNHY CO 
DOorPnNON UY 








» 
Ww 
rc 
Ne) 

















Ann PwWd Nr OO 
ANTOWDON HRN 
AnPP PWNH NHK CO 
WQWDONM NOY Pw 

















rs 
ure 
cs 
oO 











WMmNoOorPPR TRE Pw 
DANP PWN NHK OC 
SCWNTtOWnNown 











nl AWE PWNNrO 


An PWwWWNHN KO 
ONNADOWRD OWN 





w 








OVA SSeS = 
PPOWN NRO 
AOononononmn 














» 








LEELA HL EP LA LL ULLAL AL LAA A PAL AA LPHLAHL A PAR AR AH AAR ROBRAAL PARAA PROKRL BP BARD 














TORN WE UWA~THOO 
oDoocooooos 
DAmnP PWN NHK OC 
SBSBRIOHBIDWIT 
SOooooscoo]o 


o 





















































ian 


Logarithmic Functions 
46 18° 





~ 


ay 
a 


L. Sin. Si Le hangs) cade dua Cote anos: 


9.48 998 9.51 178 | 43 |0.48 822 [9.97 821 
9.49 037 log, 817 
2640145 812 
306 | 43 808 
B49" | 45 804 
$92] 7, 800 
Pee 796 
TUES 792 
520slas 
563 las 
606 | 45 


648 
691 | 43 
Taal 
819 | 7 
861 | 45 
903 | 43 
946 | 4 
988 | 43 
Os 
OB hg 
11511 35 
200 | 45 
242 | 7 


284 | 49 
GE 
S68) oa 
410 | 4) 
452 | 4 


aN 
w 
aN 
Ne) 





COIA UBWNHO 
Auunkwnnro 
AXMOWRDON Bsa 
Ane RONDO 
WAON NO Pry 








cs 
wn 
© 











DAwnPSP SP WH HK OO 
NNorP PVE BPAY 
ANIRWWNNRO 
CNAGCWHAOWN 

















w 
co 











nM PWWNHR rR OO 
NTRP POND UOCOWA 








ol 
J] 


494 | 49 
Seilaas 
62041 44 


661 

42 
70S. Wap 
Us 
(ee ire 
S00: as 
870 | 4, 


C124 ec, 
Osa 
os alty, 
Ostia, 
078 | 4, 
120 | 44 
41 
42 
41 
42 
41 
41 
41 
42 
41 
41 
41 
41 


9.51 264 a 
ie Cos, iid. Cude 








DAOwnrenona 








wlA rR RwWWwNRRO 


= 
OP PWWNHRR OS 
BPONAOCrH OND 














AS 
wn 





wWnr oO 
Wun 0 











ooooooooSO 
Aun RWNNHO 
SaRSSRSaR5 
Qe Cres) Sa) ere) 
wr is 

tO 








Bl RUA REO RR UEROE PRURR RUR RR UBER PE ROR RR ROR RRR RH RRR RR OBR ERA BPR ROA lO 














MOR NWP WAQA~TCO 












































Logarithmic Functions 


19° 


47 





~ 


OOND NMPwWNndr OS 


9.51 264 
301 


L. Sin. | d. | 


Sf 
37 
36 
37 
36 
37 
36 
37 
36 
36 


L. Tang. | c.d.| L. Cotg. | 
9.53 697 | 4, |0.46 303 


41 
41 
41 
41 


41 
41 
41 
40 
41 


L. Cos. 


9.97 567 
563 


= 


i 
io) 








37 
36 
36 
36 
37 
36 
36 
36 
36 
36 


41 
40 
41 
41 
40 
41 
40 
41 
40 
41 





An PRWNHNRO 
NMNOP RYE PY 


AMP PWNHNHKH OC 
SCWNIOWRIOW NA 


| 





Ww 
ve) 





~ 











36 
36 
36 
36 
36 


36 
35 
36 
36 
36 


40 
41 
40 
40 
41 
40 
40 
41 
40 
40 





35 
36 
35 
36 
35 


36 
35 
36 
35 
36 


40 








>| 3 


35 
36 
35 
35 


os) 
35 
35 
35 
35 


An PwWWNHN HO 
ONRAOWDOWs 


OP PWwWNHRE OO] Ee, 
DNOWNNTRKEK NON AD 





Ww 
an 


wW 
mn 





OP PWWNHRRO 
BON AOPPONA 


OP PWN NRH OC 
AONE NOwWwona 








Ww 
nse 


OP PBWNHNR RKO 
FPnNOoPRP COWARD 











rs 























36 





























Ba PAbhann Pant OPUANP OPRAH RUPP OUR PURUD PUBUB UPRUOR UORURR URRUOR OR RODE | 








MORN WH UWAQA~ATDOO 











(=o) Kea oo hes em y=) 





SO 'S.0.97 99'S 











Logarithmic Functions 
48 20° 





~ 


d. | L. Tang. | c.d. 


35 39 
35 39 
34 39 
35 40 
34 39 


35 39 
34 39 
35 39 
34 39 
35 39 
34 |— 39 
34 39 
35 39 
34 39 
34 39 


35 39 
34 39 
34 39 
34 
34 
34 
34 
34 
34 
34 
34 
34 
34 
34 
9.54 433 | > 
33 

466 | 3 


34 
33 
34 


34 
33 
34 
33 
34 
33 
34 
33 
34 
33 


33 
34 
33 
33 
33 
34 
33 
33 
33 
33 


33 
33 
33 
33 
33 


Ww 
‘Oo 





OOIAMBPWNHRO 
eee Oy 
CHWWIOWNIOWY 
ANPWWODHRO 
CNHDACWHOKWNY 








0° 
Ww 
~~ 














ANPwWwWHYREOl]E 
NP RONUOWA 
OP RW WHR oO 
DNOWNTR NON A 











Ww 
on 





OP PB WH NHR O 
WTRF NOWWN A 





OO BWM NERO] gy 
Sar ieieer mike 


| 


KHnNORMWYED 








w 
WwW 


WPWWNNREO 
CROWON YEO 











» 





° 
= 


Se eee eae) &) 
WNNF 
wWOnNOW 

SESS) yey) =) 


ne 
Aono 











Da 
oO 














OPN wR UAQA~T100 


~ 





RAN ANN ANN ANNAN KUUKNUNRUN ANAM PUNE UNRUH PUUEUURUAR OURAN Pom on | A 












































Logarithmic Functions 





L. Tang. |c.d.| L. Cotg. 
9.58 418 0.41 582 
55 


Ww 
~ 





An PWWHRRE CO 
NRF PON UOWA 
OP PRWWNHREO 
Downe Nona 











w& 
an 
w 
Ww 








PONASCRaANA 
ON PWWH NRK OO 
OPOWDNIERA 











wl APR PwWwWNRRO 


iS) 




















PPWWNHN REO 
COWNNNRPAKN 


9.59 0.40 460 9.96 868 


423 863 
| 
| 














BPW WH HHH OO 
NSTRFARF ARF AON 


9.59 909 
946 
983 
9.60 019 














rs 














oosesoecece 
AnPP PWNHHr CO 
OAeOnNoOoWwenonwnn 








nn 
an 






































ooosoosos 
TIAMNNPwWNHeH 

De AES SS oS 
OMmOIAUNPHPWKOHE 
ooo CoG Oo Oo 2 











= 
w 
rae 























L. Cos. | d. 








Logarithmic Functions 
50 22. 





Pah) 
"| 

w 

n 





OONIA ARWHNHO 
OTS Oe OS BS eS 
HDAOWwW WE MONA 
OP BPwWWNRRO 
PONADCKRANA 








wW 
on 
Ww 
bo 











WIR NOWONa!* 
PbWWNHNERO 
COWWNYWHEARN 








wl AP BRwWrnnNRRO 





rare 


Bob WwWNMNYRREO 
NMP NF ARE AON 








30 


BR WWNH NYRR O 
AUDOnononon 








NO 
Ne) 


BPowWNNRRREO 
POROPROMNON 











Nn 
n 





=) 
(oi alee) 
wher 
eo =) 


Bm wh 

tS 
iS 
(2 


Dun 
7509) SS: 














OPVwwP UAnwrwo 
DIS YOO See, 


~ 
n 



























































Logarithmic Functions 
as" 5i 





~ 
p 

Ww 

n 





OMNIA NPWNHRKO 
OP PWWNHRRO 
PONIAOCR ANA 
nAPPWNHDNHD HHO 
WIRMOKWANA 

















w 
rs 
w 
So 











OP PWNHNEHEO 
RP OnNO POWTER DAD 
BPP WWH NRK O 
nAOonononon 








i) 
Ke) 








RPoOwn nd Re oO 
SFOPOPRUOUNON 


2 


8 
s8) 
9 
4 
5D 
15 
8 
a3 
af 
2 








PWwWWwWHNRK OO 

















ecoocoooo ol, 
SoleS Soo cce 














o DMN MAD NUMUNMND ADAMAMNMDANAADAAA HAKAN ANAUA NANUAUH ANAUUN ANAUA AaNnnaga nannaga nanngn 


TOR NwWK UDA~THO 






























































52 


Logarithmic Functions 
24° 





0.60 931 
960 
988 
9.61 016 
045 
073 


101 


9.64 &58 
892 
926 
960 
994 
028 


062 
096 
130 
164 
197 


Ww 
WwW 








231 
265 
299 
333 
366 
400 
434 
467 
501 

5535 





568 
602 
636 
669 
703 


736 
770 
803 
837 
870 





904 
937 
971 
004 
038 
O71 
104 
138 
171 
204 





238 
271 
304 
337 
371 
404 
437 
470 
503 
9.66 537 




















L. Cos. | d. | 
























































BL RAAADAADANAADAAUAARAAUNADAANUAAAANUADAUA ANaAaAGD UNUAAUA anunaa ANANDA UNUAAUD |B 


OP RONNHERO 
RPUORDMWYHEO 


ie) 
Ve) 


RBmWwWwWDNH HRP RRO 
POROROUON 


i) 
[oe) 


BPowOwWNNRRE OO 
NITWOWOR ON 


i) 
“I 


RBRwwnnrre oo 
RFPANNWOROMN 


mn 


Oro OO O10 SO) 
NIAMNNPWNHH SO 
MIO ON WUTC 











[= Mar hea yie (=) =e (== )—) 
OMITAAMNEPWHe 
ooooooqocco 


OPwWWHNRRO 
SCROWON WHO 


an 











Logarithmic Functions 
25° 53 





d. 


27 
27 
27 
27 
27 


Af 
a] 
27 
27 
27 
27 
26 
27 
27 
Pil 


27 
26 
Diy 
aM 
27 


26 
27 
27 
26 
27 
26 
27 
26 
27 
26 
27 
26 
27 
26 
27 
26 
26 
27 
26 
26 
27 
26 
26 
26 
i 
26 
26 
26 
26 
26 


26 
26 
26 
26 
26 


26 
26 
26 
26 
26 


Ww 
bho 





OA PWWNHNRRO 
SCROWONYEO 
PPWOWWHNHH HO 











i) 
~“ 








RwOWWNHNYREH OO 
FPANYWOEON 


to 
an 








WWWNHNHKHrH OO 
ONDANNWO HK 


nr 








SOOsrSarose ore 








al 


~ 














Seo Crore orexrS 
(a ees) (ex naa (Sh SS) 
Domest wWwrde 
MowWN COON NW bd 




















OPNWH UDAAIDLO 


9.95 366 
’ | L. Cos. | d. || L. : L. Tang. | L. Sin. | 








~ 









































Logarithmic Functions 
54 20° 





= 


| Mea Sts || elo |e micade L. Cos. 


9.64 184 | 54 |9. Es 9.95 366 
~ Sule. 360 
26 32 354 
26 32 eH 
25 32 341 
335 

26 32 
26 32 323 


26 32 317 
25 32 310 
< 95 304 
26 | 32, 

26 32 298 
25 32 292 
26 32 286 
26 32 279 
273 

25 31 
26 32 267 
25 32 261 
25 32 248 
; 242 

26 31 
25 32 236 
229 

26 32 
25 32 23 


26 31 217 


25 32 es 
26 32 204 
25 31 198 
25 32 192 
26 32 185 
A 179 
25 =| 31 
25 32 173 
26 31 
25 368 | 39 
25 32 
25 31 
26 32 
25 31 
25 32 
25 58 | 31 
25 32 
25 31 
26 32 
25 31 
25 32 
25 31 
25 31 
25 32 
25 31 
25 32 
25 |= =-| 31 
25 31 
25 32 
25 31 
24 31 
32 
31 
31 
31 
32 


Bs 
Ww 
= 





OONDA NiPWNHrRO 
PPWWH DORR O 
OWWNHDTEAKN 
PIP wWWH DIR RO 














to 
ony 











WWWNHNHRROO 
CNOCANAIWOE 


nN 
n 











WWNHNNRRF OO 
COW ODO UR ATW CO 


iS) 
ps 








WWNHNHNFRKR OO 
ANoworonnd of 








an 





a 
Oo 





Pwd 
oro © 





aD 
y=) 





SiS 1S Or Oro © 
o o 


‘Oo 
(=) 




















: 9.70 717 
L. Cos. | d. || L. Cotg. |c.d. 











PAE NDAD AIAAAAD ADANAD AADAD AMWAANMADIAAD AADANIAAAIDA ADrAAA AAAAD arnraaa ANAAD 





TORNWR UQAIDO 



































OOBND UPwnreo 


Logarithmic Functions 


Pare 





L. Cos. 


9.94 988 
982 
975 
969 
962 
956 


949 
943 
936 
930 
9.94 923 














917 
911 
904 
898 
891 
885 
878 
871 
865 
9.94 858 


BPPwWwWNHNRH O 
COWWNHWTWHEAKN 


PPWWH NHK R OO 
NRPNDRKF AK AON 





| 





w 
i=) 








852 
845 
839 
832 
826 


819 
813 
806 
799 
9.94 793 








786 






























































BY wa IOI BI OV AN MIDAIDNTIAAWAIDNT DAAANA IA WMWAIA YANIAM WADWANDT ArANG 1Q& 
i 


OrRNwéA Aaa 0| 


~ 





PPwWWNHNHEHO 
ADnononon 


bo 
RSS 


WWNHNHNEROSO 
ANweROANoA 


WWwWNNRRFRK OO 
Wr TAO UD COP 


: 





WWNNNKHHEEHOOl, 
COLCINOVONIEN AaTCo Go ICS 


























ooooooco°oco 








S57 1S Ore 





Logarithmic Functions 
56 28° 





.|c.d.| L. Cotg. || L. Cos. 


wW 
Oo 


9.94 593 








RPP OWN DHF O 
BIB WwWNNR RO 
NAONONSOUNON 














No 
\o 
to 
RG 








0.26 977 
946 











RPwWwWwNHNHRRRO 
POPOROUNON 
WWNHNHNRKF OO 
DAN woPPOAN OP 








bo 
Ww 





00 











WWNHNFRF HOO 
arent wW OUND 


— 


i) 
i) 























WNHONNRFRF OS 
WODN COMET 


aS= 











an 
~_ 








—e- 





S1O1010'O (9 O'O'S 
OmMIWAAMNEPWHS 
So O19 O10 OO O'O 
COON PWNe 
MaN OAONTNWNH 











Ce OS OS oS ES SN NS NS oS Sk a OS a os a eS Be oo Mn a on na a ont Ma ome Mn oh Cage Bon 











CHRNWR UDA WOO! 


9.94 182 
L. Sin. | 



































| 


= 














Logarithmic Functions 


29° 


57 








~ 


SOND NiPWNr OS 





.|c.d.| L. Cotg. 


0.25 625 
ae 505 


L. Cos. 


9.94 182 
175 
168 
161 
154 
147 
140 
133 
126 
119 
112 











105 
098 
090 
083 
076 
069 
062 
055 


048 | 


041 


= 








034 
027 
020 
012 
005 


9.93 998 


=x 





























9.76 027 
056 
} 086 
115 
9.76 144 
L. Cotg. 


























= 


Ba Oe ST COST OT) TEST SN OO) ST) ST) TOO STENT STF O00 ST NIT) YI CO) SFT TTT ST FOO ST SY SY ST AD SD NTIAT =F N09. 7 SQ Sy a SS yy ey 2. 


a 











OrnNwP nao! 


~ 





oa| 
ro 


PPRWWDN NFR O 
NADNONUNONOH 


i) 
he) 


BPWwWWNHNHRP RRO 
POPOPONON 


i) 
w 


WWNHNHRFRPKF CO 
Me TWO MN CH 


WNHNNHRPRFR OO!) 


WODANWHHE YA 


~ 




















(ea ean Se) (=) 





ar OOO So OO 











Logarithmic Functions 
58 30° 





~ 


L. Sin. VLE ; L. Cotg. || L. Cos. 
9.69 897 é - 0.23 856 |9.93 753 
919 


Nd 
V2) 





941 
963 
984 
9.70 006 


028 





CONIA UBWNHHKO 
BPE WWH HEE O 
NAONONONON 
BPwOWNH HRP RRO 
POROCROUON 














bd 
(oe) 








PBwWWNHNRROO 
NVAWWBMAwWORON 





i) 
i) 




















WNHNHNHRFRR CO 
WODN CONF TP 


bo 
r= 





WNHNNHNRRFRFR OO 
NHOMnNrR ORR DP 


























ae ooc°ceoecoec 


















































MTOR WOW BR UWA~THO 








Logarithmic Functions 





~ 


L. Tang. | c.d.| L. Cotg. | 


29 
29 
28 
29 
28 


29 
28 
29 
29 
28 
29 
28 
29 
28 
29 
28 
29 
28 
28 
29 
28 
29 
28 
29 
28 
28 
29 
28 
29 
28 
28 
29 
28 
28 
29 
28 
28 
29 
28 
28 
28 
29 
28 
28 
28 
29 
28 
28 
28 
28 
29 
28 
28 
28 
28 
28 
29 
28 





ROROROUON 


OOND NPWwWNHrS 
RPwOWwWNHNH PERO 











i) 
loo} 








BPOwwnnrRrF OO 
NONWOW;OR ON 


pane 








WNHNNHRFRPRE OO), 
NonNr OP RN 





i) 
Oo 











WNHNHNHRFKFR OO 
OSONWONWONW 























Ce ES SSRIS) 








YOR NWH WAA~AITCOO 

















i 0 G0 00 CO ~T CO 00 CO CO 00 CO ~1 00 00 00 CO CO ~1 CO OO OH ~1 00 CO CO CO ~1 00 00 00 ~1 00 WH CO ~3 20 0 ~31 00 00 ~1 KO CO ~T OO CO ~I CO CO NT CO CO1~1 CO CO ~1 CO ~1 CO CO Ou. 


















































Logarithmic Functions 
60 32° 





’ | L. Sin. | d. || L. Tang. |c.d.| L. Cotg. || L. Cos. |/d. || 7 {| 





AS 663 33 818 | 
6 691 810 
* 719 803 | 


747 795 
oi 716 787 | 
ce 804 779 
33 832 771 

9.79 860 92 763 | 
OH We ee aerate = 
a 755 
20 
om 972 

9.80 000 
20 
a 028 
5 056 
- 084 
5 112 


803 
20 |9.72 823 | 5, |9.80 140 
B43. 56 168 


863 | 59 195 
oA 223 
0755, 251 


922 279 
942 | 2p 307 


960 lo, 335 
982 | 59 363 
9.73 002 | 3 391 
9.73 022 | 4) |9.80 419 
041} 55) 447 
061 | 5 474 
Gin. 

TOt Ne, 
iid 
140 | 59 
160 | 59 
180 55 
O73 200 | 


239 
259s 
318 | 7) 
337 
357 
377 
396 
9.73 416 


435 











dO 
bdo 
— 











RPHwWwWNNRFROO 
RPANIWOR CUS 
WNHNHNHNRFKF KOO 








do 
(=) 
a 
\o 


= 








WNHNNHRF RR OO 
ONWONWONYW 
NNN FRR ROO 
CMAN oODwWOaw 


— 

































































° lo .g1 252 0.18 748 
. | L. Cotg. |c.d.| L. Tang. 











— = 
ep. monmmwmeo onnomm 0©0WH WD 0 & 0 0 CO CH O00 © OC 0 OO 00 00 CO 00 CO CO CO CO 00 C&O CO 0 00 00 CO 00 GO 00 00 CO 00 C0 00 Oo CO 00 00 CO ~1 00 











MOR NWR oo | 


= 








aye 


Logarithmic Functions 
33° 61 





.{c.d.| L. Cotg. || L. Cos. 
0.18 748 
Dif 


28 
Pil 
28 


28 


ro 
a 
pa 


—_ 
RPwWWwWHNHH ROO 
NONwWAWORON 
BPWwWWHHH ROO 
RFPANNWOPRPON 























9.73 997 
9.74 017 





WNHNHNHRFK ROO 
ONMWONWON 











= 
a 
Ne) 

















NNN R KKK OO 
OMNONDWOAW 





pars 
co 








— 





NHN nKFRPRFPOOCO 
NTP OMNOAW 





Oo 


























PrP Ooocd Ooo 6 
feo LS eee a(S) 
WNOONAHLWHE 
ADdDnononon 


THORP Now poe 






































L. Cos. | d. | L. 











Logarithmic Functions 
62 34° 





~ 


0 
ae 


> | L.. Cos. 
9.91 857 


iS) 
co 
i) 
~ 





COMA MBWHROS 
PWwWwWNNHNHERK OS 
NwwweMewWOR ON 
PWwWWHNHER OO 
FANNIWORON 


9.74 943 


961 
980 
999 
O17 
036 














iS) 
an 








054 


COHOMOD DMODMO OMD MO WO MOO |& 
5 


WWWNHNHHFHKR OO 
OWNOANNWHO HS 





peak 
\o 








Nw NRFPRPRRF OO 
OMNODWOAW 





m 
co 








NNNrFPRFPRFP OC O 
TER OUMNH OD W 








oe 
Ke) 











RBPrRPoqcoococo 








9.91 336 
L. Sin. 


PL OSDTOOHM DOKDOM DODO M COKDMO CHKDDUOHO DOUMSO DMOOM OKbDAMUY 






























































Logarithmic Functions 
35° 63 





~ 


= 


L. Cos. 
9.91 336 


bd] e- 








WOONA NPWwWNHeEO 
RPWwWWHHKFKF OO 
FANIWHWOROW|™ 
WWWHNHKFK COO 
CHASCANNIWOR 














rae 
foe} 











NONNHFRFPRKROOO 
SJ PR COMNDN OD W 


— 
~~ 





NONNHFRER OOO 
AwnonPP Ke ODW 


— 


0.14 406 |9.90 978 





380 969 
Se 960 
326 951 
300 942 
273 933 


246 924 
220 915 
193 906 
166 896 
140 |9.90 887 


113 878 
087 869 
060 860 
033 851 
007 842 


980 832 
954 823 
927 814 
900 805 
9.90 796 

L. Sin. 


RBrROoOoooo°co 


= 





\o 





o 
Rm 
mn 





DPPw 
ono 


i 
woovowoduonvoononwnoowvwunovn eoeouocoonmonononnoouonNUnUo COnDOUDUUDODO OWOCNUmMO ONDDUOO OODODODO COOoOmwmnono OOOO © 
oun 
aAdn 


RPrerPooooo 
i) 
oO 


RPrPrPrPOCCO°O 


W 
Nn 











OrNwWH AaADAATOO 





























& 






































54° 


Logarithmic Functions 


36° 





OONIA NPWNHKO 


L. Sin. 


9.76 922 
939 
957 
974 
QML 
9.77 009 


026 
043 
061 
078 
9.77 095 


. || L. Cos. | d. 
9.90 796 
787 





_ 


a 


| 
ro 


iS) 
an 























a 


_ 


ck 
——= 


RBoHOwWNNHNFK OO 
FANNWORON 





WHWNNHPEOS 
CUASANIWORA 





ooo no CONDUC OO COMODO O”) 
= 





9.77 439 


9.86 921 


0.13 079 





ran 








456 
473 
490 
507 
524 


541 
558 
575 
592 
9.77 609 


947 
974 
9.87 000 
027 
053 


079 
106 
132 
158 
9.87 185 


053 
026 
000 
0.12 973 
947 
921 
894 
868 
842 
ORI2ESIS 


4 





_ 


rae 
ouowoowo ooweoweovwuowuoeoo wowewunowowoowwnw 


_ 


vN 








9.77 778 


789 
762 
736 
710 
683 
657 
631 
604 
578 
O5iV4 Sev? 





9.90 330 


_ 


— 


— 
SABO: NOUS NSIS IND 


_ 


e 
oow 


i 
loo} 


NONNFRPR COO 
NPR OUNOAW 


_ 
~ 


NNNFPRFRP OCS 
NWwWonr hr ODW 


a 
a 


NNR RR OOO 
PRE ODWH OUwW 





‘o 


an 
=} 














795 
812 
829 
846 
862 


879 
896 


























320 


























thr OO SS Oe 
aASRSASESa 


rPrRrRPrFOODCOCO 
MBWNOWNTUNAWHW DY 

















Logarithmic Functions 
re Wi 6 5 





~ 


L. Tang. |c.d.| L. Cotg. || L. Cos. 


9.87 711 | 57 |0.12 289 |9.90 235 
1304 36 262 225 
764 | 96 216 
790 | 97 206 
BLT Vs 197 


843 | 3. 187 
869 | 56 178 


895 | 57 168 
O25. 159 
948 | 36 149 


9.87 974 76 (2: 90 139 
9.88 000 | 54 130 


027 : 120 
. 111 
26 091 
A 082 
sf 053 
26 . 
- 034 
26 014 
fe 005 
2% 995 
os 985 
es 976 
- 966 
a 956 
26 947 


Ss 
a he 


OONDA NPwnreo 
BPwwnnrreoo 
FPANNTWAHON 








dS 
io) 














WWWHNHrFrR OO 
ONOANNWOK 


e 
~ 








937 
2 

ee 927 
a 018 
: 908 


NNNFRPROCO 
AwowhProaw 


26 898 


888 
26 
ee 879 
ee 869 
2 859 
* 849 
6 840 
Se 830 
ee 820 
56 810 
801 
26 
% 791 
Ne 781 
Ae 771 
oe 761 


9.89 020 | 5° |0. 89 752 
046 | 5 742 


O13 ies. 732 
099 | 56 722 
1259) 5g 712 


151 702 
Wee 693 


2038 a 683 
oS 9.89 653 
Cade Pee sine 


rae 
a 














NONrPrPrRPrF COO 
PROD WH ON W 








‘Oo 
oO 








Sa SiS OoreoverS 
[ee nen AK I i 
ANwnownwnr nw do 








OPN WE UQA~THO 

































































Logarithmic Functions 
66 38° 
































































’ | L.Sin. | d. | L. Tang. |c.d.| L. Cotg. || L. Cos. | d.|| ’ | 
09.78 934 | 45 [9.89 281 | 96 [0.10 719 [9.89 653] |] 60]_! | 26 | 25 
1 950 | 17 307 | Se 693 643 | 19 | 59| a” | 0.4 | 04 
4 999 | 46 B85 an 615 614 | 19/56) 4° | 1.7 | 47 
59.79 015 | 32 411 | 3 589 604 | (55) 5” | 22 | a4 
Gl | sosthle Oey 563 504 | 19 | 54) 6” | 2.6 | 2.5 
7 OLalee A635. 537 584 | 19/53] 7” | 3.0 | 2.9 
8 063 | 46 489 | 96 511 574 | coil 52.| 8. | ene 
9 079") 44 515: | 42 485 564 [io | 51] 9” | 3.9 | 3.8 
10 9.79 095 16 9.89 541 26 0.10 459 9.89 554 10 50 
11 ii. Sorin 433 544 | 55| 49 , 
12 Oak oe 503° | 54 407 5341.4 | 48 (Sir aers 
13 144 619 381 524 47 1” 03 03 
: On 0.6 0.5 
Sa 0.9 0.8 
4” Alea iit! 
Se 1.4 1.3 
On 127 1.6 
hi 20) by 
8” fy 33 Zea 
i 2.6 2.4 














a 
nm 












NNR RP OCO 
OOMMNWOAWNNW 





oO 












































































































0.15 
15 26 10 lee 

40 |9.79 573 | ,¢ |9.90 320 | 5¢ |0.09 680 |o.89 254 | 10] 20] 3” | 0.45 
41 589 | 16 346 | 55 654 PY re RED eet oe 

0.90 

1.05 

120) 

1.35 

10 11 
50 |9.79 731) ,. |9.90 578 | 9; 0.09 422 jo.s9 152} | 40] a" | 0.2 | 02 
51 786 | 2 604 | 56 396 142 Vio 91 2” °| Osuieet 
52 761" 42 630 | 36 370 132 Vie 81 3% 120.5 ae 
53 eee 656 | 56 344 122 Nigh 7) Se. | Coro 
54 793.) 46 682 | 96 318 112 1,1 6) 3S" 20 sata 
55 809 | 708 | 5 292 101 8.1) 6% | 1-0 ieee 
56) BIS ae ga" 5 266 on fio) 41 7% | 12 | 13 
57 840 | 46 EOD ee 241 O85 t Sloe, |e ee 
58 856 | 16 TOA 55 215 O71 Veet 2a) 2 ee ae 
59 S70 108 Siti 189 060 fio} 1 

79 887 9.90 837 0.09 163 '9.89 050 1 “Io 

_ UL. Cos. | 4. [L. Cotg. (c,d. L. Tang; | L, Sin. [d.J | me 





Logarithmic Functions 


39° 


67 





| 


OONDAD NPWNHrFO 





109.80 043 


058 


L. Cos. 


9.89 050 
040 
030 
020 
009 
9.88 999 


989 











9.80 351 











366 





382 
397 
412 
428 


443 
458 
473 
489 


40 9.80 504 


519 








ro 
alt 
ie 


OWwMDEEoOS 
CASANYWOR 


i) 
mn 


WWNHNNEHOO 
SoG) © tn m= <3 do Oo 


pk NNRFPRFPRPROOCO]L 
A RRODAWHRwAUNwW| A 


NNR rPrFPrRP OOO 
WOMANWBOAUNW 











pare 
oO 


—_ 






































9.88 425 








L. Sin. 

















OrPVWR UAANTONWO 




















Pe RS ee Cs OC Ge) 
AwWNnNOONTUNWL 








4 ~ 


Bree OOOCOO],. 
SNWEONARY 








Logarithmic Functions 
68 40° 





~ 


ale 
bas) 


L. Sin. L. Tang. L. Cotg. || L. Cos. 


9.80 807 9.92 381 0.07 619 9.88 425 
822 593 
837 567 
852 542 
867 516 
882 490 
897 465 
912 439 | 
927 413 


o 


COND MBWNHE 
WWWHHKHRK COO 
CUNSOANWWOR 


942 388 | 
980.957 . 07 362 9.88 


972 337 
987 311 
9.81 002 285 
017 260 
032 234 
047 208 
183 
157 
132 
106 
080 
055 
029 
004 
0.06 978 


952 





to 
mn 








WWNHNNKEROO 
CWOMEVWWOR 


_ 
mn 











NNR rR REP ROO oO 
WOOMUNUWRDAUW 





aN 
is 








NrFPrRPRP ROCCO 
FOARNOYUN 








ra 
(S) 
= 
an 

















Pere rPOOCOCCo 
MmAowWNnNwOowonrUw hry 
RPRrPRrROOCOOCSO 
“IN WRr ONDA KD 











OPrPwWH UA~TOO 












































. 
~ 








Logarithmic Functions 





~ 


L. Tang. 
9.93 916 

942 
967 


i 
Ae 
a 


993 
9.94 018 
044 
069 
095 
120 
146 
171 


197 
Apap 
248 
273 
299 


324 
350 
375 
401 
9.94 426 


452 


OOND UPWNR OS 
WWWNHNRROCO 
CNOANWWOR 








iS) 
n 








WWNHNNRHKF OS 
COW OME TW OOF 


fe 
n 











NOnNrP PrP RFP OCS 
WOWONWOANW 


— 
> 








NHOrrrRP rR OCC SO 
rPODPNM ONUNND 








rare 
rae 
dO 











rr OS OS S| 
“TUAWR ONOA HLH 
Ree RR ROCCO SO 
ONDPNOADAK WH 








OPNWHR AD~100 


9.82 551 9.87 107 
L. Cos. 6 ; : L. Sin. 






































~ 





























Logarithmic Functions 
70 42° 





L. Sin. . | L. Tang. |c.d.| L. Cotg. || L. Cos. 


9.82 551 9.95 444 | 55 10.04 556 |9.87 107 
469 | 56 531 

495 | 55 505 

520. | 5s 480 

545..| 5 455 


Sil hae 429 
506! |i 404 


(ye 378 
647 | 55 353 
Ci eae 328 


698 | 5. |0.04 302 |9.86 993 
728 No 277 982 


748 | 56 252 
ee 226 
120s, 201 


825 | 5. 175 
8500), 95 150 


S75 ie 125 
901 | 55 099 
926 | 56 074 
9.95 952 | 5. |0.04 048 
OTF | 5s 023 
9.96 002 | 3¢ |0.03 998 

028 | 3s 972 
053 | 5 947 


078 | 3. 922 
104 | 5 896 


129 
riggs 
130 | 52 
205 | > 
Bata 
256 | 32 
281 | 2 
3070) ae 
con 


357 

eSihoae 
408 | 32 
Fee 


9.96 459 | |. |0. 9.86 647 
48h") 635 


510 
rosie 
560 | 3¢ 
586 | 3° 


611 

636 | 30 
062 -| 25 
687 | 3 
mois 
eee 
Ne 
es 
Bid Wee 
839 95 
864 | 95 
800 | 32 
915 
940 
9.96 966 
L. Cotg. 


WWWNHNHRRKROSO 
CHASOANNAWOR 








NM 
n 








WWwWNHNNRFRFR OO 
COWOUR WHO 


fs 
cs 





NOrrRrR RP COCO °O 
rFPONDPNMONNN 


| 
| 


— 
w 








NOrRrRPrPrFPOCOO 
ONMNWRPONRDY 











— 
i) 
_ 











RRR rPrR OOOO 
CPAPNOAODKHNY 
RPrRrRPrPOOCCOCO;. 
NUNwWRONABL 








ORPNWK ADAMS 














~ 



































es 








Logarithmic Functions 
43° mI 





~ 


L. Cos. 


9.86 413 
401 
389 
377 
366 
354 


342 
330 
318 
306 
295 
283 
271 
259 
247 
235 


223 
PALL 
200 
188 
176 
164 
152 
140 
128 
116 


104 
092 
080 
068 
9.86 056 


COND NPwWNnKO 
WBWWNHnRR COO 
ONDANNWO HK 








i) 
n 





WWNHNHNRK OS 
CWONHE WKH CP 





_ 
ex 








NOrRrPrFPR OCC oO 
rPONDPN ONNLD 


ns 
w 








NRPrPrPROCOCO 
ONNWOrF ON PD 











— 
an 














Bere RRR OOOO 
DAPNOAMAA SW 
Peete yee Fook CO i ony 
NOWRPONAKHD 















































YORNWRE UAATHO 
































Logarithmic Functions 
72 44° 





~ 


d. | L. Tang. L. Cotg. || L. Cos. 


13 9.98 484 0.01 516 |9.85 693 
f 681 
ce 609 
13 ; 657 
iC : 645 
s 0 632 
620 
es 608 
ie 596 
e 583 
3 571 
rs 559 
i 547 
He 522 
12 510 
13 497 
485 
. 473 
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WHWWNHNHNKHKOO 
CHNOANWHWOR 














bdo 
nn 





13 6 460 


. 448 
ic é 436 
re | 423 
c 411 
13 399 
13 Bie teen 
. 374 
7 361 
iG 349 
i: 337 
is : 324 
te 312 
a 299 
7a 287 
- 274 
13 262 
i: 250 
13 237 
fe 225 
i‘ 212 
a 200 
13 187 
e 162 
Fe 150 
13 137 
e 125 
is 112 
3 100 
i: 087 
13 074 


062 
re , 049 
13 037 
iB 024 
1 012 
13 9.84 999 
12 986 
13 974 
13 961 
9.84 949 
(At LaCoss | od: || L: : : .|| L. Sin. 
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NATURAL 
TRIGONOMETRIC FUNCTIONS 


74 Natural Sines and Cosines 





IN. sine| N. cos. 
.00000 |1.00000 |]. ; : d .99863||.06976} . 
861||.07005 
034 
063 
092 
121 


150 
179 
208 
237 
072066}. 


295 
324 
353 
382 
411 


440 
469 
498 
527 
05814}. 07556}. 


844 
873 
902 
931 
960 


989 
.06018 
047 
076 
.02618 |. : 06105). 
647 134 
676 163 
705 192 
734 221 
763 250 


792 279 
821 308 
850 337 
879 366 
.02908 |.99958 ||. : 06395). 08136}. 


938 957 424 165 
967 956 453 
996 955 482 
03025 954 511 
054 953 540 


083 952 569 
112 952 598 
141 951 627 
170 950 656 
.03199 |.99949 ||.04943} .99878|.06685}. 


228 948 972 876 714 
257 947 ||.05001 875 743 
286 946 030) 873 dis 
316 945 059} 872 802 
345 944] 088] 870) 831 
374 943 117} 869] 860 
403 942 146} 867 889 
432 941 175 866] 918 
461 940 205} 864) 947 
.01745 | . 03490 |.99939 ||.05234!.99863].06976] . 
IN. cos.| N. sine |IN. cos.|N. sinelN.cos.|N.sine| 


80° 87° | 
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Natural Tangents and Cotangents 75 
E 0° | Tif | O22) I 3° 4° / 5 
Tang) Cotg |Tang| Cotg |Tang| Cotg ||Tang] Cotg ||Tang| Cotg 
0 |.0000| Infinite |}.0175|57.2900 ||.0349]28.6363 ||.0524/19 .0811].0699|14. 3007 || 66 
1 03|3437 .75 77|56.3506 52 3994 27|18.9755}.0702 2411] 59 
2 06)1718.87 80]55.4415 55} 1664 30] 8711] 05) 1821} 58 
3 09/1145 .92 83/54.5613 58/27 .9372 33) 7678) 08) 1235] 57 
4 12} 859.436 86/53 . 7086 61) 7117 36] 6656) 11) 0655] 56 
5 15] 687.549 89/52 .8821 64 4899 39] 5645) 14 0079] 55 
6 17) 572.957 92] 0807 67, 2715 42} 4645} 17/13.9507}| 54 
if 20| 491.106 95|51.3032 70 0566 t+ 3655 20 8940 |} 53 
8 23} 429.718 98)50. 5485 73|26.8450 47 2077 23 8378 || 52 
9 26] 381.971 ||.0201/49. 8157 75| 6367 SOL /OSiey 20) 9782 Ue St 
10 ||.0029| 343.774 |.0204/49.1039 |.0378}26.4316 ||.0553]18.0750}.0729|13.7267 || 50 
11 S2INSI2 521 07\|48.4121 81 2296 56|17 .9802 31 6719 || 49 
12 35) 286.478 09/47 .7395 84 0307 59 8863 34 6174] 48 
13 38) 264.441 12 0853 87/25 .8348 62 7934 37 5634 || 47 
14 41} 245.552 15/46 .4489 90 6418 65 7015 40 5098 || 46 
1S 44) 229.182 18)/45 . 8294 93 4517 68 6106 43 4566 }| 45 
16 A7| 214.858 21) 2261 96} 2644 71} 5205} 46} 4039] 44 
ily! 49} 202.219 24\44 6386 99 0798 74 4314 49 3515 || 43 
18 52} 190.984 Pil 0661 |}.0402|24.8978 77 3432 52 2996 || 42 
19 55] 180.932 30/43 . 5081 05] 7185 80] 2558] 55) 2480]) 41 
20 |/.0058} 171.885 ||.0233|42.9641 ||.0407|24.5418 }|.0582|17. 1693||.0758)13.1969 | 40 
21 61} 163.700 36} 4335 10 3675 85 0837 61 1461 | 39 
D2, 64) 156.259 39/41 .9158 13 1957 88/16 .9990 64 0958 || 38 
23 67| 149.465 41 4106 16 0263 91 9150 67 0458 || 37 
24 70| 143.237 44140 .9174 19/23 .8593 94; 8319]  69/12.9962 || 36 
25 73} 137.507 47| 4358 22| 6945 97| 7496) 72) 9469 }) 35 
26 76] 132.219 50/39 .9655 25} 5321 |.0600} 6681] 75) 8981] 34 
27 AQ 2 TS 20 53 5059 28 3718 03 5874 78 8496 || 33 
28 81) 122.774 56} 0568 31 2137 06 5075 81 8014 || 32 
29 84} 118.540 59/38 .6177 34 0577 09 4283 84 7536] 31 
30 ||.0087| 114.589 ||.0262|38.1885 ||.0437/22.9038 ||.0612|16.3499].0787/12.7062 || 30 
31 90) 110.892 65|37 . 7686 40 7519 15 2722 90 6591 || 29 
$B, 93) 107.426 68 3579 42 6020 17 1952 93 6124}| 28 
33 96) 104.171 71|36.9560 45 4541 20 1190 96 5660 || 27 
34 99} 101.107 74 5627 48 3081 23 0435) 99 5199 || 26 
35.0102} 98.2179 76 1776 Sil 1640 26|15 .9687] .0802 4742 || 25 
36 05] 95.4895]  79/35.8006 54 0217 29| 8945) 05} 4288] 24 
37 08} 92.9085 82 4313 57|21.8813 32 8211 08 3838 || 23 
38 11} 90.4633 85 0695 60 7426 35 7483) 10 3390 || 22 
39 13) 88.1436 88]34. 7151 63 6056 38 6762 13 2946 || 21 
40 }.0116) 85.9398].0291|34.3678 ||.0466/21.4704. ||.0641]15 .6048|.0816/12.2505 || 20 
41 19) 83.8435 94, 0273 69 3369 tt 5340 19 2067 || 19 
42 22) 81.8470 97/33 .6935 72 2049 47 4638) De, 1632 || 18 
43 25} 79.9434] .0300 3662 75 0747 50 3943 25 1201 || 17 
44 28| 78.1263 03 0452 77\20.9460 53 3254 28 0772 || 16 
45 31} 76.3900}  06)32.7303 80] 8188 55} 2571} + 31) 0346} 15 
46 34] 74.7292] 08) 4213 83] 6932 58] 1893]  34)11.9923]) 14 
47 37| 73.1390 11 1181 86 5691 61 1222 37 9504 || 13 
48 40} 71.6151} 14/31.8205 89} 4465 644 0557) 40) 9087} 12 
49 43} 70.1533 17 5284 92 3253 67/14.9898 43 8673 || 11 
50 |.0145] 68.7501]|.0320|31.2416 ||.0495/20.2056 ||.0670|14.9244! 0846|11.8262 || 10 
Sil 48) 67.4019 23)30.9599 98 0872 73 8596 49 7853} 9 
52 S106 .1055 26 6833 ||.0501/19.9702 76 7954 il 7448) 8 
53 54} 64.8580 29 4116 04 8546 79 7317 54 7045 || 7 
54 57| 63.6567 32 1446 07 7403 82 6685 57 6645 || 6 
55 60] 62.4992)  35/29.8823 09| 6273 85} 6059) 60) 6248] 5 
56 63} 61.3829} 38) 6245 12) S156 88] 5438) 63) 5853] 4 
57 66} 60.3058 40 3711 15 4051 90 4823 66 5461] 3 
58 69) 59.2659 43 1220 18 2959 93 4212 69 5072) 2 
59 72| 58.2612)  46/28.8771 21} 1879 96| 3607] 72) 4685] 1 
60 |.0175| 57.2900].0349|28 6363 |}.0524|19.0811 ||.0699|14.3007]|.0875|11.4301 || 0 
|Cotg | Tang |[Cotg| Tang |\Cotg| Tang |Cotg| Tang |Cotg| Tang 
é 89° 88° 87° 86° 85° i | 















































Natural Sines and Cosines 





COOND UPwWNHrEO 


N.sine 


.08716 
745 
774 
803 
831 
860 
889 
918 
947 
976 


=< 


09005} . 


3 
2 


.N.sine 
.12187]. 


216 
245 
274 
302 
331 


360 
389 
418 
447 


12476). 


113917 
946 
975 

. 14904 
033 
061 
090 


8° 
.|N.sine 


N. cos. 

.99027 
023 
019 
015 
O11 
006 


002 


.93998 


994 
990 


5| .98986 


N.sine 


672 
701 
736 
758 
787 


816 
845 
873 
902 


. 15643} . 


PLOOSIe 





034 
063 
092 
121 
150 
179 
208 
237 
266 


|. 1074 


09295}. 


771 


504 
533 
562 
591 
620 


649 
678 
706 
735 


12764). 


982 
978 
973 
959 
965 
961 
957 
953 
948 
938944 


959 
988 
. 16017 
046 
074 


103 








324 
353 
382 
411 
440 


469 
498 
527 
556 





09585} . 





793 
822 
851 
830 
908 


937 
966 
995 
13024 





13053}. 


940 
936 
931 
927 
923 
919 
914 
910 
906 
.98902 





0 
. 11609}. 


081 
110 
139 
168 
197 


226 
254 
283 
312 


13341). 





897 








638 


11898). 


370 
399 
427 
456 
485 
514 
543 
$72 
600 

















927 








13629}. 


17078}. 























107 
136 
164 
193 
222 
250 
279 
308 
336 


17365] .98 
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Natural Tangents and Cotangents 





y 


| om 
| Tang.| Cotg. 


.0875 {11.4301}. 


78 |11.3919 


11. 


de 


ie 
ial, 





qe 
Tang.| Cotg. 


8° 


Tang.| Cotg. 


6.9682 


6.1970 





10. 


10. 





10. 
10. 











538 
395 
252 
110 


6.8969 


828 
687 
548 
408 


6.8269 








856 








10. 








92 | 
.1495 |6.6912 


131 


6.7994 


856 
720 
584 
448 
313 
179 
045 














779 
646 
514 
383 
Zoe 


122 


6.5992 


863 
734 


6.5606 




















478 


6.4348 








7 

















4° 





= 





83° 











82° 











225 











594 
495 
396 
297 
199 


101 
004 
5.6906 
809 || 
5.6713 

















78 Natural Sines and Cosines 





122 14° 

N.sine| N. d IN.sine| N. cos.||N.si 3 .N.sine|N. cos. 

mGODIe .20791| .97815 |. : . 24192) .97030 
393 109 157 220} 023 
422 138 152 249 015 
451 167 146 DALY 
479 195 140 305 
508 O93\e 


537 362 
565 281 124 
594 309; 118 


623 338 i? 7 0 
17651). : ; 21076). 22778). 

680 104 é 807 
423} 096 132 
452) 090 161 
481} 084 189 
509 218 


538 246 
566} 067 275 
595} 061 303 

909 623} 056 331 
17937). . 19652}. 21360}. 


680} 044 
709} 039 
737} 033 
766, 027 
794, 021 
823) 016 
851; 010 
880) 004 
908) .97998 
. 19937} .97992 |. ; 23345} . 


965| 987 373 
994, 981 401 
.20022) 975 429 
051; 969 458 
079} 963 5 486 
108} 958 514 
136) 952 542 
165| 946 571 
193} 940 599 
. 20222) .97934 }. : 23627). 


250} 928 656 
219| 922 684 
307; 916 }. 712 
336} 910 740 
364) 905 769 


393) = 899 797 
421} 893 825 
450) 887 853 
478} 881 882 
. 18795). 20507} .97875 |}. : 23910). 


824 535} 869 938 
563} 863 966 
592} 857 995 
620) 851 . 24023 
649) 845 051 
677| 839 079 
706} = 833 108 
734| 827 136 
763) 821 164 

.20791|.97815 |. 24192 

.| N. sine|N.cos.| N. sine|N.cos.| N. sine 

79° 78° oT 































































































Natural Tangents and Cotangents 





OOnND NPWwWNr OS 


Tang.| Cotg. 


.2126 |4.7046 


29 |4.6979 





13° 


| 
Tang.| Cotg. | 


4.3315 
257 
200 
143 
086 
029 


4.2972 
916 
859 
803 

4.2747 





058 
009 
39959 
910 
861 


812 
763 
714 
665 
3.9617 














691 
635 
580 
524 
468 


413 
358 
303 
248 
4.2193 








084 
030 
4.1976 
922 


868 
814 
760 
706 
4.1653 


139 


568 
520 
471 
423 
375 


Sz 
279 
232 
184 
3.9136 





























3.8208 








4.0611 


163 
118 
073 
028 
3.7983 


938 
893 
848 
804 
3.7760 








79° 











| 











78° | 








Tie 








560 
509 
459 
408 
358 


308 
257 
207 
158 
4.0108 











76 





{ 


715 
671 
627 
583 
539 
495 
451 
408 
364 
Sn LAL 





75% 











7 
—— 





80 Natural Sines and Cosines 





910} 585 265 
938) 578 293 
966, 570 321 
994; 562 348 
.26022} 555 376 
050} 547 404 
079; 540 432 
NOY SS? 460 
135|\G 024 487 
26163) .96517 29515}. 


| 
191/509 
219} 502 
275| 486 

q 














969 
997 
33024 
051 

5 079 
29793} . : . 33106} . 


821 134 


247| 494 
303) 479 
331} 471 
359| 463 
387} 456 
415} 448 
. 26443} .96440 
471) 433 
500} 425 
S28) 4 7 
556| 410 
402 


394 
386 

668) 379 

696} 371 
.26724| .96363 |. : 30071). 
098 
126 
154 
182 
209 


237 
2065 
292 
320 
27004 . : 30348) . 


032 376 
060 403 
088 431 
116 : 459 
144 486 


172 514 
200 542 
228 1 570 
256 | 507 
27284. 1 30625). | 33929]. 
312 | 653 956 
680 | 983 
708 34011 
736 038 
763 065 
791 093 
819 120). 
846 147 
874 175 
|.30902I . |. 32557]. -34202|. 
N.cos.| N. sine . sine|N.cos.|N. sine 
72° 70° 


































































































Natural Tangents and Cotangents 





COND UBWNHPRSO 


15° 
Tang.| Cotg. 
.2679 [3.7321 
277 
234 
191 


.2711 |3.6891 


16° 
Tang.| Cotg. 


17° 
Tang.| Cotg. 
3057 


746 
716 
686 
655 
625 


595 
565 
535 
505 
3.0475 


2.8770 





848 
806 
764 
722 
680 


638 
596 
554 
512 


445 
415 
385 
356 
326 


296 
267 
237 
208 
3.0178 


743 
716 
689 
662 
636 


609 
582 
556 
529 
2.8502 





429 
387 
346 
305 
264 
nDe 
181 
140 


7 100 


0 
.2773 |3.6059 





149 
120 
090 
061 
032 
003 
2.9974 
945 
916 
2.9887 


2.8239 








858 
829 
800 
U2 
743 
714 
686 
657 
629 
2.9600 


213 
187 
161 
185 
109 


083 
057 
032 
006 
2.7980 








616 
576 
536 





572 
544 
515 
487 
459 


431 
403 
375 
347 
2.9319 


955 
929 
903 
878 
852 


827 
801 
776 
751 
DPSS 














74° 




















fe 








291 
263 
LIS 
208 
180 
152 
125 
097 
070 
2.9042 
Tang. 
ile 














700 
675 
650 
625 
600 
575 
550 
525 
500 
2.7475 





70° 








/ 
ee 








a 


UES 





82 Natural Sines and Cosines 





N.sine| N. IN .sine 


. 34202). 35837]. 
229 864 
257 
284 
311 
339 





366 
393 
421 


OOND NPwWNHkr Oo 


SHTSY)| 


757 
530 784 
557 811 
584 838 
612 865 


639 892 
666 919 
694 946 
721 973 
34748} . : 37999) . : 41204) . 


775 38026 231 
803 053 257 
830 080 284 
857 107 310 
884 134 337 


912 161 363 
939 188 390 
966 215 416 
993 241 443 
.35021). 5 ‘ . 38268} . ms : .41469} . 


048 295 496 
075 322 522 
102 349 549 
130 376 575 
157 403 602 
184 | 430 628 
oie 456 655 
239 483 681 
266 510 707 

35293}. . 1385371. 41734). 


320 760 
347 
375 
402 
429 
456 
484 
511 
538 8 
35565}. xe 92827 ||.38805). 


592 832 
619 
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Natural Tangents and Cotangents 





| 


OmDNIDA NPWNHeE OS 















































69° 





























otg. | Tang. 
68° 67° 
































ae 





f \ 
sf Natural Sines and CeSines 


26° ihe fe 29° 
N.sine| N. IN .sine| N. JIN .si : AN.sine| N. .N.sine|N. cos. 
.42262| . 43837). f 40947) . 48481) .87462 
863 973 506 8 
889 999 532 
916 .47024 SoM 
942 050 583 
968 076 608 


994 101 634 
.44020 127 659 
046 : 153 684 
072 178 710 
42525}. 44098) . ; : 47204! . 48735}. 


Doe 124 229 761 
578 151 255 
604 177 281 
631 203 306 
657 229 332 
683 255 358 
709 281 383 
736 307 409 
762 333 434 
.42788] .90383 ||.44359}. : 88835 ||.47460) . 


815 385 822 486 
841 411 511). 
867 437 537 
894 464 x 562 
920 490 588 
946 516 614 
972 542 639 
999 568 665 
43025 594 690 
43051). 44620). : 47716}. 














OONIDA NPWNHRO 











077 646 741 
104 672 767 
130 698 793 
156 724 818 
182 750 844 


209 776 869 
235 802 895 
261 828 920 
287 854 946 
43313}. 44880) . 47971 
340 906 997 
366 932 48022 
392 958 048 
418 984 073 
445 .45010 099 


471 036 124 
497 062 
523 088 
549 114 
43575). 45140) . 88431 


602). 166 417 
628 8 192 404 
654 218 390 
680 243 377 
706 269 363 
733 295 349 
759 321 336 
785 347 322 
811 373 308 
43837]. 45399) . 88295 
IN.cos.| N. si 7 .| N. sine 


63° 62° 








Orv wP AD~ATCOO 
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ORPNWHE UANIHO 














Cotg. | Tang. 
64° 






























































86 Natural Sines and Cosines 











30° 32 
IN.sine| N. cos.||N.sine| N. cos.|N.sine] N. cos.|N.sine| N. cos.|N.sine|N. cos. 
. 90000) .86603 |].51504).85717 ||.52992]. 84805 ||. 54464). 83867 ||. 55919) .82904 60 
025 588 529 702 ||.53017 789 488 851 943 887 || 59 
050} = 573 554 687 041 774 pills) 835 968 871] 58 
076 559 579 672 066 759 537 819 G92 855 || 57 
101 544 604. 657 091 743 561 804 |.56016 839 || 56 
126} 530 628 642 AS 728 586 788 040 822 || 55 


Sil, Sil’ 653} 627 140) 712 610) 772 064, 806] 54 
176} S01 678) 612 164) 697 635 756 088} 790} 53 
201; 486 703} = 597 189} 681 659; 740 A 10S ||) Se 
227; = 471 728) 582 214; 666 683 724 136 75 7ieodl 
10 }|.50252). 86457 ||.51753}.85567 ||.53238].84650 |. 54708] .83708 ||. 56160]. 82741 | 50 


11 277; 442 778) 551 263 MOSS 732} 692 184; 724} 49 
2 302} 427 803} 536 288) 619 756] 676 208} 708 |) 48 
13 iy ules 828} 521 312} 604 781 660 232} 692] 47 
14 352} 398 852} 506 337] 588 805} 645 256}  675]) 46 
15 377} 384 877| 491 361 573 829; 629 280} 659} 45 


16 403; 369 902) 476 Sel5}| — SISi7/ 854} 613 305} 643} 44 
17 428) 354 927| 461 411} 542 878) 597 329} 626] 43 
18 453} 340 952} 446 435} 526 902; 581 353} ~~ 610) 42 
19 478) 325 Cin) ASL 460} 511 O77] OS 377} 593 }) 41 
20 | .50503|.86310 |}.52002). 85416 |. 53484}. 84495 ||. 54951].83549 ||.56401/.82577]| 40 


21 528} 295 026; 401 509} 480 975 533 425; 561] 39 
22 535 DSil Oil) 36 534, 464 999} 517 449} 544]| 38 
23 578| 266 076} 370 558} 448 |/.55024; 501 473) 528]! 37 
24 603} 251 Ot SoS 583} 433 048; 485 497| 511] 36 
Drs 628) 237 126; 340 607| 417 072| 469 521) 495} 35 


26 654; 222 StS 25 632} 402 097| 453 545) 478 |) 34 
27 679| 207 175) 3£0 656) 386 12 437 569} 462} 33 
28 704, 192 200) 294 681; 370 145} 421 593) 446] 32 
29 729) 178 229 9) 105| ae S55) 169} 405 617} 429} 31 
30 ||. 50754] .86163 ||. 52250}. 85264 |}. 53730] .84339 |].55194].83389 ||. 56641|.82413] 30 


31 779} = 148 275| 249 754, 324 21S OTS 665} 396 || 29 
o2 804; 133 299} 234 779) ~~ 308 242) 356 689}  380]) 28 
33 829) 119 324; 218 804; 292 266} 340 713} 363} 27 
34 854; 104 349} 203 828) 277 291 324 736] 347]! 26 
35 879} 089 374, 188 853} 261 315) 308 760} 330] 25 


36 904; 074 599 las 877} 245 $39) 292 784, 314] 24 
37 SD) OS®) 423 157 902} 230 363 276 808} 297} 23 
38 954; 045 448 142 926) 214 388; 260 832} 281] 22 
39 979| 030 473 127 951 198 412} 244 856] 264] 21 
40 ||.51004|. 86015 |}.52498}. 85112 |}.53975}. 84182 . 95436) .83228 ||. 56880} .82248 || 20 


41 029} 000 522} 096 |.54000} 167 460) 212 904; 231] 19 
42 054] . 85985 547; 081 024, 151 484, 195 928) 214] 18 
43 079| 970 572} 066 049} 135 509 179 952 198] 17 
44 104; 956 597; 051 073 120 533 163 976, 181] 16 
45 129} 941 621; 035 097; 104 557 147 |.57000) 165] 15 


46 154; 926 646} 020 122} 088 581 131 024; 148} 14 
47 7S) LiL 671; 005 146} 072 605 115 047 1325013 
48 204, 896 696) . 84989 LAOS 630) 098 O71 115}| 12 
49 BO Sl 720) 974 195} 041 654; 082 095; 098} 11 
50 |.51254| 85866 |. 52745). 84959 ||. 54220]. 84025 ||.55678). 83066 |.57119|. 82082 10 


ol 279} =851 770) =: 943 244, 009 702} 050 143} 065 
523 3041 830 794, 928 269} 83994 726, 034 167) 048 
53 329 esol 819} 913 293} 978 750} ~=017 191; 032 
54 354} 806 844, 897 317} 962 775| 001 PALS), OILS 
55 379} 792 869} 882 342} 946 799} 82985 238} .81999 
56 404, 777 893} 866 366) 930 823} 969 262} 982 
SY 429| 762 918; 851 391} 915 847) 953 286) 965 
58 454, 747 943) 836 415) 899 871} 936 310} 949 
59 479| 732 967; 820 440) 883 || 895} 920 334; 932 
60 |.51504|.85717 ||. 52992]. 84805 ||. 54464). 83867 ||. 55919]. 32004 . 57358] .81915 
IN.cos.| N. sine|N.cos.| N. sine|N.cos.] N. sine|N.cos.| N. sine|N.cos.|N. sine 
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COND NPWHrO 
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39° 


.N.sine 
62932. 


OOnND NPwWNHrS 


.59014) . 


037 
061 
084 
108 
131 
154 
178 
201 
22S) : 
59248) . : ‘ 62024. 63383} . 


272 046 406 
295 069 428 
318 092 451 
342 Tals 473 
365 138 496 


389 160 518 
412 183 540 
436 206 563 
459 k 229 585 
59482). ; 62251). 63608) . 
506 274 630 
529 297 653 
552 320 675 
576 342 698 
599 365 720 
622 388 742 
646) 411 765 
669 433 787 
693 456 810). 
59716). 79158 ||.62479]. 63832]. 


7139 140 502 854 
763 122 524 877 
786 105 547 899 
809 087 570 922 
832 069 592). 944 


856 051 615 966 
879 989 
902 64011 
926 4) . 8 033 
59949} . : i ; 64056) . 
972 078 
995 ; : 100 
.60019} . 123 
042 145 
065 167 


089 190 
112 WWD) 
135 234 
158 256 
60182). 


N.cos. 
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38° 
Tang.| Cotg. | 
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42° 44° 


W.sine| N. .IN.sine| N. .IN.sine| N. cos.||N.si H .|N.sine|N. cos. 


64279}. 65606] . 66913). 74314 |}. : 69466] .71934 
8 935 
956 
978 
G99 
67021 





68624) . 


645 
666 
688 
709 
730 
751 
772 
793 
814 
13728 ||.68835} . 


708 857 
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SOME IMPORTANT CONSTANTS AND THEIR LOGARITHMS 


3.14159265 
6. 28318531 
=1. 


57079633 


= 0.78539816 


1 = 986960440 
A/mm = 1.77245385 
+/ 2r= 2.50662827 


= 0.318309886 


7 
e = 2.718281829 
M = 0.434294482 


1 
ies 2302585092 


1 radian = 57°.2957795 

1 radian = 3437’.74677 

1 radian = 206264” .8062 

1 degree = 0.017453293 radians 
1 minute = 0.000290888 radians 
1 second = 0.000004848 radians 


0.497149873 


log Ae 

log 2m = 0.798179868 

log = 0.196119877 

log 7 = 9895089881 — 10 
log 72 = 0.994299745 


log Wr = 0.248574936 
ion as a = 0.399089934 


log Des = 9.502850127 — 10 
ae 
log e = 0.434294482 
log M = 9.637784311 — 10 
log — 0.362215699 
log S720 MOOR sl SI 22052 
log 3437.74677 = 3.536273883 
log 206264. 8062 = 5.314425133 
log 0.01745293 = 8.241877368 — 10 
log 0.000290888 = 6.463726117 — 10 


log 0000004848 = 4.685562611 — 16 
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